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Supplement to the paper “Expected predictive least squares for model
selection in covariance structures”
— Higher-order bias corrections and correlation structures

Haruhiko Ogasawara

This article supplements Ogasawara (2017).

S1. Higher-order bias corrections for least squares

A

S1.1 ALSNTG’ TLSNTG’ and CALSNTG when W =n aCOVNT(S)

S

by NT-GLS for covariance structures

S1.1 1 Preliminary results

E®(S)=X;, ncovy(s)=2D! (£, ®Z,)D" ",

D' =(D,'D,)"'D, ", vec(S)=D v(S)=D g,

N, =D D =D 'D, (symmetrizer; Holmquist,1988,
p.275;Kano, 1997, p.182; Magnus & Neudecker, 1999, p.46),
{ncovy (s)} =(1/2)D, (2, ®X)D .

The last result is confirmed by

2D, (X, ®Z,)D, "} {(1/2)D,'(X; ®E;)D,}

=D (£, XN (' ®Z)D,

=D'N (£, QL )(Z; ®Z;)D,
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where (X @ X, )Np = Np(ET Q@ X;) is used.

(s=0)'{ncovy; (s)} ' (s— o)
=(s—0)'(1/2)D (X' ®X;)D (s—o0)
=(1/2)vec'(S-Z)(E; ® X )vec(S—X)
=(1/2)u[{Z/ (S-T)}].
Define [’ as the NT-GLS discrepancy function of s and 6, then
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where X<k>=X®-~-®X(ktimesofX); (86, ) > and (0c, ) e also
T T

given by the formulas of partial derivatives in implicit functions (Ogasawara,
2007, Equations (17) and (19); 2009, Equation (3.16)). Note that when
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6, =6,, A, =0 (azero matrix).

5 ) 1 5
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(A)Op (n¥?)

=6, + A (s—6,)+ A7 (s—6,)T + A (s—6,) +0,(n7),
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*) (/1) is for ease of finding correspondence.

A 571 A
LS\16 = (8= 0yg1s)' Wit (S —Oyais)s

where

~

0,65 In Oygs = G(éNGLs) minimizes LS5,
W, =2D)(S®S)D" ",
EPLSNTG = E(gt)EE;) {(t o 6NGLS ) ' WI\_I"} (t - 6NGLS )}

S1.1.2 Bias of LSy



E,”(LSyr6) — EPLS 1
=B {(s = 6y61s) Tt (5= Gyrs))
+EP (s = Gyqrs) (TG =T (8 — 606}
~E(t-0,)'T{) ' (t—0,)}
~E{(Brois =00)' TN (Byaus =61}
(2E(t)E(s){(t 6.)' T " (6, —6ygs)} =0 is used)
=2EY{(s—6,)' T\ (6ras — 1)}
+EV{(s = 6y615) (T — T (8= 605}

where F(z)l (F(Z) )_ and F(z) (FNT)IS synonymously used with

Wi (WNT, $) .
The first term on the right-hand side of the last equation of (s1.1.1) is

—2Efgs) {(s—o0; )'Fg\lz”l)'_l (GxGis —O71)}
=—2E{(s—06,)' T\ (615 = 6)}
(01 has been validly replaced by O)
= 2EV[tr{l{ AL (s -6, )(s - 6,)'}]

(s1.1.1)

S0 H+0(n™?)

. 2E(S) [tr{l—w(Z)—lAgZ) (s _ GT )<2> (s _ GT ) !}]
2E(s) [tr{F(Z) IAE)3) (S . GT )<3> (S . GT)'}]
2 AP T

—0(n?)

-3
—0(n?) +0(n™)

o(n™
1.1.2
—|—(g)n_zztr(l“g\]z%_lAg”Km) n 22T ADTY) (s1.1.2)
n 26t [T AD fvec(M?)@ TP} ] +0(n™),
(Aon™)

2) _ 1)

where F Nt under normality;

(gs) [tr{(s —o,)(s—6,)'}]= n_lféz) - ”_ZK(4) +0(n™) under arbitrary

distributions; K(4) isthe P X P matrix of the multivariate fourth
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cumulants, whose element (K(4) )ab,cd corresponds to that of observable
variables X,, X;, X, and X ,(p2a2b2l;p2c2d2=1),
EY[tr{(s—06,) " (s—0;)"}]=n"T( +0(n™),

(Fg) Vab, cd: ofy = ”2EE;) {(Sep = Orap NSy = Opeg NSp — O )} + O(n™")

3 6
_ -1
= Otabeder — Z O TabcdO1er — Z O 14cdOther T 201,407 Oy T O(n),

Orgp..; is the multivariate central moment of X,, X, ... X,
(pzazbzl;pzcz2d=l;p=e> f 21, Ogasawara, 2006, Equation
(3.13); 2007, Lemma 1).

Under normality, the term of order 0(71_1) in(sl.1.2)1s
24T AT
=—n" 2tr{T 7 A (AT Ay tA ) AT T

=—n"'2tr {(AOT;?T)_le tA, )_1A0T§T)_1Ao ¥s

which becomes —# 2¢ when A, =0,
The second term on the right-hand side of the last equation of (s1.1.1) 1s

EfgS) {(S o 6NGLS ) '(fﬁ%_l o rg\?T)_l )(S o 6NGLS )}
=EP{(1/2)vec'(S—X ;)87 @S X' @ E")vec(S— X )}
(s1.1.3)
Let M, =S—-X,. Then,
S'=x'-xMZ'+X'ME'MX' -2 'MX'MXE'MX'
+ X MM I M EIM X + 0 (n7),
$1®ST-L! e = (-3 E'®E/MIN, .

HEMED +37 2 @ ME M)

0,(n™")

11



H o B O MM I M)

Y EMEDOEMEMED),
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+(Z; M EM X

+ Z:ym(zr}lMsZ{-l) X (ZPMSZ;lMszglMSE}I ) +0, ()

0,(n?)

— (M (2) (3) (4) -5/2
=(M )Op(n_l,2)+(M ) )+(M )Op(n_3/2)+(M )op(n-2)+0p(” ),

-1
0,(n

2 '
where Zsme =X+X",
The right-hand side of (s1.1.3) becomes
E(gs) {(1/2)vec'(S— ):.NGLS)(S_1 ®S™ - E}l & Z}l yvee(S—X69)}
=EY[(1/2)vec S — X, — (Zygs — L) + Xy — T}
x(M® +M? + M +M™?)

n 1.1.4
xvec S — X — (Eygs — X)) + Xp — X, ]+ 0(n7) (11D
(note that X —X = O(1)).
The term of order O(n™') in (s1.1.4) is
n'[(1/2)vec'(Z; — X )nEY (M?)_ o Vee(Zy — X))
' s 1.1.5
+ved(Z, ~Z)nES (MV(D, ~D, AN (s-6,)} ] CID)
which becomes zero when 2p = X .
The term of order O(n7) in (s1.1.4) is
n” [ (1/2)vec'(Z; —X))n’EY{M? —EP (M ) o0
(A)
+M® + MW }Ho(n,z) vec(X, —X,)
+vec(Z; —Z,)n’EP{(M® + M?) (s1.1.6)

x(D,-D, A )(s -0, ) o )
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—vec(Z; —Z)n’E{(MD AP (s—6,) +MVD A (s—0,)"
+MD AP (s—6,)"}

—0(n?)
+(1/2)n’EY{(s—6,)'(D, —D AP’)'(M" +M?)
x(D, -D,A")(s - 0,)}

—0(n?)

B (5007 (D, AP MU(D, ~D AP =00}, ]

When O1 =0, (s1.1.6) becomes
n’ (/E)(l / 2)n2E§;) {(s—0o;) '(Dp - DPAE)I) ) '(M(l) + M(z))

x(D, -D A )(s—0)}

-0(n?)

m B (50T (D, AP MOD, =D, A -0} ]

Then,
E(gS) (LSNTG) o EPLSNTG

=n"'[22t(Ty AGTY)

+(1/2)vec'(E; — ZO)nEf;) (M®) 1)Vec(ZT -X))

—->0(n~

+vec'(Z; —X))nEY (MY (D D AP )(s -6, )} o] 6117
SIL.1.
+n~ ( [ )2tr(r§§;—1Ag”K(4)) =2t(TGAPTY)

—6tr[T0 A {vec(TP) @Y
+(1/2)vec'(Z; —X))n’EY (M —EP(M™)

0™

+ MY+ M@} vee(Z; —X,)

O(n72

+vec'(Z; — X))’ EP{(M® + M)
x(D, =D, A" )(s—6;)}

>0(n?)
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—vec'(Z; —Z)n’EV{(MD AP (s—6,) +M'D AP (s—6,)"
+MPD A (s—0,) )

+(1/2)n’EY{(s—6,)'(D, —D AP)' (M"Y +M®)
x(D, =D, Ay")(s~6;)}

-0(n?)

_anfgs) {(S i GT )<2> '(DPAE)Z))'M(I) (Dp — DpAgl) )(S — GT)}_>O(n72) (1)

+0(n™).

(1) Under normality and O — O, = o(1) , the term of order 0(11_1) 1n
(s1.1.7) is _2tr(A(ol)) = =2tr{(A, T%HAO + Ao)_1 A, 'Fg?%_le} #—2¢ , and

. . -2
the first term 1n (1[\) (11) for the term of order 0(71 ) becomes

Ztr(F;?T)_lAE)I)K(@) =0,

(1) Under non-normality and O = O,
E(gS) (LSNTG) - EPLSNTG
- 2 AT

[ 20 APK ) - 20 APTE)

— 6t AL {vec(Ig” ) ® TV} ]
+(1/2)n’EP{(s—0,)'(D, -D AL)'(M" +M?)
x(D,-D, AY(s -0, )} o)

_an(gs) (s—6,) '(DPAE)Z))'M(D (D, - DpAgl) )(s—o; )}_>0(n*2) (1)

+O(n™).

(111) Under normality and Ot = G,
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ng) (LSNTG) - EPLSNTG

=n"'(-29)
+n”? ( [ - 2tr(Dyy AP TG — 6tr[ TG A {vee(T ) @ T, ]
+(1/2)n’EP{(s —6,;)'(D, -D A))' (M + M?)

X (Dp - DpAE)I) )(S - GT )}—>O(n_2)

-n*EP{(s—6,) (D, ALY M (D, D, A )(s-6,)} - (1)

+O(n™).

S1.1.3 Bias correction of LSy

Recall that LSy;g = (8= Gygs)' fﬁ%_l (8 —6yq1s) . Define
ALS . =LS . +77'2¢,
TLS, 1 = LSy + 1 2tr(TETAVT@)

= LS, +1  2tr{(ATQ'A) AT TAT A

with (F(z))ab’cd = Suped ~SapSeq (PZa2b21;p2c2d21) and
CALS,;; =LS\ 1 +7 ' 2g
—n [ = 2t(PGTAPTY) - 6t A fvee(T2) © T )

(A)
+(1/2)n* EP{(s —6,)'(D, -D AY)' (MY + M)
x(D,-D A )(s—0,)}

—0(n?)

E]{(s=0,)7 (D, ALY M (D, =D, AY)s =0}, -, 1.
where ng){} = ng){} :

The bias corrections in ALSNTG, TLSNTG and CALSNTG are valid

only when a structural model is true 1.e., 01 = 0.
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Under normality and 61 =6,, E f (ALSyrg) —EPLSy g = O(n_z)
and E,(CALS;;)—EPLS;; =0(n™),

Under non-normality and O =0, E g (TLSNTG) - EPLSNTG - 0(’7_2) )

S1.1.4 The results for the saturated model under normality

For the saturated model with GNGLS =8, Ef (LSNTG) = LSNTG =0,
Then, under normality,

E®(LSyrq) — EPLS 1
=—EPLS,;c =—EVEY {(t—s)' T (t—s)}
=—EP{(t—0,) T\ (t-06,)} —EP{(s—06,)' T} ' (s—06;)} (s1.1.8)

-1
=-n 2gq,

which is an exact result. Alternatively, from an intermediate result of (s1.1.2)

using S — 6NGL5 =s—s=0 , we have

_2ESfS) {(s—0;)' F(ZH (GnoLs —Go)}

=2EP{(s—0,) T '(s—6,)}=—n"'2¢.

The corresponding result based on cross-validation by Browne and Cudeck
(1989, Equation (7)) 1s

EPEY [ (1/2)ul(8™(S = Eyaus)}]
—(1/2>tr[{T-1<T—iNGLs>}2](;)
=—EYEP[(1/2)tr{(1,,, - T"'S)*}] (s1.1.9)

__2qn2 2pn—{p*(p+D(p+3)/2}
(n=p)n—p-D(n-p-3)

where S = X5 . The values of (s1.1.8) and (s1.1.9) are the same up to order

O(n™") while the absolute value of (s1.1.9) is larger than that of (s1.1.8) when
n 1s sufficiently large.

S1.2 ALSNT(}*a TLSNT(}*a and CALSNTG* by NT-GLS* when
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(M) (M) _ a
F T ( (F ab. cd GNGLS* acONGLS*, bd
+O0NGLs*, adONGLs* pes P 20 2 b>1;p=c=>d=1) for covariance

structures

S1.2.1 Definition
_ ~ ' (M) 1
LSy = (s— NGLS*) F (s— NGLS*)

=(1/2)vec'(S = Eyore ) Enr s @ Tk o )vee(S — Eyy g
=(1/2)tr] {ZNGLS*(S - ZNGLS*)} I

S1.2.2 Bias of LSNTG* under possible non-normality and O =0,

The case O — 0, = O(1) is not dealt with in this subsection. Define
ELS, g = ¥ (LSy+) . Then,
ELS\ ¢+ — EPLS ¢

2E(S){(S GT)'F(z) I(GNGLS* _GT)}

+E(S){(S_ NGLS*) (F(M) - ng?%_l)(s _&NGLS*)}’

where EPLSNTG is as before and the first term on the right-hand side of

(s1.2.1) 1s given as in (s1.1.2). The second term on the right-hand side of
(sl.2.1) 1s

E(S){(S - NGLS*) (F(M) 1 Fg\?%_l )(s— GNGLS*)}
=EP[(1/2)vec{S— X, — (Zygisr — Zo)}
X (ZNGLS* ® il_\IIGLS* - 2‘;1 ® 2}1 yvec{S — X, — (iNGLS* - X))},

Where

Y @ Lo — X7 ® X
= I @ By ~Z0E )
+3 0 B O Baase — E0 B Bagrse —Z0)E7 )
{27 s — ZDET O XY (Bygre —E0)EL 0, (n77)

(s1.2.1)

(s1.2.2)
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=Y B @Y (LD (A (5 00))

+ (L)_ ijm 2}1 &® {Zj,b=1 (Z}l ).a (Z}l )b' (AE)Z) )ab- (S ~ 6, )<2>}>

iy Bed, Y ENDLEDLED.
X (Af)l) )ab. (S — Oy )(Ag) )cd- (S — Oy )}
) (EDLEDLAD),,.(5-6,))

D L (ED.(ED. (AP (s~ 07)) (] +0,(n77?)

A)

E(M*(l)) s +(M*(2)) L. +0 (n_m),
0,(n""?) 0,(n™") p

and ()a 1S the a-th column of a matrix with other similar notations defined
similarly. Noting that

vec{S— 2, — (Eyarse — Zo))
= VeC{S - ZT - (ﬁNGLS* - ZT)}
=D, {s—0, - AV(s—06,)~ AP (s—6,) 7} +0,(n?)

= (Dp — DpAf)l))(s —0;)— DpAf)z) (s—o, )+ Op (11_3/2 ),
(s1.2.2) becomes

B {(s =80 (TN =T33 )8~ Syarse)}
=n"[(1/2)n’EY{(s—6,)'(D, -D AP) (M + M)
x(D, =D, A")(s—6;)}
-n’EJ{(s-06,)" (D, A)'MP (D, -D AY)(s - 0,)}
+0(n™).

-0(n™?)

—>0(n*2)]

(i) Under non-normality and O = 0|,
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ELS ;¢ — EPLS,
=n { 2tr(F(2) 1Agl)l“gz))}

* 200 APK ) - 200 APTY)

—6tr[ Ty A {vee(Tg ) ® T}
+(1/2)n’EP{(s—6,)'(D, —D AY)' (M + M)
x(D,-D, A )(s—o;, ) o )
-n’E{(s-0,)"'(D, A7) M (D, -D A )(s - o)}

—0(n™?) (1)

+O(n™).

(11) Under normality and O = O,
ELS g+ — EPLS 6

=n"'(-29)

w7 [ =2t(TYAPTE)) - 66T ALY {vee(T'Y) T} ]
(A)

+(1/2)n’EP{(s—6,;)'(D, —D A} (M + M)
(D
x(D,-D A;")(s— GT)}_)O(n,Z)

_angj) {(S . GT )<2> '(DPAE)Z))'M*(D (Dp — DPAEJI) )(S — GT )}—>O(n’2) (1)

+O(n™).

S$1.2.3 Bias correction of LSy -
Recall that

A M)-1
LSyrg- =(8— NGLS*)'F( . (8 —Oygrs+)

=(1/2)vec'(S = Eyore ) s ® Tk o )vee(S — Eyy s

- (1 / 2)tr[ {ZNGLS*(S o ENGLS*)} ]
Define
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ALS e = LS e #7171 29,
TLS,p = LS + 11 2tr(TVTAOT?)
= LSy + 7 2t {(AT GV A) ATV TOT DAY

and

CALS ;e = LS rer +17'2¢

+n 22TV APTMY 4 6t [TV AR {vec(T) @ T

—(1/2)n’ E§f> {(s—6,)'(D, -D AP)M" + M)
x(D,-D,AP)s=6.)} -

P {(s—6,) (DAY ) MV(D, ~D,AY)s-6,)} - ]

e

. . N M3) . .
where estimated values are given by GNGLS* , and F&T ) 1s defined using

Y

Oyors asfor TRp .
All the corrections in ALSNTG*, TLSNTg* and CALSNTG* are valid

only when O =0,

Under normality and 01 =0, E ) (ALSNTg*) — EPLSNTG = 0(”_2)
and E,(CALS,.;.)—EPLS ., =0(n").

Under non-normality and 01 =0,

E_ (TLSy;q:) —EPLS ;¢ = O(n™?) .

s1.3 TLSg by SLS when W, =2D? {Diag(S) ® Diag(5))}D’" for

covariance structures

S1.3.1 Definition
Lss =(s— 6SLS )’ Ws_Lls (s— 6SLS)
— (s—64)'(1/2)D, ' {Diag™ (S) ® Diag ' (S)}D, (s — 6.

=(1/2)tr[{Diag ' (S)(S — £g )}’ ],

where Diag‘l(S) = {Diag(S)}‘l . Note that
20



Was = 2D, {Diag(X;) ® Diag(X;))}D,,".

S1.3.2 Bias of LSg
EPLS = EVEY[(t - 65"
x(1/2)D,'{Diag™ (£;) ® Diag™ (£;)}D, (t -6 )],
ELS; =E(LSy),
ELS; — EPLS = —2EY {(s — 6,)' Wy s (64 s —6;)}
FES (5 = 8416) (Wai's = Was) (s = 85,5}
The first term on the right-hand side of the last equation of (s1.3.1) is
2B {(s —0;)' Wy (655 —01)}

- _ZE;S) {(s—0;) WS_LIS (655 — )}
= —2E(;) [tr{WS_LISAE)I) (s—6;)(s—0;) '}]_>o(n*1)+0(n*2)
o ZES) [tr{WS_LlsAE)Z) (S —Oq )<2> (S —Oq ) '}]

(s1.3.1)

—>0(n2)

— 2B [tr{Wg s Ay (s —6,)™ (s —061)'}]

—>0(n?)

= —{n"'2tr(Wg A T)} (s1.3.2)

o™

+ (1[\) n’ 2tr(WS_LlsAg”K( 5= n 72 2tr(Wy (AT

—n 26 Wo AP {fvecMP)@TP ] +0(n™).

(A)omn™)
The term of order O(n™') in (s1.3.2) is
—n"' 2tr(Wy (AT
=—n"'2tr {WS_LISAO (Ao'ws_LlsAo +Ap, )_1A0'W5_Llsrgz) )
=—n" Ztr{(onws_LlsAo +tAp, )_IAO'WS_LISFEJZ)WS_LISAO ¥s
which is not equal to —n”' 2¢ even under normality and G =0, i.e.,
Apy =0 with

21



o Oab

DO_Z(G —6;) (W, SLS «ab

azb 59 50 '
0’c,,
= ;(60 ;) (W, SLS ab,ab 09, a(;)b,

since W is diagonal.
The second term on the right-hand side of the last equation of (s1.3.1) is

E;S) {(s o 6SLS ) '(WS_LIS o WS_LIS )(S - 6SLS )}
=EY {(1/2)vec'(S - X ){Diag™ (S) ® Diag™(S)
— Diag™'(Z,) ® Diag ™ (Z;)} vee(S — Zg )}
Let M, = Diag(S)—Diag(X,) . Then,
Diag™'(S) = Diag™' (X,) — Diag” (X, )M,, + Diag> (X, )M;,
— Diag™(Z;)Mj, + Diag™ (X, )M}, + O, (n™"?),
Diag™'(S) ® Diag™'(S) — Diag™' (X, ) ® Diag ™' (¥,)

=[-)_., Diag” (£;) ® {Diag *(Z;)M,}]

(s1.3.3)

O ( 71/2)

H{Diag " (2)M, 1 + 3 Diag™ (£,)® {Diag ™ (Z)M}]
Z Diag™'(X,) ® {Diag *(X,)M} }
- {Diag?(£,)M,,} ® {Diag > (E )M }],, o,
Zsy Diag™'(X,) ® {Diag > (X, )M}
+{Diag (X, )M} }**
+Y. . (Diag”(Z,)M,} ® {Diag ™ (E )M}, - +0, (1"
=(My) o,y ¥ (M) (M Jo,or T (M’ Do, T Oy (7).

Consequently, (s1.3.3) becomes

0,(n™")
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EV[(1/2)vec'{S—X, — (X4 —Z,) + X, — X, }
x (MY + My + My + M)
xveeS — L —(Zg g — Ey) + Zp — X ]
(E; =X, =0(1)).

Asin (sl.1.5) and (s1.1.6), the term of order 0(11_1) in (s1.3.3) 1s
n”' [(1/2)vec'(E; — X,)nEY (M) | vee(Zy —X)

+0(n™)

—0(n™?

—>0(n~

+vec'(Z; —X))nEY (MY (D, —D A )(s—6,)}

—0(n™") I
which becomes zero when O =0, .

The term of order O(n7) in (s1.3.3) is

n” [ (1/2)vec'(E; —X)n’EP{MY —EY (M)

-1
(A) —>0(n)

+ MY + M) ,vec(Xp —X)

—0(n?
+vec(Z; — Z,)n’EY{(M} + My))
x(D, =D, A )s=01)} 2,
—vec'(Z; — X))’ EP{(ML'D A (s —6,)™ + My'D A (s—6,)"
+MS'D AP (s—6,)7}

-0(n?)
+(1/2)n’EY {(s—6,)'(D, —D A)")' (M} + M})
x(D, -D,Ay)(s-0,)}

—0(n?)

_nZEEgs) {(S ~6, )<2> v(DpAE)2) ) ' Mg) (Dp — DPAE)I) )(S — 0 )}_}0(’1_2) (11) .
When O; =0, the above becomes
n’ ( £ )(1 /2)n’EY {(s—6.)'(D, —D A")' (MY + M)

x(D, -D Ay )(s—0)}

—0(n?)

(50 (D, AP )M (D, =D, AN -00)} - ]
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ELS, — EPLS,
=n"'[2tr(Wg AT

+(1/2)vec'(X; — ZO)nEf;) (M) 1)Vec(ZT -X))

—->0(n~

+vec'(Z, — X, )nEE;) {Mg)(DP — DpAgl) )(s—o, )}—>O(n‘1)] 5134
s1.3.

+n? ( £ | 2tr(W;LISAg”K(4)) —2tr(Wy (AT
— 6tr[ Wy s AY {vec(ITy ) @ T}

+(1/2)vec'(Z; —X,)n’EY (M) —EY (M)

0™

+Mp + MY} vee(Z, —Z)

—0(n™>
+vec'(Z; — X))’ EP{(M5 + M)
x(D, =D, A{)s=06)} -
—vec(Z; —Z)n’EP{(MPD AP (s—6,)™ +Mp'D AP (s—6,)"
+Mp'D A (s—6) )
+(1/2)n°EY{(s—6,)'(D, =D A{)'(Mp + M)
x(D, =D ,A¢’)(s—6;)}

-0(n?)

_anfgs) {(S ~0; )<2> '(DPAE)Z) ) ! Mg) (Dp — DPAE)I) )(S — O )}—>O(n72) (1)

+0(n™).

(1) Even under normality, when O —0, = O(1) , the term of order O (n_l) n

(s1.3.4) is not equal to —n"'2q though ry =rg.

(1) Under non-normality and Op = 0,
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ELS, — EPLS,
=n" {~2tr(Wy s AT}

+n? ( £ )2tr(WS‘LISA(O”K(4)) — 2tr(Wy (APT)

— 6tr[ Wy s AL {vee(I) @ Ty}
+(1/2)n’EP {(s —6,;)'(D, —D A))' (MY + M})
x(D, =D, A)s=0)} -
-n’EP {(s—6,) (D AY)MP (D, —D A )(s—o; ) o (1)
+O(n™).

(iii) Under normality and 61 =6, , the term with K, vanishes and Ff)j)
becomes F;{T) (/=2,3). Then,

ELS, — EPLS,

=n {22t(Wy AT

+n? ([)— 2tr(Wy (AT — 6t W (AL {vec(TH) @ T
A

+(1/2)n’EP{(s —6,)'(D, =D AP)' (M + M)
X (Dp - DpAE)I) )(s - GT)}%O(,Z—Z)

_angg) (s—6,) '(DpAgz))ng) (D, - DpAgl) )(s—o, )}_>0(n*2) (1)

+O(n™).

$1.3.3 Bias correction of LS
Recall that
LSy =(s—6g)'(1/2)D, '{Diag™'(S) ® Diag™'(S)}D (s — &)

= (1/ 2t {Z s (S —Zg )} 1.
Define
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TLS, =LS, + n_12tr(W;LlsA(l)f(2))

= LS +n " 2tr {(A'W ', A) AW TP WA}
Note that ALSS 1s not defined and AD 1S not used 1n TLSS since
0, =0, isassumed in TLSS.

Under normality and 01 =0, Ef (TLS,) - EPLS = O(n_z) .
Under non-normality and 01 =0, E g (TLSS) - EPLSS = 0(”_2) .

s1.4 ALS, i and CALS, ;c when W, =I'" =nacov,,.(s) by

S
ADF-GLS for covariance structures

Note that

{n acov ,,pp (8)} 4 s = Saped —SapSed (PZa2b21; p2c2d 21)

In this subsection, Op =0, is assumed under possible non-normality.

S1.4.1 Definition
— ~ 1(2)-1 a — R
LSADFG = (S o GAGLS) I (S ~O4GLs ), ELSADFG = Eg (LSADFG)

and EPLS, . = E;t)E;s) {(t—06 615 )'FE)ZH (t—06,55)) .

$1.4.2 Bias of LS, g
ELS prg = EPLS 5 = _ZE(;) {(s—0;) FE)ZH (64615 —61))
FEC(5 = 8 000) (F7 ~ T )(5 - 6,0, D
The first term on the right-hand side of (s1.4.1) is
_ZES) {(s—0;)' Ff)z)_l (646Ls —O1)}
=2EY{(s—06,) T{ " (6,45 — 6,)}
= 2B [tr{l AP (s -6, )(s - 6,)'}]

—>0(n H+0(n™?)

; _ 2> , (s1.4.2)
—2EP [ {7 AP (s —6,) (s -61)'}] o)
_ 2E(gs) [tr{FE)Z)_IAS) (S ~o, )<3> (S . GT)'}]_)O(H—Z) + O(n—3)
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= —{n 20T PTAVTY);

o(n™)

. [ n22t(TP ALK ) —n 2 2te(TP T APTS)

n’ 6tr[F(()2)_1A§)3) {VCC(ng)) X Ff)z)}] ] +0(n™).
(Aomn™)
The term of order 0(71_1) for (s1.4.2) is
—n " 2t(TPAPT ) = —n 7' 2tr(A)
= —n”'2tr{A, (A, T4 AT
=-n"'2gq,
which holds under possible non-normality. Note that there is no sample

counterpart of A, due to the assumption Op =0,

In the second term Efgs) {(8—6,615) (I - ng)_l )(S—6,615)} on the
right-hand side of (s1.4.1), we have

~(2)-1 (2)- 1 (2)- 1 (2)-1
F F ZZ(F ab (F )Cd {Sabcd Tabcd

a>b c>d

B (Sab o GTab )GTcd o (Scd o GTcd )GTab }]Op (n*1/2)

+ [ ZZ(FE)D_I )eat (FEJZ)_I)cd-(Sab — 01 )NSpq = Oreg)

(A) a>b c>d

+ Z Z Z Z (FE)Z)_I )-ab (FE)Z)_I )cd,ef (F(()Z)_1 )gh.

a>b c>d ex>f g>h

X {Sabcd - GTabcd - (Sab - GTab )GTcd - (Scd - GTcd )GTab}

X {Sefgh ~ Oregn — (Sef ~ Oy )GTgh —(s gh ~ O1gn )GTef} ]
(Ao, (™)
302
+0,(n"7)
= (M) +(Mp) , T0,(n )

ADF Op(n’l/z) 0,(n”

Then, the second term on the right-hand side of (s1.4.1) is
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EX (=6 ,605) ' (T =T (s = 6,06.5)}
=EYV[{s -6, — (6,55 —6,)} (ML + M3 + 0, (n7?)}
X{8 =65 = (6,615 —6,)}]
=n[n"Eg{(s —67)'(I ., — AG) (M{} + ML,
X (L =AY =00)} ) (s1.4.3)
= 2" B {(s = 67) 7 AP ML (L, — AG )(s — 6, ) om))
+0(n™),

where M%;F (j=L2) are p* X p* matrices rather than p2 X ]92 shown
earlier.
In (s1.4.3), the following results are required:

(s)
nEg {(Sabcd o GTabcd )(Sef o GTef )}_>0(n—1)
4
= GTabcdef o GTabcd GTef o Z GTaef GTbcd
(Ogasawara, 2010, Subsection 1.2),

(s)
nEgs <{(Sabca’ B GTabcd )(Sefgh B GTefgh )}—>0(n_1)
4
- GTabcdefgh o Z (GTabcde Gngh + GTefgha GTbcd )

16
B GTabcd GTefgh + Z GTbcd Gngh GTae

(Ogasawara, 2010, Subsection 1.3)
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2(s)
n E‘gs {(Sabcd o GTabcd )(Sef o GTef ))(Sgh N GTgh)}—>O(n_2)

= GTabcdefgh o (GTabcdef GTgh + GTabcdgh GTef )
4

_Z (GTbcdef O'tagh T OthedghO Taer T OTaefon O Thed )

4
_Z GTabcde Gngh o SGTabcd GTefgh + 6GTabcd GTef GTgh

4
_Z (GTaef GTgh + GTagh GTef )GTbcd

4
+Z (GTag GTeﬂz + GTah GTefg + GTae GTghf + Gqu GTghe )GTbcd
4 C2 :6

+ Z {(GTaef O tipgh T O1aghOTher )0 1eq + (Oryeq O tigh T O1aghOThed )GTef

+ (0 10edOther + O1aet Obea )Oren §

3
+22 O 1460 1ca (GTefgh ~ O1erO1gp )
(Ogasawara, 2010, Subsection 2.1).
Then,
ELSADFG o EPLSADFG
—n! (—2q9)+ n’ [ 2tr(Ff)2)_1A8)K(4)) — 2tr(Ff)2)_1Af)2)Fg3))

(A)
—6tr[y Ay {vee(I'y)) @ T} ]
+n B {(s —6,) (1 — AY) (MY + ML)
X (L — A )(s—o, )}_)O(n,z) (s1.4.4)

2B {(s—0,) 7 A Ml (L — AN —00)} ) (/1)

+0(n™),

which holds under possible non-normality and 01 = 0, . Under normality, the
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term with K(4) vanishes and Ff)j) becomes FST) (j=2,3),

S1.4.3 Bias correction of LS ADFG

Recall that LSADFG =(s— &AGLS )'1_‘(2)_1 (s— 6AGLS) . Define
ALSADFG = LSADFG + n_lz(] (note that TLS ADFG 18 unnecessary) and
CALS, ;i
=LS,prg +77'2g—n7 [ 2ue(TPTAVK ) - 2te(TP 7 AT

(A)

. 6tr[(f’(2)_1f\(3) {Vec(f(z)) ® fw(z)}]
"B {(s = 0,)'(1 0, = AG") (M + M)

ADF
1
X (I(p*) - Ag) ))(s - GT )}—>O(n72)

_2n2 E(gS) {(S —Op )<2> 'AE)Z) 'MEAIJ))F (I(p*) - A(()l) )(S —Op )}

-0(n?) (/1)

Under possible non-normality and 01 = 0, we have

E,(ALS, ) —EPLS, . = O(n™?)
and E,(CALS,;.;)—EPLS, ;= O(n™) .

s1.5 ALS , rc by ADF-GLS using 1 =7 acov . (r) for

correlation structures

S1.5.1 Definition
Define LS, appc =(r— ﬁAGLS)'FE)Z)_l (r —Pags), where ¥ =Vb(R) s

a {( p2 —p)/ 2} x1 vector, vb(:) is the vectorizing operator taking the
off-diagonal elements below the main diagonals in a symmetric matrix,

p=vb(P), p,=vb(P;) and P, = P(Gpo) is the population correlation
matrix given by a structural correlation model.
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£\ (2
(FE) ))ab, ed =Tapea T AT DL T F Topee F Vi + Vopaa)
— (1 21 (Fea + Tipea) =L 2)0 (B + T )
1/2 .
rabcd = Sabcd /(Saasbbsccsdd) (p >a> b 2 19 p 2c> d > 1)

I‘E)z) =1 aC0V ,pp () was given by Isserlis (1916, Equation (21)), Hsu, 1949,

Equation (79)) and Steiger and Hakstian (1982, Equation (3.4)) (see also
Steiger & Hakstian, 1983; Ogasawara, 2002, 2008).

Define EPLS ,pp6 = E(gr*)EEgr) {(r’ - ﬁAGLS)'rf)_l (r - PacLs)} , where

r isanindependent copy of r. Let P be the true population correlation

matrix. In this subsection, Pr =P, 1s assumed with Pt = vb(P;) .

S1.5.2 Bias of LS ,pr6
op,

Let Apo 89p 1, then

E, (LS,apr6) — EPLS, 56
= 2B (1 —py) T (s — 1)}

B =) (T =) = Pacis)}
==2E{(r =p)'T,7" Pacs — P}, o0y TO07)
=—n""2{T7A (A, TPTA ) A T  nacov (1)} + O(n™)
= 2{(A,, TP7A )AL TOTA Y +0(n)
=-n"'2g+0(n™?),

which holds under possible non-normality.

S1.5.3 Bias correction of LSpADFG

Recall that LSpADFG =(r — Pacis )'rf,z)_l (X —P,gis) . Define
ALSpADFG = LSpADFG +n 2q (TLSPADFG is unnecessary while

CALSPADFG can be defined but not given here). Then,
EY (ALS, ,prg) —EPLS g =O(n7)
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holds under possible non-normality and Pr =Py .

() _

S1.6 ALSpNTG by NT-GLS using I'jny =7 acovy; (r) for correlation

structures

$1.6.1 Definition
LSpNTG = (l’ o ﬁNGLS)'f‘g\I)”EI (l’ o ﬁNGLS) , where
(D s ca = (U D)1y (o 4y + T 4 1) £ T Ty +
Ty (BeTog +10Ti) = Vg (B Ve +1i10g)
(pza>b>21;, p>2c>d=>1),

F:,QT =n acoVy(r) was given by Pearson and Filon (1898, Equation (xl.)),

Girshick (1939, Equation (3.23)), Hsu (1949, p.400), Olkin and Siotani (1976,
Equation (3.1)) and Steiger and Hakstian (1982, Equation (4.2)) (see also
Ogasawara, 2002, 2008).

In this subsection, Pr =P, is assumed.

$1.6.2 Bias of LS n1G
E, (LS x16) — EPLS 1
= 2B {(r—p;)' Ti0r (Pgis —Pr)
F B = Pyars) (T = T = Pyrs)}
= 2B {(r = pr)' Tt (Praes = P)} 0, TO17)
=—n" 2{INT A G (A ' TTA )T A T nacov e (1)} +0(n ™)
=1 DA T A Ay TR TR A} +0(n ),

which becomes —n_12q under normality and Pt =Py .

S1.6.3 Bias correction of LSpNTG

Recall that LSpNTG =(r —Pyeis)’ FS\I)"; 1 (r —Pyeis) . Define
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ALS 16 =LS,xi6 729 and
TLS i1 = LS urg + 77 2tr{(A, ' T A )T A TP A Y
(CALSPNTG can be defined but not given here).

Then, under normality and Pt = Py,

E™(ALS 1) —EPLS 1 = O(n™),
ET(TLS 1) — EPLS 1 =O(n 7).

Under non-normality and Pt = P,

E\(TLS,\6) —EPLS 1 =0(n7).
S1.7 TLSpU by ULS for correlation structures

S1.7.1 Definition
LS,y = (r = Pygrs) (F = Prars) = (1/ Dtr{(R—Pyy)’}
We assume that Diag(lA)ULS) = I( ») - Define
EPLS,; =E{VES{(r —pus)'(r = Puis)} .
In this subsection, Pt =P, is assumed.
$1.7.2 Bias of LS,y
E, (LS,,)—-EPLS
= 2E7{(r—pp)'(Pus —P1)}
=—n"'2tr{A (A, 'A )T A Tnacov ()} +O(n )
=—n"'2tr{(A ' A ) A TIA F+0(n 7).

S1.7.3 Bias correction of LSpU

Recall that LSpU =(r- ﬁULS )'(r — ﬁULS) . Define
TLS,, =LS; +n " 2tr{(A,'A))"A 'TSA Y (note that ALS,y is not
defined).
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Under possible non-normality and Pt =Py,

EY(TLS,,)-EPLS,, =0(n™).

S2. Higher-order bias corrections for cross validation criteria

s2.1 ALS 1> TLS 1o and CALS ynrc when W, =n acov,,(s)
by NT-GLS for covariance structures
S2.1.1 Definition
Recall that
LSy = (5= Oyg15) WI\_I"}S (8 —Gygrs) = (8 —Oygs)' fg%_l (8 — Gygrs)
= (/D[S (S = L3101 1= 1/ Dtr{(L,,, =S "Ly},

where fﬁ% = f%%s = 1“55% o, =s - Define
CVxars = (= Byaus) Tiry (t=xers)

= (1 2u{{T (T = £y )11 = 1/ Dtr{(L ) - T 'Ey6)°)
and

ECVygis = E(gt)E(gS) (CVyais)

= Efgt)E((gS) {(t - &NGLS ) ' rg\?"l)",_tl (t o GNGLS )}9

. . 2 .. 2 .. . .
where the subscript t in F(N%,t indicates that F(N%,t 1s given by t, which will

. ) . H(2) _ (2
be omitted when obvious as in FNT = FNT,S.

$2.1.2 Bias of LSy1g
(i) The case of 6 —6, =0(1)
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ECV,;; — EPLS
= E;t)E;S) {(t o 6NGLS )'f‘g\?"l)",_tl (t - &NGLS )}

- E;t)E;S) {(t o 6NGLS )'Fg\?"l)"_l (t - &NGLS )}
=EVEY[{t=0; +6; 0, ~ (8yas —6))}' (21D

~(2)-1 2)-1 Ja
X(F;IT),t _ngl% Jit—6;+6; =6, — (655 —6,)}]
(2)-1 2)-1
=[(6, —6,)'EX(I'Y ) -TY ) o0, (61 —6)
~(2)-1 2)-1
+2EV{(t—0,)'TG -T) o (81 =60)], )

~(2)-1 2)-1
+(£)(GT — Go)'Ef;) . - Efgt)(rgq ) ) oy o, (81 —64)

* 2E(gt) (t-o;) '(f‘g\?T)a_tl B rg\?T)_l )OP(n_l)+Op(n_3/2)}—>O(n‘2) (6, —6,)
~ 2B, Brars - %) o0 E,’ (f“%)—tl -y Lo (01 —6)
+EY {(t o) (TG ~T& DI (t-00)} o)
2BV {(t—0,) (TG =T 0 EY Brars —60) o0

(t) ((2)-1 (2)-1
+rEO @ T8O

% E(gS) {(OxaLs =00 )(Onas — Go)'}_m(n-l)] |
(ABom)

+0(n™).

(i1) The case of 6 =0,
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ECV,;c — EPLS 4

= LB (o) (B TR0},

(t) m(2)-1 (2)-1 () (A
_2Eg {(t - GT ) '(FNT,t o FNT )}—>0(l’l_l) Egs (GNGLS B 60 )—>0(l’l_1)
(t) (T (2)-1 (2)-1
+tr[Eg (FNT,t _FNT S0

X ES) {(OnoLs — 60 )(Oygrs — Go)'}_)O(n—l)] |
(Aomn™)

+O(n™).

(i11) Evaluation of [']O(n-l) in (s2.1.1) when ©; —6,=0(1)
The first term in [']O(nfl) 1s
(GT _60)'E(gt) (Fg\?I)‘ t1 F(Z) 1) —>0(n~ (G )
=n"{(1/2)vec'(E; —Z)nEY (M) _ oy Vee(Zp — X))}
The second term in [']O(n-l) is
2BV {(t-0,)(EE -TO™N) 1 (6, - 6,)
=n"'[nEY {vec'(S — X, )M b oou, D, (61 —6)),
where note that “2” vanishes on the right-hand side of the above equation.
(iv) Evaluation of [*];,=, in(s2.1.1) when 6;—6,=0(1)
The first term in [']O(n_z) 1s
1R (2)-1 (t) ((2)-1
(GT _60) Egt <{FNTt Et (F _)0(,1—1)}_)0( 2) (G _60)
“[(1/2)(6; —6,)'D, "W ES{M? —~EP(M™)

+M®® Lt M@ }_)O(nfz)Dp (6; —0,)].

The second term in [']O(H—z) 1s
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2Efgt) {(t - GT) (Fg\lz"l)" t1 Fg\?%_l )Op(n71)+0p(n73/2)}—>O(n72)(GT - GO)
=n[2n°EY {(s—06;)'D,'1/2)(M® +MY)} D, (6 —6))]
=n[n’EY{(s—0,)'D,' (M +M"?)} oy D, (6 —6))].

The third term in [*],,2, is

) (A t) (2)-1 (2) -1
_2Egs (GNGLS _60)'_>0(n*1) Eg (FNTt F )_>0( - (GT _60)

2 2(APvee(T?)} (1/2)D, 'iEY (M) | D, (0, ~,)]
AP vee(T?)}'D, 'iES (M™) | D, (6, ~6,)]

The fourth term in [']O(n—z) is
E{(t—op)' (TG T3 (t=00)} o)
=n[’EY{(s—0,)(1/2)D,' M +M?)D (s —06,)} )
The fifth termin [], =, is

(t) (2)-1 (2) -1 E®
—2E,{(t—0;)' (T, — )}_>0( 3 B (Oyars — Go)_m(n n

n”[2nEY{(s—0,)(1/2)D,'M"D } o) AP vec(I'Y)]
=—n"[nEy’ {(s=0;)D,'M"D } . A{Pvee(I'y)].

The sixth term in [']O(n—z) 1s

tr{EY (DN — TN o By {8 eis —60)(Gnais = 60)'} o]
— 2 (s) (2) (MH(2) A (D)
=n2{(1/2)D, iEYMP)_ | D,AVTPAD .
(v) Evaluation when 6; =6,

In ECVy; —EPLS,;, the term of order O(n™') vanishes. The term

of order 0(11_2) becomes the sum of the 4th, 5th and 6th terms in (iv), which
under non-normality 1s
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2 [ ’EY{(s-06,)1/2)D,'MP +M?)D (s—6,)}

-2
() S0(n?)

-nEY{(s—6,)D,'MD } | Agvec(I'y”)

0™

+r{(1/2)D,'"nE¥ M) D APTPAP " ]

—0 (A)

and under normality is

? ( £ )n2E<;>{(s -6,.)(1/2)D 'M" +M?)D (s—o

-nEP{(s—6,)D 'M"D }

T)}—>0(n*2)

AP vec(T2)

S0

+r{(1/2)D,'nEYM®) D AVTOAP'} ].

—0 (A)

Define ELSNTG =E g (LSNTG) , then, we have
ELSNTG o ECVNGLS

- (ELSNTG _ EPLSNTG)
+ O(n_3)

(the first term on the right-hand side of the above equation is given by

Subsection S1.1.2 and the second term is given by the negative of the preceding
results in this subsection)

2)-1 A ()y(2

n” ' [2t(TG AT

—vec'(E, — E)nEC MDD AP (s e, )} o] (s2.1.2)
(note that three terms have been canceled)

[ 20T AYK ) - 20T APTY)

(A)

o (ECVNGLS EPLSNTG)

—>0(n?) —>0(n?)

— 6t [T AL {vec(T) @ TV
+vec'(E; — X))’ EY (M + M?)
x(D, - DpAf)l) )(s — 6, )}ﬁO(n,z)
—vec'(Z; — X))’ EY MDA (s—6,)* +MD AP (s—06,)"”

+MPD AP (s—06,)"}
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-n’EY {vec'(S- X )(M® + M?)} oo, VECe(Ey — E,) it
+vec'(E; —Z)n’EY(M?) o D AP vec(I'y) #i

(two term have been canceled, ### 1nd1cates added terms for cross validation
criteria over LS criteria)

+(1/2)n’EY{(s—6,)'(D, —D AP’)' (MY +M?)
x(D, -D,Ay)(s-0,)}

—>0(n?)

n’EC{(s—6,)7 (D AP)MP(D -D AL)(s-6,)}

—0(n?)

-(1/2)n’EP{(s—6,)'D,'\M" +M?)D (s—o,)} HitH

—0(n™?)
+nE® {(s—0,)'D,'M"D }AP vec(T') ) ##H

~tr{(1/2)}D, nEC (M) D APTPAD Y4 1 +0, (n™).

-
—0(n (A)

Under normality and 61 —6, = O(1), the first term in n'[-] of (s2.1.2)
S _2tr(Af)1)) =-2tr{(A, 'F%_IAO +A, )_1 A, 'F;?THAO} # =24 , and the first

. -2 . 2)-1 A (1 —
term in 7 ([E) ({1) becomes 2tr(F§W) AE))K(@)—O.

Under non-normality and 6 =0,

ELSNTG o ECVNGLS
=n { 2tr(T2APT?)}
P2t AYK ) = 2tr(Tg ACTY)

(A)
—6tr [T A {vee(T) @ TV ]
+(1 / 2)n2E(gs) {(S . GT)'(DP . DpAE)I))v(M(l) 4+ M(Z))
x(D, =D, A" )(s-6,)}

—0(n?)

PED{(s -6, '(D,AP) MY (D, ~D,AL )(s - 0,)}

—>0(n?)
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-(1/2)n’EY {(s—06,)'D,'M"” +M?)D (s—6,)} oo P
+nEY{(s—06,;)'D, 'MUD A vec(I'( ) #it#
—tr{(1/2)}D,'nEY(M?) D AYTE AL L ]

—>0(n™)

(A)
+0, (n™).
Under normality and 61 =6,
ELSNTG o ECVNGLS
=n"'(-29)
+n” ( [ - 2tr(Dig AT — 6tr[ TG ALY {vee(TG) @ T}

+(1/2)n’EP {(s—6,;)'(D, =D AP)' (M"Y +M®)
x(D, =D, A’)s=0:)} o
-n’EP{(s—6,)*'(D AP )MYD -D AP)(s-0.)}
-(1/2)n’EP{(s—6,)'D,' MV + M?)D (s—0,)}
+nEP{(s—6,)'D 'MUD AP vec(I'y) ) #ith

~tr{(1/2)D,"'nEY (M) D APTOAD 1 ### |

(A)

—>0(n?)

(—2

—>0(n™)

+0, (n™).

S2.1.3 Bias correction of LSNTG
Recall that

LSy =(s— GNGLS)'f§%_1 (8 —Oygs) =(1/ 2)tr{(1(p) ﬁ“NGLS)Z}’a
ALS ;o =LSc +77'2¢
and

TLS, 1 = LSy + 1 2tr(T & AVT?)
= LSy +1  2tr{(ATQ'A) AT ' TAT AL
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Define
CALS_, x16 =LSyi6 + n_12q

—n” (/E)_ 2te(TQTADTE)) — 6t [T AP {vec(TQ) @ T2 Y]

+1/2mEP{(s—6,)'(D, -D,AL) (M + M®)
x(D,-D,A{)(s-0,)}

-0(n™?)
n’EP{(s-06,)"'(D,A7)' MV (D, -D, A )(s -0, )}»0(#2)

~(1/2)n*EP {(s—6;)'D,' MV +M?)D (s—6r)} -

+nEY {(s—06;)'D,'M"D }APvec(I')) ###

~r{(1/2)D, 'nEP(MP) D AVPOAD s |

—0 (A)

+0, (n™).

Note that the bias corrections in ALSNTG, TLSNTG and CALSCV_NTG

are valid only when a structural model is true i.e., 0 = 0.
Under normality and 6y =6,, E (ALSNTg) ECVy6 = 0(”_2)
and E,(CALS;)—ECV; =0(n").

Under non-normality and 01 =0, E g (TLSNTg) - ECVNTG = 0(”_2) .

S2.2 ALSNTG*, TLSNTG*, and CALSCV_NTG* by NT-GLS* when
(M) (M) _

W FNT ( (F )ab cd GNTGLS* acGNTGLS* bd

+6NTGLS*, ad6NTGLS*, pesP2A2 b>1;p=c=>2d=1) for covariance

structures

S2.2.1 Definition
Recall that
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LSNTG* =(s— 6NGLS* )'r%)s 1 (s— 6NGLS*)
=(1/2)vec'(S = Eyp o) s ® Tk . )vee(S — Ey iy s )
=(1/2)tr] {ZNGLS*(S - Z‘NGLS*)} ]

= (1/2)tr{(1(p) NGLS*S) |2
Define

ECVNGLS* = E(gt)E(gS) {(t o GNGLS*)'Fg\II\"/l[")s 1(t o GNGLS*)}
= E(gt)E(gS)[(l/z)tr{(I(p) - NGLS*T) 1

In this subsection, 01 = 0, is assumed unless otherwise stated.

S2.2.2 Bias of LSy
Recall that ELSyr6e = Eg(LSNTG*) . Then,
ELS\ 76+ = ECVg1s-

= (ELSNTG* — EPLSNTG*) — (ECVNGLS* - EPLSNTG* )7

where the first term on the right-hand side of the above equation was given in
Subsection S1.2.2.

Under non-normality and Op = O,

ECVyqrss = EPLSy16
= E(gt)E(gS) {(t— 6NGLS*)'F§\II\;[“)SI (t— 6NGLS*)}
o Eggt)EEgS) {(t- NGLS*)'F(z) l(t NGLS*)}

$) (T -1 2)-1 !
— (£) tr[EY (IS - T ) o) EX{(t-o,)(t-0,) L

9

(s) (A ~(M)-1 (2) 1
+Egs {(GNGLS* _GT)'(FNT,S )(GNGLS* GT)}AO(”_Z) (/]x) 2
on™)

+ O(n_3 )
1@/ 2)tr{D, nE(S) (M)

(A)

+(1/2)n’BY{(s—6,)'(D,AY) (M +M™)D A (s—o

D I'("}

0™

T)}—>O(n_2)
+n2E(gS) {(S ~0; )<2> y(DpAgz))vM*(l)DpAgl)(s _ GT)}AO(H—Z) (1)+ 0(1’2_3).
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(s2.2.1)

Under normality and Op =0,

ECV, g ¢+ — EPLS ¢

N L )(1 /2)tr{D,'nE? (M)

+(1/ 2)n2E(fs) {(s—o,) '(DpAf)l) )M +M® D, A (s—06.)}

(2)
Souy DTNy
—>0(n™?)

+°EP {(s—6,)> (D, AP) M D AL (s—6,)} (])+0(n-3>.

O(n
(s2.2.2)

Then, under non-normality and Ot = 0, from (i) of Subsection S1.2.2
and (s2.2.1),
ELSNTG* - CVNGLS*

= n  {=2tr(T2 AT )}

ol )2tr(r§5% ALK ) - 200G APTEY)

~ 6T A (vee(T') @ T12}]

+(1/2)n°EP{(s —06,)'(D, =D AP (M + M)
x(D, =D, AY)s-06:)} o

-n’E{(s—06;)77 (D, A7) MV (D, -D Ay )(s - 6;)}

—(1/2)tr{D,'nEY) (M) D IV} #it

—>0(n?)
—0(n™)
~(1/2)n’EY {(s —6,)'(D, AP)' (M + M)
XDpAgl)(s T)} O(n*Z)
nZE(gS) {(S _ GT )<2> '(DpAgz))'M*(l)
<D, A (s—67)} o #H#E ] +0(n7).

(A)

Under normality and O1 = O, from (i1) of Subsection S1.2.2 and (s2.2.2),

43



ELSNTG* o ECVNGLS*
=n"'(-29)

+n7 [ = 2tr(T AT — 6tr[ T A {vee(T')) ® T ]
(A)

+(1/2)n’EP{(s—6;)'(D, —D A} (M + M)
x(D, =D, A7) s=6:)} )
-n’EP{(s=6;)"" (D, A7) M (D, -D,A)(s —6,)}
~(1/2)tr{D,'nEY (M*@))w D ')}
~(1/2)n*EP{(s—6,)'(D,A{") (M*“) + M)
xD AP (s—6;)}
nEP{(s—06,)* (D, AY) M

<D, AL (5-6,)} ###(1)+O(n .

—>0(n™?)

HH#H

—0(n?)

S$2.2.3 Bias correction of LSy«
Recall that

LSNTG* =(s— 6NGLS* )'lﬁ‘(M)_1 (s— 6NGLS*)
=(1/2)vec'(S - ENGLS*)(ZNGLS* ® ﬁ‘I_\IlGLs*)VeC(S - iNGLS*)

=(1/2)tr[ {ZNGLS*(S - ZNGLS*)} 15
ALS, ;v = LSy #7729 and

TLS,pr = LS g + 71 2tr(TVTAOT®)
= LSy pqe + 1 2tr {(ATCVTA) TAT O TOT DAY,

Define
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CALSqy yrg-
= LSNTG* +n'(-29)

2 2tV APTOD) 16t [P TA fvec(TM) @ PO
(A)

~(1/2)n*EP{(s—6,)'(D, =D AL) (M + M'®)
x(D,-D A )(s—0,)}

>0(n?)

+n*EP{(s—06,)7 (D, A7) M (D, -D A )(s~06.)} )

+(1/2)tr{D 'nEY(M™®) D, T2 #4

—>0(n~

+(1/2)n*EP {(s—6,)'(D ,A)' (M + M)
XDpAE)I) (S T)} O(nfz)

+n’BP{(s—0,)* (D, AP )M

<D, AV (5-6,)} ###(11)+O(n .

All the corrections in ALSNm*a TLSNTG* and CALSC\/-NTG* are valid
only when O =0,

Under normality and 61 =6, E (ALS;.) —ECV g g = =0(n™)
and B (CALS ) — ECVyqs =0(n7)

Under non-normality and 01 =0,

E,(TLS ) — ECVygis = Oo(n™).

$2.3 TLSq by SLS when W, =2D" {Diag(S) ® Diag(S))}D"" for

covariance structures

S2.3.1 Definition
Recall that

45



Lss =(s— 6SLS )’ WS_LIS (s— 6SLS)
— (s—64)'(1/2)D, "{Diag " (S)® Diag ™ ()}, (s 6.,
= (1/2)tr] {Diag ™ (S)(S - Eg5)}]

and ELSS = Eg(LSS) .

S2.3.2 Bias of LS
Define

ECVys = E(gt)E(gs) [(t—06g)'(1/ 2)Dp '
x {Diag™ (T) ® Diag™ (T)}D, (t -],

Then,
ELS, — ECV ¢ = (ELS — EPLS,) — (ECVg o — EPLS;) | where the

first term was given by Subsection 1.3.2. Let
V,'=(1/2)D,'{Diag”'(T) ® Diag '(T)}D, and
Vi=(Q/ 2)D, '{Diag™'(E,) ® Diag ™ (X, )iD, . Then, the negative second

term 1S

ECV,  — EPLS,
:E(gt)E(gS) [(t—06g)'(1/ 2)Dp '

x {Diag™' (T) ® Diag ' (T)}D,, (t — 6, 5)]

—~EVEY[(t-644)'(1/2)D,"

x {Diag ' (£,) ® Diag ' (£;)}D,, (t -6 4)]
= EPEP{(t-84)' (V' = V)(t-64)}
- E(gt)E(gS)[{t —6; +6; —6, — (655 —6,)}'

x(V'=V ) {t-6,+06,-06,— (64 —6,)}
=[(6; —6,)'EV (V' -V ) oo, (61 =6)
+ 2E(gt) {(t - GT ) '(‘A]t_l - V_l )}—)O(n_l)(GT - 60 )]O(n_l)
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’ (L)(GT - 60) 'Eg) {‘A]t_l B E(gt) (‘A]t_l)—>0(n_l)}—>0(n_2) (GT B 60)

2Bt =0)' V7 =V, o oo (61— 60)

—2E$ (855 —6,) 0 EC (V' =V (67 -6,)

—>0(n!

+BY{(t-0,)'(V,' -V ) (t-06,)}

—>0(n?)

—2EQ{(t-6,) (V' =V} 1 EY (65— 6,)

—0(n! —0(n™h)

+ta[EV(V,' -V

—0(n™h

XES {855 =60) (G55 =6)'} o, ]
(AMom™)

+0(n™)

=n"'[(1/2)vec'(Z; —Z,)nEY (M) vec!(E; )

—0(n!

+ nEf;) {vec'(S — ZT)MS)}—m(nl)DP (6;—0,)]
1 [ (1/2)ved(Z, —Z)n’EQME —EY (M)

—0(n™)

(A)
(3) (4)
+Mp’ +M[ }%O(n,z)vec():‘T -X))
+vec'(Zy —~Z)nEP{(M,’ + MDD, (s—61)}
_{A(()Z)VeC(FE)Z))}'Dp 'nE(gS) (Mg))_)o(n—l)Dp (GT o 60)

+n°E) {(s=6,)'(1/2)D, (My +M")D (s —61)}

-nEY{(s—6;)'D 'MPD } 1)A§)2)Vec(l“f,2))

—>0(n~

+tr{(1/2)D,'nEY(M}) (n_l)DpAg”Fff)Af)” '( 11 )+ o(n™).
From these results,
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ELS, —ECV
=n"'[2tr(VAYT)
—vec'(Z; —X,)nE. (MDA (s-0,)) )]

(four terms have been canceled)

+n~ ( [ )2tr(V‘1Af)”K(4)) —2tr(VAPTY)

—6tr[ V' AL {vec(T) @ TV Y]
+vec'(Z; —X))n’EX {(M5 + M}))
x(D,-D,AP)s=6.)}
—vec'(Z; — X))’ EPV{(MP'D AP (s—6,) +Mp'D A (s—06,)""
+M{'D AP (s—6,)"}
—an(gs) {vec'(S—X )M + MS))}%

—0(n?)

)Vec(ET — X, ) HiH#

O(n*2

+vec'(X; — X, )nEf;) (M) D pvec(Agz) ) HitHE

0™
+(1/2)n°EY{(s —6,)'(D, =D A{)'(My + M)
x(D,-D,A)")(s—0;)}

—0(n?)

_anfgS) {(s—o0; ) '(DpAE)Z) )’ Mg) (Dp B DPAEJI) )(s—o; )}—>0(n'2)

-(1/2)n’EY{(s —6,)'D ‘(MY +M)D (s—o,)} i

>0(n?) #

+nEY{(s—6,)'D 'MPD } N AP vec(T) ) #HiH#

—>0(n"

—tr{(1/2)D,,'nE (M), . D, AT A it 1+0@™),

When 6; —6, =O(1), even under normality the first termin 7'[-]
does not become —2¢ though ng) = F%

Under non-normality and 01 =0,
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ELS, - ECV
=n ' {=2t(V'APT)}
(£)2tr(V 'AYK ) - 2t(VIAPTE)
—6tr[V AP {vec(T'P) @ TP} ]
+(1/2)n’EY {(s—6,)'(D, —D A}")' (M} + M{)
x(D,-D,A)(s~6;)}

>0(n?)

n’EY{(s—6,)"'(D,AY)' MY (D, —-D, A )(s—6,)}

—0(n?)

~(1/2)n°EP{(s—6,)'D, ' (MY +M)D (s—6,)} . ##

+nEY{(s—6,;)'D,'M'D } AP vec(T)) #H#

0™

D, APTP AL ## ] +0(n™).

—tr{(1/2)D,'nEY (M) 1

0™

Under normality and O =0, with K( =0 and F(z) rngT),
ELS, — ECV, |

=n {=2t(VALTR))

+n 7 [ =2t(VIAPTE) —6tr[VIAY {vec(TE) @ T}
(A)
+(1/2)n’EP{(s —6,)'(D, =D A{)'(My’ + M)

(1)
x(D, =D, AP)s~6,)}
-n’EP{(s—6,)'(D, A7) MY (D, —-D AP )(s—06,)}

>0(n?)
-(1/2)n’EP{(s—6,)'D,' (M} + M")D (s —6,)} oo, T
+nE {(s—0,)'D,'MP'D } o AP vec(T) ) #HiH#
—tr{(1/2)D,'nEQ'(M})_ . D, APTP AP ##H# ] +0(n™).

(A)

$2.3.3 Bias correction of LS
Recall that
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LSy = (s = 645)" VAVs_Lls (8 —6g5)
=(8—0g5)’ \A]s_l (8 —6g5)
~ (s—64)'(1/2)D, {Diag " (S) ® Diag ' (S)}D, (s - 6.
= (1/2)tr[ {Diag™ (S)(S - Xy )}’
Define
TLS, = LS, +n ' 2tr(V,'AVT®)
= LS, +n " 2tr{(AV'A) AV TPV, 'A}
(ALSS and CALSS are not defined), which is valid only when O =0 .

Under possible non-normality and O =0,

E,(TLSg) —ECVy  =0(n™)

s2.4 ALS, :c and CALS, . when W, =TI'® =nacov,,.(s) by

ADF-GLS for covariance structures
Recall that
{n acov ,.pr (8)f 4 et = Saped —SapSed (PZa2b21; p2c2d 21)

In this subsection, 01 = 0, 1s assumed.

S2.4.1 Definition

Recall that
LSADFG =(s— &AGLS )' re- (s— &AGLS) and
el ()
ELSADFG = Eg (LSADFG)

Define ECVAGLS = E(gt)E(gS) {(t o 6AGLS ) ' fiz)_l (t o GAGLS )} .

S$2.4.2 Bias of LS i
Note that

ELSADFG o ECVAGLS

= (ELS\prg = EPLS \pr ) —(ECV, g5 — EPLS 1),
where the first term was given by (s1.4.4). Using the result before (s1.4.3), the
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reversed second term on the right-hand side of the above equation is

ECV, s —EPLS, 6

= BB {(t=6,0) (T =T )(t=6,0,0)}

=[EQ{(t-0,)' (TP =T )(t-0,)} ) o

2BV {(t—0) (P =TF} 0 EY Bacis =010,
FEL T =T) 00 B G as =00 aas =00 Lo

+0(n™)
=n’ [anf;) {(s— G:) '(MSI))F + MfAzI;F )(s - GT)}_>0(n*2)

2HES (5= 07) M) AP Vee(T)

APTOAD 1+ 0(n™)

(s2.4.1)

(s) (1 (2)
"‘tr{nEgs (Mypr + Migp; )_>0(,f1)}

(note that Efgs) (M%F) =0 (n_l) in the last result is due to e.g.,

E;S) (Sancd o GTabcd) = O(n_l) )

From (s1.4.4) and (s2.4.1),
ELSADFG o ECVAGLS

=n"'(-2q)+n" [ 2tr(Ff)2)_1Af)l)K(4)) —2tr(CP'APT)

(A)
— 6t TP A {vec(T?) @ T}]
+1°E® {(s —0,)'(I ., — A)' (M), + M),
XL = AGNS=00)} o)
2n’EP{(s -6, ) AP MU . — AP ) s—61)}
~n’EQ{(s—0,) (Mg, + M) -06,)} -,

F2nED{(s=6,) M} o AP vee(T)

—>0(n?)

F}—>O(n_

—tr{nEy (M + M{G0) oo AT A (;\ )+ O(n™).
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which holds under possible non-normality. Under normality, K(4) =0 and
e —re
0 NT -

S2.4.3 Bias correction of LS ADFG

Recall that LS,prg =(8—6,65)' e (§—6,65) and
ALS prg = LS prg + n'2q .
Define
CALS v aprg = LS aprg + n'2q

—n? [ 2tr(TP7AVK ) - 2tr(TPAPT)
(&)

— 6t A {vec(T'?) @ T}
+7 ES (s = 6,)'(I 0 — ALY)' (MY, + MP)

X (I(p*) - A(()l))(s - GT )}—>O(n_2)

_2n2 E(gS) {(S — Oy )<2> .Ag)z) 'MS&I]))F (I(p*) - AE)I) )(S — Oy )}

(4)

-0(n?)

215(5) (M (2)
—n Egs {(S — Oy ) '(MADF + MADF )(S ~Op )}—>0(n*2)

+2nEY {(s —6,)' M)} AP vee(T()

ADFJ 07"
2 ) ) () A ()1
_tr{nEg (M, pr +MADF)_,O(n—1)}Ao I'VA, ](/1).
ALS ApFG and CALS aprg are valid only when Op = 0. Under
possible nonnormality and Op = O

Eg (ALS,pp6) —ECV, 15 = O(n_z)
and E,(CALS, ;) —ECV, ;s =0(n7).

2.5 ALS ,prs by ADF-GLS using I\ =7 acov . (r) for

correlation structures

S2.5.1 Definition
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Recall that LSpADFG =(r = Pacrs )Tf)_l (r—Pacis) .
Define ECV, a5 = E(gr*)E,(gr) {(r' - ﬁAGLS)'rE)i)—;l (r - Pacrs)} . In this

subsection Pt =P, 1s assumed.

S2.5.2 Bias of LSpADFG

Define ELS, ppc = E(gr)(LSpADFG) . Then,
ELSpADFG o ECVpAGLS

= (ELS,pr¢ — EPLS,\pr6) —(ECV, 615 —EPLS i)
= ELSp Aore — EPLS bADFG

—ESEC{( = ags) (MU =T = Pagis))
=ELS, ,prg — EPLS g +O(n7?)

=—n"'2g+0(n?)
(see Subsection S1.5.2).

S2.5.3 Bias correction of LSpADFG

Recalling that LS, ppg = (r— Pacrs)' ff)_l (r —Pacrs) and
ALSpADFG = LSpADFG +n! 2q (TLSPADFG is unnecessary), which is valid
only when Pt =P,.

Under possible non-normality and P = Py,

E g (ALSpADFG) - ECVpAGLS = O(n_z) , which 1s the same as that in
Subsection 1.5.3 up to this order.

A

2
S2.6 ALS,,NTG by NT-GLS using FE,I\?T =n acov(r) for correlation

structures

S2.6.1 Definition
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Recall that LSpNTG =(r— ﬁNGLs )’ FS\I)T_l (r— ﬁNGLS) with

n(2) _ (2
FpNT = rpNT,r . Define

_RUCHRI A (2)-1 A . .
ECVpNGLS = Eg Eg {(r - pNGLS)'rpNT,r*(r —Prars)) . In this subsection

Pr =Py 1s assumed.

$2.6.2 Bias of LS, x16

Define ELSpNTG - E(gr)(LSpNTg). Then,
ELSpNTG o ECVpNGLS

= (ELS y1¢ = EPLS 16) = (ECV, 615 = EPLS 1)
= ELS 1 — EPLS g
—EyVESHIT — Prors) (T = T ) = Prgrs)}
= ELS yrq — EPLS 1 + O(n7)
=—n" 2tr{(A ' TR A )T A TRITPTONA L +0(n™),

which becomes —n_12q under normality.

S2.6.3 Bias correction of LSpNTG
Recall that LS,y =(r— Prars)' lﬁ‘&){ (r- Prars) ,
ALS 16 =LS,xi6 729 and
TLSpNTG = LSpNTG + n_IZtr{(Ap 'IA‘E)?\I)";IA;) )_IAP 'f%){lf(z)f;?{lﬁp} , which
are valid only when Pr =Py.

Under normality and Pt =Py,

E (ALS, \16) —ECV s =0(n ™)
and E f (TLSpNTG) - ECVpNGLS = 0(’1_2) .

Under non-normality and Pt =Py,

E g (TLSpNTG) - ECVpNGLS = 0(’7_2) , which 1s the same as that in Subsection
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1.6.3 up to this order.

S2.7 TLSpU by ULS for correlation structures

S2.7.1 Definition

Recall that LS,y = (r = Praus)'(F = Pyars) = (1/ Dtr{(R = Py )’}
(Diag(P uis) =1, is assumed).

Define ECV, ;s =EPLS ; = Eg*)E(g” {(r - ﬁNGLS)'(r* —Prors)) . In

this subsection Pt =P, 1s assumed.

$2.7.2 Bias of LS, x16
Define ELS,,U = Ef;)(LS,,U) . Then,
ELS,, —ECV,, =ELS —EPLS

pULS

=—n""2tr{(A ' A ) A TA L +0(n7?).

S2.7.3 Bias correction of LSpU
Recall that LS, = (r - Purs)'(r —Purs),
-1 A A VLA T (DA
and TLS,; =LS  +n ' 2tr{(A)'A)"A 'TPA }
(ALSPU and CALSPU are not defined), which is valid only when Pt =P,.

Under possible non-normality and Pt =Py,

E g (TLS,,U) - ECV,,ULS =0(n™?) , which is exactly the same as that in
Subsection 1.7.3 since by definition ECV,,ULS = EPLSPU in this case.

S3. Miscellaneous results

S3.1 Explicit expressions of the elements of {72 COV (S)}_l
It i1s known that
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{ncovy, (S)}ab,cd = ‘{2]); (X, ®X; )D; '}ab,cd = 0140160 T 01400 1pe
(I€a<b<p;1<c<d<p).

We derive the elements associated with X,, X,, X, and
X, (0<a<sb<p;1<c<d<p) for

[{ncov (8)} T ={1/2)D '(E; @Z)D } ., o The 3x3

asymmetric matrix for the elements using double subscript notation is

-
[{rncovyr ()} Liasass: ce,de.dd)

~ . N
w01 01 | _a GT “op
o} o 100
1 O O 0 T Gbc de T G de
1 0110 T O7 010
d d 010
210001)| fop e Sl N e Ko
O be _bd | OT 001
i O Oy GT GT ]
ac\2 ac __ad ad \2
1 (GT ) ZGT GT (GT )
_ ac __bc ac __bd ad _bc ad _bd
=—| 20,0, 2(o;0; +o0;y0;)20; 0;
b2 be bd bd \2
(o7 ) 2070 (or")

From this expression, we have

[{ncovyr(8)} 1y = (1/4)(2~8,,)(2-38,,)(o1 07" + 07 0r")
(I<a<b<p;1<c<d < p).
The result 1s confirmed as follows.
[{ncovy; (S)}_lnCOVNT ()]s (Isa<b<p;l<e<f<p)
=2 (1/H(2-8,)2-6,) (o1 0t +or'or
c>d

X (GTceGTdf + Gch GTde)

2—-0
ab _ac _bd
7 Or Op (GTceGTdf + GchGTde)

(s3.1.1)

I
M=
M=

—

o
I

—_
KW

5 (8,0, +0,0,,).
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When a > b and e > f, (s3.1.1) gives 6ae6bf

when a =b and e > f, (s3.1.1) gives 5ae5bf (=0) ,
when a > b and e =/, (s3.1.1) gives 6ae5bf (=0)
and whena=b and e =/, (s3.1.1) gives 5ae5bf

This shows that [']ab,ef 1s [I(p*) ]ab,ef.

$3.2 minimization of F = (1/2)tr[{Z7'(S—X)}*]
=(1/2)tr{(T,, —X7'S)*} with respectto 0 in X =X(0)
oF ox~'S 82 _

3 —tr{(l(p) 1S)—Q} = tr{(l(p) sz 0 ls}

1

=tr 2—1(5—82‘18)2‘18—2 :
00

i

2
or . trq X 'SE™ 8—22—132—1 oz
0. 00, 00,

{Z a@l x 00 . } (l J 1 Q) (S3.2.2)

1

(s3.2.1)

J

For an iterative computation, (s3.2.2) can be used. However, (s3.2.1) seems to
give somewhat faster computation than that of (3.2.2).
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