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Haruhiko Ogasawara

This article supplements Ogasawara (2018) and gives some expository

A

results for the saturated model under parametrization with 0= P-yy,
Tox-1y = (Top5emes 77:0(1(—1))' and 0, = Tok-1) . Additional numerical
results are also shown in Tables S1 to S5.
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remaining elements being zero. Then, using Tx = Px = 1- 1( K-1) 0 , We
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(K-1)

-1
) j (I(K_l),—l(K_l))diag‘l(no)
(K-1)

(§ PRV P ydiag™' (m,) (

= {diag" (7‘0(1( 1))+7T0 I(K k-1 '} {dlag (750(1( 1)) 77_1 I(K 1)}

= [diag(no( K_l)) — diag(no( K1) )1( K1) {7y, + 1( K1) 'diag(no( K1) )1( K1) 3!
x 1,y "diag(my ) ){diag™ (4 ))s—ox L)}

= {diag(my ;) = oMoy '} 1diag ™ (o ) )~k Ly}

= [y = ooy Loy sk + (1= 0, )i 30y ]

— '
- (I(K—l) - nO(K—l)l(K—l) ’_TCO(K—I))’

Consequently,
om, 08, L
e (I(K—l) — oy Lk '9_7‘0(1<—1))
89 ' aTEO _l(K—l) '

B Lxy— nO(K—l)l(K—l) o k-1
- !
Tk l(K—l) 1 =7 (S.2)

'

=Iix) = Moy Ly s

A

which is symmetric with respect to the K categories though 0= Pk
depends on the parametrization. The matrix of (S.2) is written as

-1
o, 00 I( 1 . I( -1)
x O.:( ’ .J (Xg1y>—1xy))diag 1(“0)( ’ \
00,' om, 14
(S.3)

X (L) = Ly )diag™ (),

_I(K—l)

which is an idempotent asymmetric projection matrix onto the space spanned

by the columns of (I(K_l) > I(K_1) )’ , whose rank is K —1. Note that (S.2) is
written as
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om, 00, .
=0, —m, (i,j=1,..,.K
(aeo'ano'l r = o () ), (S4)

where (),J is the (7, j)th element of a matrix.

SZ 8200 / (67170 v)<2>
Since 7 is linear with respect to 0 in the saturated model, (A.2) yields
50,

OT,, 07 ;

K <2>
= — 1" I(;l Z{ (¢(3) 3¢1 n) a71-0(1 (87&'% j 890 ® 80()
) a=1 Oa a8, on, 87{0]. (S.5)

aﬂ- . aﬂ,’ . 89 l " aﬂ'l
4 Z ( (3) 2¢1 n) 0i Oz' 0 7y (¢(3) ¢1 ) 0
(i.j) ¢ 01 890 a90 872’0]. 7701 00
—__ 1 -1 N _ 1 (3) " . . _
N ¢ " IO Z 2 (¢1 +3¢1 )(I(K_l)a I(K—l))-a(aai ﬂOa)((Saj ﬂOa)
1 a=1 0a

n Z (3) + 2¢1 ")(I(K > (K_l))-i(51'1' — 7[01')

(i, ]) Ol

l] (¢(3) + ¢1 ") (I(K—l)7_1(K—1))-i :|

10 2]
=1’ { L (B+4-DT 1) + Z—(s =)L) }

0i (i.j) 7o
2]
= _{dlag(nO(K—l)) o k1) Tock-1) '}Z_(I(K—l) > l(K—l) ).i
(,j) **0i

1
:_Z{dlag(“ow 1)) o k-1)Tox - 1) > ok Mok - 1)} T (Z,j=1..,K).

(i,7) 0i

: : 3 : :
In the above expression, the terms with ¢1( " cancel as is expected since the
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saturated model does not depend on .
When 1<i<K -1 and 1SjSK—1,

5290 B _
W = _(I(K—l) )i — (I(K—l) )-j + 27 ) (S.6)
0107
5290
When 1 < l < K 1 and] K @7‘[ @7‘[ = _(I(K—l) ).i + 2“0(]{—1);
0i 0/
8290
wheni=Kand 1< j<K-1, Py = _(I(K—l))-j + 275415
0:¢7%0
529 5
and when i = K and j = K, O, 0, Tok-1)>
which gives
8200 ..
W = _(I(K—1)90)-i — (I(K—l)ﬂo)-j + 27‘0(1(—1) (l,] = 1,,K) (S.7)

Consequently, we obtain
om, 00, [ L«
00,' or,.orm, ; -1

T (I(K—1)30) ;T (I(K—1)>0) T 27170(1(—1)

( (K-1) 90) +(1(K 1) ’ ) 2(1_77:()1()

|~ Tk, 0)., — (X, 0).; + 25, (S.8)

=2+ x)50); + (A, 0), + 27, )

={-(L )., —(Ig).; +2n,} (@, j=1,...K),

where (*); is the i-th element of a vector. The last result of (S.8) is symmetric
with respect to the K categories as is expected.

(K-1)

,j {_(I(K—l) ’ 0)-1 - (I(K—l) ) 0)-j + 27‘0(1<—1)}

3 n<3>
s.3 00,/(om,")
As in Subsection S.2, from (A.2) we have
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3 <2> 2
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1 orm, om, 0°0
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itk 72'01 800 sJ > 9eeey
(A)
The six termsin [-] of (S.9) become
(A) (A)
<3>
(i) Z (3* +8¢° +12¢,") 07, {5”%‘} a0, . 29, ® a0,
= Oa 00, | 00, or, Om, ; orm,,
_Z (4) +8¢(3) +12¢,"YT 41— L k) (5.10)
X (6411' o ﬂOa )(561] _ﬂ-Oa )(5ak _ﬂ-Oa)
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0.
= (‘/51(4) + 8¢(3) +12¢,") Lr_jgk (Lxopy>— k).
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1
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(V)Z ”(¢f4)+4 D24, ")

(i, j.k) o a90 590' aﬂOk
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Oz 0 ﬂ-Oi

From (i) to (vi) of (S.10), we find that the results for ¢1(3 and ¢(4)
cancel as 1s expected. Then, we have
0’0,
07,07y 07,
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o 3.0,
+6;3k(1(1<—1) T 1(1<—1) ). =2 Z _é(I(K—l) T 1(K—l> ). }

7Ty, (i,).k) To;

_I Z { (K 1)»—1<K1)).,}
01

(,).k)

3
) : 1
= 2{dlag(n0(1<—1)) ok ok -1y § Z (I(K—l) >~ l(K—l))-i 7z_

(i,).k) 0i
3 1
= Z 2{dlag(n0(1<—1)) ok ok -1y "_ﬂKnO(K—l)}-i 7[_
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Consequently, we obtain
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TNK-D) )L )k) 0i
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2[ 1 \ Z {dlag(“ow—n)_RO(K—l)TCO(K—l) 1_7T0K7t0(1<—1)}.i7_[_

: !
3 dlag(RO(K—l)) Tk Tok-1y T ToxTock—1y 1
2
' ok — ok T

(i./.k) g ok -1y .

=2 Z {diag(m,)—m,m, '}, — (5.12)

(i,7.k) o

=2 Z Iy, —6m

(i,/,k)
=20 )+ 200 ).y + 200 ) =67, (i jik=1,.0K),

which 1s symmetric with respect to the K categories.

S.4 b,
The final results of Subsections (S.1) to (S.3) are repeated as follows
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8900' aﬂOia;)T()j B {_(I(K_l)).i - (I(K_l))'j + 27'[70},
on, 00,
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b k=l 7T0k
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om,

Z (=04, = O, + 27, ) K5(a, b, k)

abl
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1 "
— (45" + 64,7 +6¢,")
67y,

X i (O, = oy WOy, = oy N6y — 7 Y my(a, b, ¢, k) }

a,b,c=1
(A)
K
In (S.14), noting that the terms with the factors Zazl K,(a,b,k) ,

K
Za,bzl m,(a,b,k,k) and similar ones vanish, we find that the remaining

terms give b, in (3.1) of Theorem 2 using (A.9).
Reference
Ogasawara, H. (2018). A family of the information criteria using the

phi-divergence for categorical data. Computational Statistics and Data
Analysis, 124, 87-103.
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Table S1. Simulated and asymptotic biases of the power divergences (the number of replications =
10,000)
The MLEs (A = 0) are used for all power divergences.

The genetics of plants (Fisher, 1970; 4 categories)

Model 1 SB. AB. HAB. S.b, b, SB. AB. HAB. S.b, b,
n=2>50 n=200

1=0(GY 206 2 213 29 66 205 -2 203 97 -66

A =2/3 (C-R) 219 2 215 93 76 208 -2 -2.04 -154 -7.6

=1 231 2 218 -155 92 210 -2 -2.05 -20.7 92

A=2 3.03 2 237 513 -184 224 2 209 -473 -18.4

E; 214 2 212 70 59 207 -2 203 -134 -59
n =800 (bY)

1=0(G% -191 2 201 744 66  (-7.0)

A=2/3 (C-R) -1.92 2 201 674 <76 (-10.3)

=1 -1.92 2 201 61.8 92 (-13.0)

A=2 -196 2 -2.02 358 -184 (-25.0)

E. -191 -2 201 684 -59 (-10.0)

Model 2 n=50 n =200

1=0(GY 417 -4 -424 -84 -120  -407 -4 -406 -132 -12.0

A =2/3 (C-R) 449 -4 -435 247 -173 414 -4 409 -273 -173

A=1X) 481 -4 -444 -403 220 420 -4 -411 -392 -22.0

A=2 684 -4 -489 -1422 -443  -449 -4 422 984 -443

E; 442 -4 -432 209 -158 412 -4 -408 -248 -15.8
n =800 (bY)

1=0(G% 395 -4 -4.02 424 -120 (-14.0)

A=2/3 (C-R) 397 -4 402 265 -173  (-20.7)

A=1X 398 -4 -403 143 220 (-26.0)

A=2 -4.05 -4 -406 -40.0 -443 (-50.0)

E; 397 -4 -402 270 -158 (-20.0)
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Table S1. (continued)
The MLEs (A = 0) are used for all power divergences.

The genetics of plants (Fisher, 1970; 4 categories)

Model 3 S.B. AB. HAB. S.b, b, S.B. AB. HAB. S.b, b,
n=1>50 n =200

A=0 (Gz) -6.39 -6 -6.42 -19.7 -21.0 -6.12 -6 -6.11 -24.0 -21.0

A=2/3 (C-R) -6.99 -6 -6.62 -49.5 -31.0 -6.24 -6 -6.16 -47.2 -31.0

A=1 (Xz) -7.54 -6 -6.78 -77.2 -39.0 -6.33 -6 -6.20 -66.2 -39.0

A=2 -11.26 -6 -7.50 -263.0 -75.0 -6.79 -6 -6.38 -158.0 -75.0

E; -6.88 -6 -6.60 -44.1 -30.0 -6.22 -6 -6.15 -44.8 -30.0
n =800 (b, =b,)

A=0 (Gz) -596 -6 -6.03 29.7 -21.0 (-21.0)

A=2/3 (C-R) -6.00 -6 -6.04 34 -31.0 (-31.0)

A=1 (Xz) -6.02 -6 -6.05 -16.0 -39.0 (-39.0)

A=2 -6.13 -6 -6.09 -100.7 -75.0 (-75.0)

E; -6.00 -6 -6.04 2.8 -30.0 (-30.0)

Note. n = the number of observations, S.B. = simulated bias, A.B. = asymptotic bias =—2¢, H.A.B. =
b+n'b, =-2q+n"'b,, S.b,=simulated b, =n(S.B.+2q), G* = the log-likelihood ratio statistic,

C-R = the Cressie-Read statistic, X* = Pearson’s statistic, E j = Eguchi’s divergence. The number for

model identification is the number of independent parameters.
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Table S2. Simulated and asymptotic biases of the power divergences (the number of replications =
10,000)

The parameter estimators by A= 1 (X°) are used for all power divergences.

The genetics of plants (Fisher, 1970; 4 categories)

Model 1 S.B. AB. HAB. S.b, b, S.B. AB. HAB. S.b, b,
n=1>50 n =200

A=0 (Gz) 231 -2 -2.08 -153 4.1 205 -2 -2.02 99 4.1

A=2/3 (C-R) 248 -2 -2.14 -240 -6.8 -2.09 -2 -2.03 -17.2 -6.8

A=1 (Xz) -2.64 -2 -219 -31.9 -93 -2.12 -2 -2.05 -232 93

A=2 -3.56 -2 -242 -78.1 -21.2 226 -2 -2.11 -51.7 -21.2

E; 244 -2 -212 219 -6.0 208 -2 -2.03 -162 -6.0
n =800 (b,)

A=0 (Gz) -2.00 -2 -2.01 26 4.1 (-7.0)

A=2/3 (C-R) 201 -2 -201 48 -6.8 (-10.3)

A=1 (Xz) -201 -2 -2.01 -10.8 -93 (-13.0)

A=2 -2.05 -2 -2.03 -38.1 -21.2 (-25.0)

Egz -200 -2 -201 -39 -6.0 (-10.0)

Model 2 n=>50 n =200

A=0 (Gz) -3.77 -4 -419 115 97 -4.02 -4 -4.05 -39 9.7

A=2/3 (C-R) -3.85 4 -434 73 -17.2 -4.08 -4 -4.09 -155 -17.2

A=1 (Xz) -3.97 -4 -446 1.7 -23.0 413 -4 412 -257 -23.0

A=2 -4.64 -4 -497 -319 -48.7 -438 -4 -424 -753 -48.7

E; 375 4 434 124 -16.8 -406 -4 -408 -129 -16.8
n =800 (b,)

A=0 (Gz) -4.03 -4 -401 -27.0 -97 (-14.0)

A=2/3 (C-R) -4.05 -4 -4.02 -428 -17.2 (-20.7)

A=1 (Xz) -4.07 -4 -4.03 -55.1 -23.0 (-26.0)

A=2 -4.14 -4 -4.06 -110.3 -48.7 (-50.0)

Egz -4.05 -4 -4.02 -42.0 -16.8 (-20.0)
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Table S2. (continued)

The parameter estimators by A= 1 (X°) are used for all power divergences.

The genetics of plants (Fisher, 1970; 4 categories)

Model 3 S.B. AB. HAB. S.b, b, S.B. AB. HAB. S.b, b,
n=1>50 n =200

A=0 (Gz) -6.08 -6 -642 40 -21.0 -6.04 -6 -6.11 -7.7 -21.0

A=2/3 (C-R) -643 -6 -6.62 -21.3 -31.0 -6.13 -6 -6.16 -25.8 -31.0

A=1 (Xz) -6.78 -6 -6.78 -39.2 -39.0 -6.21 -6 -6.20 -41.5 -39.0

A=2 -9.18 -6 -7.50 -159.1 -75.0 -6.59 -6 -6.38 -118.0 -75.0

E; -6.28 -6 -6.60 -14.1 -30.0 -6.11 -6 -6.15 -22.1 -30.0
n =800 (b, =b,)

A=0 (Gz) -6.08 -6 -6.03 -66.6 -21.0 (-21.0)

A=2/3 (C-R) -6.11 -6 -6.04 -88.1 -31.0 (-31.0)

A=1 (Xz) -6.13 -6 -6.05 -105.4 -39.0 (-39.0)

A=2 -6.23 -6 -6.09 -183.7 -75.0 (-75.0)

E; -6.11 -6 -6.04 -86.1 -30.0 (-30.0)

Note. n = the number of observations, S.B. = simulated bias, A.B. = asymptotic bias =—2¢, H.A.B. =

b+n"'b, =-2q+n"'b,, S.b,=simulated b, =n(S.B.+2q), G* = the log-likelihood ratio statistic,

A°

C-R = the Cressie-Read statistic, X* = Pearson’s statistic, E j = Eguchi’s divergence. The number for

model identification is the number of independent parameters.
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Table S3. Simulated and asymptotic biases of the power divergences (the number of replications =
10,000)
The parameter estimators by E; (Eguchi) are used for all power divergences.

The genetics of plants (Fisher, 1970; 4 categories)

Model 1 SB. AB. HAB. S.b, b, S.B. AB. HAB. S.b, b,
n=150 n=200

A=0(GY 224 -2 216 -120 -79 204 -2 204 -89 -79

A=2/3 (C-R) 244 -2 216 -219 -80 207 -2 -2.04 -149 -8.0

=1 2.60 -2 -2.18 -300 9.1 2.10 -2 -205 -202 9.1

A=2 345 -2 234 723 -17.0 =223 2 -2.09 -46.5 -17.0

E. 243 2 212 214 58 2.07 -2 -203 -132 58
n =800 (b,)

1=0(GY 2.00 -2 201 24 -79 (-7.0)

A=2/3 (C-R) 201 -2 201 -83 -8.0 (-10.3)

=1 2.02 -2 201 -135 91 (-13.0)

A=2 2.05 -2 -2.02 -381 -17.0 (-25.0)

E; 201 -2 201 -68 -58 (-10.0)

Model 2 n=>50 n=200

A=0(GY 3.68 -4 -426 158 -132 398 -4 -4.07 3.5 -13.2

A=2/3 (C-R) 378 -4 -435 112 -174 402 -4 -409 -41 -174

A=1(X) -3.89 -4 -443 57 215 406 -4 -411 -119 -215

A=2 452 -4 -484 259 -422 426 -4 -421 -52.8 -422

E; 3.69 -4 -431 153 -153 -4.00 -4 -4.08 02 -15.3
n =800 (b,)

1=0(GY 2395 -4 402 405 -132 (-14.0)

A=2/3 (C-R) 397 -4 402 264 -174 (-20.7)

A=1X) 398 -4 -403 151 -21.5 (-26.0)

A=2 -4.05 -4 -405 -363 -422 (-50.0)

E; 397 -4 402 277 -153 (-20.0)
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Table S3. (continued)
The parameter estimators by E; (Eguchi) are used for all power divergences.

The genetics of plants (Fisher, 1970; 4 categories)

Model 3 SB. AB. HAB. S.b, b, SB. AB. HAB. S.b, b,
n=150 n =200

2=0(G) 603 -6 -642 -1.5 210 -6.06 -6 -6.11 -13.0 -21.0

A=2/3 (C-R) 643 -6 -6.62 -21.6 -31.0 -615 -6 -6.16 -29.8 -31.0

A=1X) 684 -6 -678 -42.0 -390 -622 -6 -620 -44.7 -39.0

A=2 9.75 -6 -7.50 -187.4 -75.0  -6.59 -6 -6.38 -118.7 -75.0

E, 630 -6 -6.60 -14.8 -300 -6.13 -6 -6.15 -254 -30.0
n =800 (b, =b,)

2=0(G 591 -6 -6.03 752 -21.0 (-21.0)

2=2/3 (C-R) 593 -6 -6.04 543 -31.0 (-31.0)

A=1(X) 595 26 -6.05 37.6 -39.0 (-39.0)

A=2 -6.05 -6 -6.09 -37.7 -75.0 (-75.0)

E, 593 -6 -6.04 560 -30.0 (-30.0)

Note. n = the number of observations, S.B. = simulated bias, A.B. = asymptotic bias =-2¢ , H.A.B. =
b+n'b, =-2q+n"'b,, S.b,=simulated b, =n(S.B.+2q), G* = the log-likelihood ratio statistic,

C-R = the Cressie-Read statistic, X* = Pearson’s statistic, E ; = Eguchi’s divergence. The number for

model identification is the number of independent parameters.
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Table S4. Simulated and asymptotic biases of the power divergences (the number of replications =
10,000)
The parameter estimators by E; (Eguchi) are used for all power divergences.

3-category truncated Poisson variate (Bishop et al., 1975, p.503)

Model 1 S.B. AB. HAB. S.b, b, S.B. AB. HAB. S.b, b,
n=150 n=200

1=0(G% 200 -2 201 01 -06 -201 -2 -200 -12 -06

A=2/3 (C-R) 203 -2 202 -16 -09 -201 -2 -200 -23 -09

A=1X) 207 -2 203 -33 -14 202 -2 201 -37 -14

=2 225 -2 209 -124 46 206 -2 -2.02 -11.3 -46

E; 202 -2 201 -08 -03 201 -2 -200 -13 -03
n =800 (b,)

A=0(G -199 2 200 43  -06  (-3.1)

A=2/3 (C-R) 200 2 200 29 -09 (-4.3)

=1 200 2 200 14 -14 (-52)

A=2 201 2 201 -63 -46 (9.4

E; 200 -2 200 38 -03 (42

Model 2 n=>50 n=200

1=0(G% 417 -4 412 -83 -62  -403 -4 -403 -61 -62

A=2/3 (C-R) 429 -4 -417 -147 -86  -406 -4 -404 -11.3 -86

A=1(X) 440 -4 -421 -199 -104  -408 -4 -405 -155 -10.4

=2 491 -4 -438 -456 -189  -417 -4 -409 -345 -189

E; 428 -4 -417 -142 -83 405 -4 -404 -109 -83
n =800 (b,)

A=0 (G 401 -4 -401 -42 -62 (-6.2)

A=2/3 (C-R) 401 -4 -401 -81 -86 (-8.6)

A=1X) 401 -4 -401 -115 -104 (-10.4)

A=2 403 -4 -402 -274 -189 (-18.9)

E; 401 -4 -401 -73 -83  (-8.3)

Note. n = the number of observations, S.B. = simulated bias, A.B. = asymptotic bias =-2¢ , H.A.B. =
b+n'b, =-2q+n"'b,, S.b,=simulated b, =n(S.B.+2q), G* = the log-likelihood ratio statistic,

C-R = the Cressie-Read statistic, X* = Pearson’s statistic, E ; = Eguchi’s divergence. The number for

model identification is the number of independent parameters.
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Table S5. Simulated and asymptotic biases of the power divergences (the number of replications =
10,000)
The parameter estimators by E; (Eguchi) are used for all power divergences.

4-category truncated Poisson variate

Model 1 S.B. AB. HAB. S.b, b, S.B. AB. HAB. S.b, b,
n=150 n=200

1=0(G% 206 -2 200 -28 -0.1 2.00 -2 -200 -0.7 -0.1

A=2/3 (C-R) 211 -2 200 -55 0.1 201 -2 -200 -26 0.1

A=1X) 217 -2 201 -83 -04 202 -2 -200 -49 -04

=2 245 -2 209 -226 -44 208 -2 -2.02 -168 -4.4

E; 209 -2 -197 -43 15 201 -2 -199 -10 15
n =800 (b,)

A=0(G -193 2 200 583 -0.1  (-4.2)

A=2/3 (C-R) -193 2 200 555 0.1  (-6.0)

=1 -193 2 200 530 -04 @ (-7.5

A=2 -195 2 201 405 -44 (-13.9)

E; -193 2 200 565 1.5  (-5.8)

Model 2 n=>50 n=200

1=0(G% 3.8 -4 414 56 -70  -402 -4 -403 33 -7.0

A=2/3 (C-R) 399 -4 419 04 96  -405 -4 -405 99 -96

A=1(X) 409 -4 -424 -46 -12.1 408 -4 -406 -156 -12.1

=2 462 -4 -448 -31.0 -242  -422 -4 -412 -43.6 -242

E; 395 -4 417 26 -85 404 -4 -404 -82 -85
n =800 (b,)

A=0 (G -390 -4 -401 781 -7.0 (-8.5)

A=2/3 (C-R) 391 -4 401 711  -96 (-12.0)

A=1X) 392 -4 402 654 -12.1 (-14.9)

A=2 395 -4 -403 389 -242 (-27.8)

E; 391 -4 401 722 -85 (-11.7)
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Table S5. (continued)
The parameter estimators by E; (Eguchi) are used for all power divergences.

4-category truncated Poisson variate

Model 3 SB. AB. HAB. S.b, b, SB. AB. HAB. S.b, b,
n =350 n =200

2=0(G) 601 -6 -625 -04 -127  -6.00 -6 -6.06 0.03 -12.7

A=2/3 (C-R) 622 -6 -636 -10.8 -181  -6.05 -6 -6.09 -10.3 -18.1

A=1X) 640 -6 -645 -202 224  -6.09 -6 -6.11 -19.0 -22.4

A=2 741 -6 -6.83 -70.6 -417  -630 -6 -621 -59.6 -41.7

E, 617 -6 -635 -84 -175  -6.04 -6 -6.09 -88 -17.5
n =800 (b, =b,)

2=0(G?) 592 -6 -6.02 641 -12.7 (-12.7)

2=2/3 (C-R) 593 -6 -6.02 521 -181 (-18.1)

A=1(X) 595 -6 -6.03 43.0 -224 (-22.4)

A=2 -6.00 -6 -6.05 2.6 -41.7 (-41.7)

E, 593 -6 -6.02 525 -17.5 (-17.5)

Note. n = the number of observations, S.B. = simulated bias, A.B. = asymptotic bias =-2¢q , H A.B. =
b+n'b, =-2q+n"'b,, S.b,=simulated b, =n(S.B.+2q), G* = the log-likelihood ratio statistic,

C-R = the Cressie-Read statistic, X* = Pearson’s statistic, E ; = Eguchi’s divergence. The number for

model identification is the number of independent parameters.
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