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Supplement to the paper “Predictive estimation of a covariance matrix
and its structural parameters”

Haruhiko Ogasawara

This supplement gives the proofs of the theorems and corollaries in
Ogasawara (2017).
A.1 Proof of Theorem 1

We minimize the following with respect to :

E® (21" )= E® {In | |+tr(E"E, )} + ED{C(T)}
= plnk+ES {In|S[}+k'E® {tr(S"'Z,)} + E¥{C(S)}
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+pln(2/n)+—Inl (n/2),
n
where under normality E(S)(S_l) ={n/(n—-p- 1)}2(_)1 (Anderson, 2003,

Lemma 7.7.1) is used. Differentiating (A1.1) with respect to k& and setting the
result equal to 0, we obtain (2.8).

A.2 Proof of Theorem 2
Noting that n =N —1, the following is minimized with respect to &:

E®(=217)
= pIn(27)+ plnk +E®(In| X, |)
Fir kBN (B )(E, + N E))
= pIn(27)+ plnk +E®(In| X, |) (A2.1)
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+In|X) [+pIn(2/n)+y ,(n/2),

=plnk+

where the independence of X and ZNML under normality is used.
Differentiating (A2.1) with respect to &, we obtain (2.17).

A.3 Proof of Theorem 3
First, we have
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where 51-] is the Kronecker delta; Oy; :(Zo)ij and Op = (X, )U, ()U 1s

the (i, j)th element of a matrix; E; is the matrix of an appropriate size whose

(2) (.
(i, j)th element 1s 1 with the remaining elements being 0; 2(i ) ( ) indicates

the sum of two quantities exchanging 7 and j; (*).; is the i-th column of a

matrix; and () ; 1s the j-th element of a vector.

The non-zero submatrices of I, are given by (A3.2) as follows:

] Lo
Ty =20 (Io)co,%;EDp (X, ®Z)D,  (a33)

where (‘)x,y' indicates a submatrix of a matrix whose rows and columns

correspond to x and y', respectively. The elementwise expression of the last
submatrix of (A3.3) is

1
U, =5 20,025, )00y +o7'07)
(pzazb=2l;p=2c=>d=1).

Equation (A3.3) gives

(A3.4)



Nacov(éNML) = 1819 (I(;l)llo,uo' = ZO? (I(_)1 )coa no' = Oa
(1), 4 =2D (£, XD " (A3.5)

where acov(:) is the asymptotic covariance matrix of order O(N _1) for a
stochastic vector and O i1s a zero matrix. The elementwise expression of the last

submatrix is

(I
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ol
From the above results we obtain non-zero elements of N E[ 20, ® Mj
0

in (2.22) as follows:
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(pzaz=2b>21l; pz2c>2d>1; p>2e> f2>1),

where (*),. is the a-th row of a matrix and (L)' (1) 1s for ease of finding
ol
correspondence. Note that NE o’ ® (M)po, s,' ( 1S also non-zero. However,

L2

this will not be used. Then, (2.22) becomes
k = diag ' (0,)I,' {NE [ 8801 -® M] vec(I;") +diag ' (0, ., }
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where 0 (px1) isthe px1 zero vector; and
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where (‘)(ef) 1s the element of a vector corresponding to 0y, using the
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double subscript notation, and 22(2 —0,)(2-6,,)()= Z Z ) s
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used.

From (A3.9), we have (X, +Y, )(ef) =—(2- 5ef (p+ 2)Goef , which is
rewritten as

X, +Y, =—(p+2)D, 'vec(Z,") (A3.10)
From (A3.8) and (A3.10), kuo and kco in k= (kpo ',kco )" are
k, =diag™(,)Z,diag " ()1, (A3.11)

and

k, =diag'(¢,)2D) (X, ®X))D,’
x{~(p+2)D, 'Vec():.gl) +diag™ (6,)1 4}
=—2(p +2)diag"'(5,)D vec(X,) (A3.12)
+2diag”' (o, D (X, ®X))D; 'diag™' (6,)1

respectively, where

(£,®Z)D,'D '=D''D (£,®X)), D)D,'D '=D’ and (A3.13)
(X, ® X, )vec(E,') = vec(E, X, 'E,) = vec(Z,)

(p*)°



are used. In (A3.12), noting D;VGC(ZO) =0, (A3.12) becomes
kco =-2(p+ 2)1(p*)
+2diag ™' (6,)D* (Z, ® E,)D’, 'diag ™ (6,)1,,.,. B39

Equations (A3.11) and (A3.14) give (2.25) and (2.26), respectively.

A.4 Proof of Theorem 4
We derive

o ) ol _ o
k = diag 1(90)101{,4]3(80 '®ijec(lol)+dlag 1(()O)l(q)} (A4.1)
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(see (2.22)). Noting = _Eln Py —Etr(): 'S) _EC(S) (for C(S) see

(2.4)), we have
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(i,j=1,...,9).
Then, it follows that
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a

2
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2
lg (Lm0
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(a,b,c=1,...,q),
where ncov{vec(S)}=2Dp(Dp'Dp)_1Dp ’(ZO ®ZO)DP(DP'DP)_1DP'

=211 (X, ®X ), and IT,vec(A)=vec(A) when A =A",are used.

Note that ncov{vec(S)} under normality is an exact result (see, e.g., Kaplan,
1952, Equation (3)). The (i, j)th element of the information matrix is given by

o*l 1 ) M) )
I).=—E|—— |[=—tr| X )Y L j=1,...,
( O)U (89018901 J 2 [ 0 8901. 0 89 J (l .] q) . The
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above results yield (2.29).

A.S Proof of Corollary 1

E( o ®Mj _OE
. . m : =
First, we derive 00, . From (A4.3) with 590 b@HOC

(b,c=1,..,p"), it follows that
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(pzaz2b>2l;pz2c>2d=>1;, p>e> f2>1).

Using (AS5.1), k 1s written as

k =diag™(8,)> (I,").., [ZZ{—%@—%)@—5651)(2—5@,-)

c>d azbexf

4 B 1 (A5.2)
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A.6 Proof of Theorem 5

Let E(gs) (‘) denote the expectation using the distribution of S based on the
density & (S|-), which is possibly different from the Wishart density

f(S|X). When obvious a simple notation E g(°) 1s also used. Even under
non-normality, the following result holds:

21" =2EM T 6| T)} =E™{In| £| +tr(E'T) + C(T)}
—In | |+tr(E7'E,) + ED{C(T)}. (A6.1)
When Z=kS, (A6.1) gives
E®(=21") = plnk+E, (In S+ k'E,{tr(S"E,)} +E_{C(S)} . (A6.2)

In (A6.2), E, (In[S|) under arbitrary distributions is given up to order

O(n™") using the Taylor series expansion as follows:

n' 0°In|S| o
2 (08 oo, "B {(5 = 00)" Fou)
(A6.3)

E,(In|S])=In|Z, |+

+ O(n_z),
where X =x®---®x (i times of x);
O'n|S| _2-5, 0triS” (B, +E,)}
0s,0s, 2 s, e

1 ac ad _c -
=5 (2=8,)2=8.)(07 0] +0707") = 2R S = O (46 49

(pzazb=>21; pz2c=>d=>1);
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and E, { Loy indicates that the expectation is taken up to order O(n™).

Let 2=nE {(s—6,)(s—0,) '}—>0(n_1) =Qy; + K Then, (A6.3)
becomes

E,(In|S))=In|X |-n"tr{Q; (R +K )} +0(n?)
=In|Z, |-n"{p" + (@K, )} +0m?). (A0S
On the other hand, B {trf(S" X))} in (A6.2)is

n! 82tr(S_120)|
2 (0> ™

E {tr(S"Ey)}=p+ nE {(s—06,)""}

—0(n™)

o) (A6.6)
where
o’tr(S7'E,) |
Os 0s., =
1 . .
=—(2-6,)2-8 )Htr{X,(E, +E, )X, (E, +E, ))}
2 (A6.7)

=(2-6,)2-6,)(o5cy +0,'0y")
(pzaz=2b=21l;p>c=>d>1).
Consequently, we obtain
E, {tr(s_lzo)} =p+n 2 tr{ﬂl_\IlT (R + K(4))} +0(n")
=p+n2{p" +tr(QLK I +O(m?). (A6
From (A6.5) and (A6.8), (A6.2) becomes
EP(-21")=plnk+In|Z;|-n"{p" +tr(Q;K )}
+k ' [p+n " 2{p" +r(Q; K )I+E {C(S)}+O0(n
Differentiating (A6.9) with respect to &, we obtain
k=1+n"{p+1+2p ' tr(Q:K )} (A6.10)

), (A69)

Note that for (A6.10), E,(In|S|) isunnecessary as E,{C(S)} though
shown here for later use.
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A.7 Proof of Theorem 6
When k=1+n""{p+1+2p7'tr(Q, + K )}, it follows that

E (<217 + 2l ) = plnk + (k™' =DE {tr(S"E))}

= p[ n{p+1+2p tr(QK )}
(A7.1)

-2
‘nT{P +1+2p ' tr(Q Ky} + O("ﬂ
{ —n ' {p+1+ 2p‘ltr(9;1TK(4))}

+n i {p+1+ 2p_1tr(Q;TK(4))}2 +0(n™) }

x[p+ ”_lz{p* + tr(ﬂl_\llTK(4))} + 0(”_2 )]
=)

= _%p{p +1+ 2p_ltr(ﬂﬁlTK(4))}2 +0(n™),

which gives (4.8). The result of (4.9) under normality is immediately given
from (A7.1) with K4y =0  When k=n/(n—p—1) (A7.1) under
normality becomes

B (21" + 2l ) = plnk + (k™ = DE, {tr(S"Z,)}

n—p-1 n n—p-1 (A7.2)
_ pln—" _pp+l)
n-p-1 n-p-1

which gives (4.10).

A

A.8 E;S)(_ZI_* +21,") when 0=0

Since

WML
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B (=217 +21,)
~ A AR.1
ZE,(In|Eyy D=In|Z, |+E, {trEhe Z)—p, 0D

the two expectations on the right-hand side of (A8.1) up to order O(n™) are
given as follows. Firstly,

Eg (In | ﬁWML )

n” 0% In| Xy, |

=In|X, |+ 05 o, "E {(s — 0, )< }Aowl) +0(n™?), (A8.2)
where
Oln \ ZWML | o1 aﬁWML 8(6WML)'
tr< X ~ l s
Z WML 00, ), os (A8.3)
0’ In| iWML | _ i trd 3! 8: w0 (OWML)
8‘S'ab(,asca’ i=1 " a(OWML )i aSab 8Scd
i aziWML _y-l 8iWML 3l aiWML
WML WML WML
OO yp )i 0By ), OBy ); OOy ),

x a(OWML )i 8(OWML)J'
os,, os,,

OOy,
In (A8.3), Bs and
ab

O Ow): (;_
0s,,0S

} (pza=2b>21; p>c>d>1).

vy paz>2b2>1; p2c>d=>1) are given by the

formulas for partial derivatives in implicit functions (Ogasawara, 2009,
Equation (3.16)).
Secondly,

E {tr(ZWMLZ )}
n” 07 {tr(Zyn o))
2 (8s')<2>

=Pt =g, 1E (5= GO)<2>}—>O(n71) +O(n), (A84)

13



aztr(ZV\}MLZO) _ Zq“ —trd 3l aﬁWML ﬁ—l > O(GWML )i
WML A A WML “0 ’
aSab i=1| L a(BWML )i asab
aztr(ZV\}MLZO) _ Zq: iy 2—1 aﬁ“WML ﬁ—l 0’ (GWML )i
6\Saba\scd i=1 L L i a(BWML )i e asabascd

¥ itr{_ﬁl RV
WML < A 0 WML
O(Byp ) 0Oy ), (A8.5)

o TV .. MV } ), uon), ]
(O ), OOy ) s, 0S4
(pzazbz=2l;pzc=d=1).

From (A8.2) with (A8.3) and (A8.4) with (A8.5), (A8.1) is written as

B (=217 +21))

-1 2 - 2 -1
=”—tr{[8 Sl T ) jﬂ} +0(r?). (A8
S OS S OS

2
A.9 Proof of Theorem 7
The result of (4.13) is given by
R T 821_* A <2> -3/2
2l =24 _W(OWML —0,)" + Op (n™7) ; (A9.1)
0

where | = E;T) {{(8|T)} and

o'l /(00,") = 0’1" /(00> loo, = —Vec'(I;) . On the other hand,

EY Oy —0,)7 =n""vec(I,' )+ O(n*) . These results give

B (<2l ) = —20 +n7'vec (I )vec(I,) + O(n ) = =21, +n7'q + O(n ™)

The unchanged result up to order O(n_l) of (4.14) is given by a special case
of Ogasawara (2017, Equation (3.9)).

A.10 Proof of Theorem 8
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Since the second term on the right-hand side of (6.2) is irrelevant to k,-j ,

(S) _ 2
the expectation of the first term, 1.e., Eg {Z Wi (kijSij Oy ) } is

P>

minimized. Noting that

E.’ {Z w; (k85 = y)° }

i>j
—R®) 2 2 2 2
= E! {Zwl.jkij (s, —Co;) }+ > ow,(k, 1)’ o,
= 2] (A10.1)
2 2 __2
= D w; var(sy)k; + > w, (k; = 1)’ o,
i2j i>j

the minimizing constant kij 1s given by
2
2 2
var(s,;)+og,  1+cy(s;)

which gives (6.3) with (6.4).

i

(pzizjzl) (A10.2)

A.11 Proof of Theorem 9
From (6.18), we obtain

F=E™(=21")= pIn(27) + E¥(In| £ )
+ tr[E(X) ()A:._1 )E, + B {(diag(k)(X —p,) + diag(K)p, — p,)
x (diag(k)(X — p, ) + diag(k)p, —p,)'}] |
= pIn(27)+ E®(n|E|) + tr[E(X) (£
x[Z, + N diag(k)Z,diag(k) + {diag(k)p, — p, } {diag(k)p, —p,} 7 |,

where the independence of £ and X under normality is used. Since when

(A11.1)

A

IOV _ .,
=c, (X - X)(X, —X)' we have
A C C
E Z_l — N Z—l — N Z—l
() 1 N2 (A112)
(see Subsection A.1), (A11.1) becomes
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F=plhQ2r)+E®(n|X)
C

—[p+N tr{): 1dlag(k)):. diag(k)}
N-p-2
+ {diag(K)p, — 1, } ' X, {diag(k)p, — py}]

~ pln(27r) +E®(n|X))
N_p_ p+N". oy0ikk,

+ k' diag(p,) X, diag(p, )k — 21, ', 'diag(py )k + 1ty ' Zg ', }

Differentiating (A11.3) with respect to k and setting the result to a zero vector,
we have

—p-20F P
2 ak = 2N "'Diag{Z, diag(k)X,}1,,

v 0 | - | 1 (Al1.4)
+2diag(p,) X, diag(p,)k —2diag(p, )X, 1, =0.

Since the left-hand side of the last equation of (A11.4) is

(A11.3)

c

11 21 1p )
001100 0010y """001,00
21 2 2p
0,00 OnnOy 0y, O
- 02190 02290 02p90 . g
2¢N™ . ! +diag(p,) X, diag(p,) rk
o, ol o ol..o o
L 0p1~0 0p2~0 Opp™~ 0 )
—2dia >
g(llo) 0 HO (AIIS)

=2{N"'Z, O L, +diag(p,)X, diag(n,)}k — 2diag(p, ), n,,
we obtain

k={N"X, 0L, +diag(p,)Z, diag(p,)} " diag(p,)Z;'n,. (A11.6)

A.12 Proof of Corollary 3
Equation (6.23) becomes

PGMSE = E® {(i® —p,)' = (0 —p )} + N ' p
= GMSE + N 'p,

which shows that minimizing PGMSE is equivalent to minimizing GMSE.

From HE(P) diag(K)X | GMSE is

(A12.1)
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GMSE = E™[ {diag(k)X — 1, }'Z;' {diag(k)X —pt,}]
= N 'tr{diag(k)X, diag(k)X,}

+ {diag(k)p, —p,}'Z, {diag(k)p, —p,}-

Since Fin (A11.3) is an affine transformation of (A12.2) and consequently
(A12.1), the result of the corollary follows.

(A12.2)
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