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Expository supplement I to the paper “Asymptotic expansions for the
estimators of Lagrange multipliers and associated parameters by the
maximum likelihood and weighted score methods”

Haruhiko Ogasawara

This article gives the first half of an expository supplement to Ogasawara
(2015).
1. Asymptotic expansions of the estimators with restrictions for model

identification

N

In this section, the estimator 9W with restrictions for model

1dentification is dealt with. Recall that in this case ﬁw =0, Setting ﬁw =0

in (A1.4), we have
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Recalling M=L -A, , Equation (S1.2) gives the following result:
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where A(Mi (Aiﬁ) A( )) with A( : and A( : being

q*1{q 2(q +1)/2} and g X CI submatrices, respectively,
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Equation (S1.3) is alternatively written as
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2. Properties of augmented matrices

Define column-wise g blocks of a matrix A as A(-j) (J=1...9) ie,
= (A(.l) A(.z) " ‘A(.q)) . Similarly, define row-wise p blocks of A as
A(,'.) (i = 1:---: p) 1.e., A= (A(1.) ' A(z.) R 'A(p.) ')' . Let B= (B(.1) B(.z)) ,
where B(.l) and B(.z) are bxq and bxr submatrices, respectively;

I O
(9)
q>r,qg=r or q<r. Post-multiply B by G= [Cv I } Then, BG
(r)

becomes (B(.l) + B(.z)C' : B(.z)) with the colon being used to show separation

for clarity. Matrix B 1s restored from BG by subtracting B(.z)C' from the first

I O
* (¢)
column-wise block of BG, which is given by G = L_Cv I j Since
(r)

BGG =B, G =G Thatis, we have elementary results:
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B D
Let (C' O) be a non-singular (g +7)x(g+7) matrix, where the

qd X4 diagonal block B may be asymmetric and singular.

-1
B D
Lemma S2. The first column-wise and row-wise blocks of (C' Oj are

B+DC' DY
equal to those of C' o) respectively. Equivalently, the two

matrices are different only in their second diagonal blocks.

-1 B
B D)(I, O B+DC' DY)
Proof. Since || ' o || ¢ I, el o)

B D) (1,0 \(B+DC' D'
C'O - C' I( ) C' (0) .UsingLemma Sl,
I,0 YBD) (B+DC' DY)
_C' C'O - C' O ] - Noting that pre-multiplication of a
(r)
[ I(q) O
trix b .
matrix by | _c I,

multiplied matrix, we find that the first row-wise blocks of the inverted
matrices are equal. Similarly, from

I,D \BD) (B+DC' DY’
o1,\co)[ | ¢ o) wehav

B D' (B+DC'D)'(I,D
C'O = C' (0) (0) I(r) . USil’lg Lemma Sl,
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[B Djl LI@ —Dj (B+DC' Djl
' - . , which shows that the first
CcC'O O I(r) C 0 which shows that the firs

column-wise blocks of the inverted matrices are equal. Q.E.D.

-1
B D
When B is non-singular and when g 27, [C' Oj is straightforwardly

obtained by the formula of the inverse of a partitioned square matrix
EF) (E'+E'FIGE' -E'FJ
(G H) B { ~JGE™ J
the assumption of the existence of the inverses, which gives
B D) (B'-B'D(C'B'D)'C'B" B 'D(C'B'D)"
[C' 0] - ( (C'B'D)"'C'B" —(C'B'D)" J :

J, where J =(H-GE'F)”" with

B D
When B is possibly singular, and [C' Oj with ¢=7 and B+ DC'

are non-singular, we have
Lemma S3. Let A =B+DC'. Then,
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co) | (CADICA’ I, —(C'A"'D)" |-

Proof. Using the result in the proof of Lemma S2, and the formula of the
inverse of a partitioned matrix,
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In the case of the augmented information matrix per observation I, with
q > r, we have
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Theorem S1. Let "0 — “H,' O lcro/ 15)21) Igzz) , Where

I, may be singular; A=1,+CC" gndg C'A™'C are non-singular. Then,
~ [AT-ATC(C'ATC)'C'AT AT'C(C'ATO)
I - _
(C'A'C)'C'A™ I, - (C'A'C)! -

0

Proof. Use Lemma S3 with B=1;, and D=C.Q.E.D.

It is known that the asymptotic covariance matrix of (n'"?0y ,n" Q"'

I, O
*_] 0 *_]
under correct model specification is given by 0 [O O] 0, whose

alternative expression (see Silvey, 1959, Lemma 6; Jennrich, 1974; Lee, 1979)
1s given by the following:

Corollary S1. When 1, in the augmented matrix may be singular,

o I, O o IV O
lTloo0]" 0 _Igzz) .

Proof.
(L, 0., [A'T-ATCC'ATC)'C'A™
I, I, =
00 (C'A'C)'C'A™
X ( A" -AT'C(C'AT'O)'C'AT AT'c(C'AT'O)! )

J(A—CC')

A"-A'C(C'A'C)'C'AT O J
= ' -1 -1
o) (C'AO) ' -1,
1YY 0
=] ° Q.E.D.
0 _Ing

: : : 1, :
When I is non-singular, since I, is obtained by the formula of the
inverse of a partitioned matrix as

. [10 c)lz I -L'cC'o’cr p'ec'or)
" \co (C'L,'O)'C'L -(Cc'ot )t
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follows that
[ (IO Ojl*lz I'-L'C(C'L'C)'C'T,' O
“loo 0) (C'L'C)"

0
:(Igl) O j
0 -1

which is also known (Aitchison & Silvey, 1958, Theorem 2).

11 11 11
The result If) )IOIE) ) = If) . in Corollary S1 shows that Io 1sa

. . (11 . .
generalized inverse of Io . However, the reverse 1s not true (Jennrich, 1974),
which 1s shown as follows.

IIIT, =(A-CC){A"' -A"'C(C'A"'C)'C'A "I (A-CC"
=A-2CC'+CC'A™'CC'
—(A-CCHA'C(C'AT'O)'C'A ' (A-CC)
=A-2CC+CC'A™'CC'
—{C(C'A'C)'C'-2CcC'+CC'A'CCh
=A-C(C'A'O)"'C'
=1,+C[I,, - {C'I,+CC")"'C}'IC'
<I,,
which indicates that Iy is not a generalized inverse of Lo.
Noting that Theorem S1 holds when I is non-singular as well as when
I, is singular, we have
Corollary S2. When L is non-singular and A =1, +CC",
A'-AT'c(Cc'A'O)'Cc'AT A'cc'AT'O)!
{ (C'A7C)'C'A™ I, - (C'A1C)1j
B (Igl ~I,'c(C'T,'O)'C'Ty! Iglc(c'lglc)-l]
(C'1,'/O)'C'Ly —(C'I,'O)"

19



Proof. An alternative direct proof of Corollary S2 is given as follows. First, we
derive the equality of the second diagonal blocks of the above equation. Since

C'A'C=C'(1,+CC)'C
=C{I,' -I,'/C(C'1,)C+I,,,)'C'I,"}C
=C'[;C-C'I,C(C'TC+1,) " (C'I;C+I, -1,
=C'[,;'C(C'I,C+1,))",

I,,~(C'A"O)" =1, - (C';'C+1,)(C'L'C)”

=—(C'I,)C) .
The equality of the lower-left (or upper-right) blocks is given as follows.
(C'A'C)"'C'A™

={I,,+(C'I,’O)"}C{I;' -1,'C(C'I,'C+1,,,)"'C'I}
={I,, +(C'I;O}[C'L - {I, -(C'L[C+1,) " }C'T]]
={I,,+(C',)'O "' H(C'I]'C+I,) ' C'l
={I,,+(C'I;'C) [ (C'L,'C)"

~-(C'L'O) {(C'T;)O) " +1,} ' (C'I;)O) IC'L
= {1, +(C'I;'O) " H(C'L,'C) " +1,,} (C'T;'C)'C'L

=(C'I;/O)"'C'I;.
The equality of the first diagonal blocks is given as follows.
AT-AT'C(C'AT'C)'C'A™
=A"-A"'C(C';)/O)'C'I
=1, -I,'C(C'I,/C+I,)"'C'I}

—{I,' -I,'C(C'I,/C+1,)"'C'I,'}C(C'I;'C)'C'T}
=I;'-I;'C(C'T,/C)"'C'I,". QED.

A different expression of the result of Lemma S3 when B is non-singular is
given from the result before Lemma S3 as
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Lemma S4. When B is non-singular and A =B +DC' as in Lemma S3,
B D) (A'-AT'D(C'A'D)'C'A" A'D(C'A'D)’
[C' O] (C'A"'D)'C'A™ I, - (C'AID)I]
_(B"-B'D(C'B"'D)'C'B" B 'D(C'B'D)"
- (C'B'D)"'C'B" —(C'B'D)" ]
Let C and D in Lemmas S2, S3 and S4 be partitioned as C = (C(.l) C(.z))

and D=(D(,1) D(.z)),where C(.l) and D(.l) are ¢ XS submatrices, and

C(.z) and D(.2) are ¢ X! submatrices with S+7 =7 after possible
simultaneous permutations of the columns of C and D. Assume that
B+ D(.z)C(.z) ' is non-singular, where B may or may not be singular. The

quantity (0 <7 <7) isnot necessarily the minimum value to yield the

non-singular B+D.,)C.,," when B is singular.

-1
B D
Lemma S5. The first and second row-wise blocks of (C' Oj and

B+D_,C.,' DY
C' o corresponding to the first g rows and the following s

rows are equal. Similarly, the first and second column-wise blocks of the
matrices corresponding to the first g columns and the following s columns are

equal.
Proof. From the identity,
N -1
I, O O »
B D 0 [ o B+D.,C.' D
] b=
C' O N C' 0) .
Con' O 1, )
-1 I(q) 0O O -1
B D _lo [ o B+D,,C.' D
wehave (C' O] ) C' (0

C.,' O 1

Similarly, from the identity

Q)
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I(é]) O D(°2) B D
0O I, O

N
Vo

-1
[B+D( 2C' D)

C' O C' O
O 0 I,
using Lemma S1 we have
I O -D ]
B D) | (B+D,,C.," DY
co)|0 o9 |7 o 0]
O 0 1

(1)
The above results show the required equalities. Q.E.D.
Define A(z) B+D,. z)C( .2y . Then, using Lemma S5, we have

Theorem S2. The three submatrices other than the second diagonal block
on the right-hand side of the identity

-1
[B +D.,,C.,,' D)

C' 0]
A(;) (2)D(C A(Z)D) Ic! A(Z)D(C A(Z) )
(C' A(Z)D) Ic! A(z) —(C'A, D)

are unchanged irrespective of the choice of C(.z) and D
Theorem S3. Theorem S2 holds even if B+ D( 2)C( 2y is replaced by

B+ D( 2)EC( .2y , where E is a non-singular tXt matrix.
Proof. From the identity

N -1

l, 0 O -1
B D B+D( ,EC.,' D
< O I L O |}
C' O () C' O ] , we obtain
EC.,'0 I, )
» I, 0 O B
B D B+D ,EC.,," D
= O I O
C' O ) C' O | . Similarly,
EC,.,.'O0 1

22



N
Vo

I O )

@ 7B D _(B+DEC.," D !

0O I, O | | ,
C' O C O] gives

O O

I(t)
4L 0 D, E

B D)' (B+D,EC,' D} e
O 1, O

C' O C' (0) y . These two results
O o0 I,

B D) B+D_,EC.,' DY
show that C' O and C' o are the same except

their second diagonal blocks. Q.E.D.
Crowder’s (1984, Lemma 6) result for the augmented matrix derived in a

different way is a special case of Theorem S3 when B =1, and

D =C=-H, . Note that the arbitrariness of E corresponds to the arbitrary

expression of the restriction Eh = 0 with E being non-singular.
Using Lemmas S1, S5 and Theorem S2, we have
Corollary S3. When B is possibly singular,

I, O O

B DY | B+D,,C.,,' D)
=10 I, O
C' 0O ' C' O
C o 0 1,
1 | _
Ao~ (Z)D(C A(Z)D) 'C (2)D(C A(Z)D)
= 00
(C' A(Z)D) 'C' A(z) - (C' A(z) )
oI,
Equating the results of Lemma S3 and Corollary S3, we find that
O O 1Al -1
o1, -(C A(2) ) _(C A"D) or equivalently
t

I O
S ) - s)
(C'A D) (C A(z)D) [O OJ . When B is non-singular.
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[O : J_(C'Al D) =—(C'B"'D)"
2) o .
o1, (

3. Applications of the general formulas to Example 2.1 (Example 1.2)
3.1 Non-studentized estimators

ol _ ! 21 X, =m0y, Zl Xy = 1,0,
@90 901(1_901) ’ 902(1_902)

'

_ m, _n1901 my, _n2902

B (901(1_901),902(1_902)j ,

—n, m;, — n1901

_ - (1-26,) 0
0° 1 _ 0, (1-6,) 16, (1- ‘901)}2 "
00,00, 0 —1, _omy - n,0,, _(1-20,)
902 (1 o 902) {902(1 o 902)} ]
_ " _
B 82 l_ _ 1 001(1 o 001)
) - _
00,00, ,
| 902 (1 o 902)_
_ ¢ _
_ 901(1 o 901)
¢
902(1 o 902)_

=-1, (¢, =n/n=0(),c,=n,/n=0(1)),
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o’ o’
= —EQ
00,00, 00,00,
my, —n,0,, _(1-26,)) 0
:_n—l {901(1_901)}
my, —n,0,, _(1-26,,)
{902(1 o 902)} ]
¢
E, ol al \_ | 0n(1-6,) e
00,00, C,
902(1_902)
ol c,
E -26.,), 0
™ )“890'} RS j
0 C
E,|](M , 2 1-26.,) |,
o\ )”aeo'j RS °2)j
6 I !
E,l(M )12690,j (( )21 O,j—oa
’ HO' 0

0:

Since 901 = 902 , define

1

90(1_90)(

¢ O
0 ¢

90 = (90 I

=(0,), =60, =0,,. Then, using

j =6,(1-0,) o 0
and 0 021
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-1, + 1 (_11){(1,—1)101 (_11)}1 (L-DI;' sym.

_ _{(1,_1)151 (—11)} (L,-DIL;' {(l’_l)lal (_11)}

—10 -1 - -
- 6,(1 90){_(81 Cz—lj+clcz(_iz—lj(clla ) }sym
_ _ c,C ’
_ ¢6,(¢ lv_czl) 0, (11_29 )
I 1-q, 1 |
0(1 0) Cl 1_C ( CQJ
= _1 - L _Cl
¢,
€6
e 6,(-6,)
0.1 9)( %) (ch
= _cl
. G,Cy ,
@ Gane)
q*_[k_ k kK _k( 1-20,  1-20, j
" 901 1_901’902 1_902 901(1_901)’902(1_902)
k(- 29
T 0,(-6,) 9)
ol |—aa-oHl 1)o7
ADLD = AD O = A0 9T o(1=60)11 ot
% (er=e)  |9%

where A(l) A(l) — A( D _ (A(“) A(zl).) 1(1) 51_/690.
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(A g g0 ] ija—z%)
Ay : —(c,,—¢)) 1)6,(1-6,)
—n [ 2 k(1-26,),

(Cl _Cz)/{go(l_go)}
AUD *——(1)2k(1—29)
where o Qo =7\ 0/ .

(3)
For nonzero elements of J 0 ,

(3)
(JO )(91 661)

:nl{n12(1—200) —(m,, —n,0 )[— 2(1-26,)" 2 j}

{90(1_00)}2 " o {00(1_90)}3 {00(1_90)}2

zznl{ m(=20) —n@)[ (1-20)° , 1 j}
0,1-6) 1 6,0 -6)F  {6,1-6) )}

1-20,
10,(1-6,))"
35 = Ey (I3 6,00,

E, {(Jf)s))(el,elel)} =2c

= 2n_l(mn — nlgo)[
Similarly,

E, {(Jf)s))(@ ,0292)} =2c

(1-26))° | 1 j

{90(1 o 90)}3 {90(1 o 90)}2 '
1-26,

’ {00(1 o 00)}2 ’

{J(o3) o Eo (Jg3))}(92,9292)

=2n""(m,, —n200)[ (1-26,) + 1 j

{90(1 - 90)}3 {90(1 o 90)}2
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(4)
Nonzero elements of J 0o are

“ - 3(1-26,) 3
Pt D126 [ 0,0-0)))  0,(1-6,)’
y ( (1-26,) 1
Ga-0)F ©-0)F )

E, {(Jf)‘” )(92 ,020202)} =

( (1-26,)° 1
G, ;T 3
{00(1_00)} {80(1_00)}

—_ — N\ <2>
Aif/)léZ) :A(Z) (2) (A(Z 1) A(2 2) V(M)'@ ol , ol
00, 00, :

where

AL = 20 (A, 2 ”(A“”),k

—i[‘9°(1‘9°)(1 1)} T 0,0-0,)

(@) (Cz 5 _Cl)

{ 0,0-0)1'(2-5)

(1<i<j<2;k" =12),
> 0,(1-0))(cr—¢,),(2-5,) 12
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(A(2 2)) (U) EAO 1(

j{mg“)).,. (ALY, )

| -
_ _EAE)DEO(JS)){(AE)”))J ® (Agll)).j}

1

11
{ 00-6)]; | )}EQ(JS)) l6,a-6,)1
2

(Cza Cl) 1

) {90(1 - 90)(% %) }(?2)(1 _20,) = @ 6,(1-6,)(1-26,)

(Cza —Cl)
(i,j=1,..,9).
AL = ADIS £ AL,
3) 13
AMLlo

e — \<2>
= (A AGD ACD AC-DY )y V)@ ol VM)'® ol |
00, 20,

2> — \<3>
ol ol
JO'—E (J5)'® , :
veelt ( ) (aej (890'j }
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'

A(A) —ll(W) (A(A 1) A(A 2))n_1 81_
80' ’

(A )y == D (A5, (A 220 (g,

(&) (k*1%)

11
o 0,(1-6,) (2=06)2=0up) o o102
) ZJ;(;)I: (Cz,—cl)(l 1)} 4 O1=6,);

) 0,(1-6)5 -8 s

2
—_Z(U) (Cza_cl)i{(z — 51]) / 2} {90(1 _ 90)}2_
(I<i<j<2l<k <l <Zm=12),
(A(3 2)) «(ijk*1%)

> A, ( ALVE, ()AL, ®<A<“>>I*}j

(@)

ol

J

+ AR (J(”){(A(“)) : ®Z{(A<“>> 220 Ay >H

()

_Z(A( l>) 2% (ASV). ("12)(1—290)

()

AL (gl )290(1 ~0,)(1-20,)(2-3,)
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—Z —0,(1- 9)( ) 2_751'1(_1)90(1_00)(1—200)

W (029_01)

[-ea-0)(1
(02,—6‘1)

(1)3@—5,.,.>{90<1—90>}2<1—290>

i

(? )290 (1-6,)(1-20,)(2-5,)

2

51]
ZU)(C2, ), —L0,(1-6,)(1-26,)
(<i<j<%k,0 =12)

(3 3) (1) (11 (11)
)(yk*l*m} __(A ) (A ))Jl*(A )k*m

-6,(1-6
[ ( ) {90(1_90)}2
0,(

Cza_c) o
0)( ) (6,(1-6,)}

_(Cza_cl) .

G, j.k [ m=1,2).

(A(3 4)) *(ijk*)

1, .
_ _EAE VE, (Jff))[(Af)m).i ®{A(0“)E9 (J?)){(AE“)).,- ®A81)).k}}]

_1
2

1
+gAé”E9<J AT, @A), ®AY™) .1,

where the first term 1s
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_% AgnE@(Jg)){(Ag“)),i ® {A(O“) (gl j2(l - 290)”
2

— _% AYYE, (ID) {90 (1- 90)({) ® (1)90 (1-6,)2(1- 290)}

:—;A“)4( j(l 20,)’

1
= 2(1 jeo(lgo)(lzeo)z
0

and the second term 1s

% A5'1)6(?2 ){(1—2490)2 +60,(1-6,)}

1
) _[1 j[go(l _90)(1 _290)2 + {90(1 _90)}2]'
0

Then,

|
(A94U(ﬂ) (OJB%Uf%Xlzaﬂz{QKIQJV]_

AGD) =S A, 2% (Atgr)
()

- Z(M l)) 2% {—2k(1-26,)}

()

:Z{ 0,(1- 9)( )] 2 5,k0-26,)

@) (¢c,,—¢,) ]
0,(1-6,)2(2-0;)

_ —Z(CZ’_CI)i(2_5,-]~) k(1-26,)

()
(1<i<j<2),
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. k(1-20,) Aev_[-6,0-6)(11
where 94 = 9(1 9)( D, 0 ( (Cz,—Cl)( )

J and consequently,
Ayq, = _( )Zk(l =26y) s used.

(A(A 2)) A( I)E (J(3)){(A(11)) ®(A(11)q0)}+A( 1)) aqo (A(ll))

00,
=—AlE, (Jff)){(—é?o (1- 0&(%)) ® (—(%) 2k(1- 290)}
A2 (220)
0,(1-6,) {0,(1-6,)1 |

_ —A(.l) (Cl ) 4k(1 — 290)2
*\a) g,1-6)

o 2 (1-26) o1
Ao {9(1 9) {6,(1- 9)}}90(1 90)(1)

| 2
=4k(1-26,)*| 1 { 2, U-26) 2}
0 6,(1-6,) 1{6,(1-6,)}

~0,(1-6,)2
x k0, (1— 90)£90(1 - 90)2J

€, — ¢

[ (40,(1-0,)+2(1 —290)2}(%)_

—k , (i=1,2).
{NM}(%_Q)
i 90(1_00) 1

3.2 Studentized estimators
3.2.1 twg (twg1 and twgz)

Using 901 and 902 rather than 90 for differentiation,
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I ={-Ey(Ay)}" = [

where

Then, noting ~0

0

| —HO]I
“H,' 0
1 1\
-1 (_1){(1,—1)151 (—1)} (1,-DI;"  Sym.

_—{(1,—1)151 (_11)}1 (S)) s {(1,—1)151 (

1
-1

I

-1

¢ 0 001(1_001) 0
181: 001(1_001) _ ¢
© 0 902(1_902) .
002(1_002) ¢,

1
-1

-1

v ()

— 901(1_901) n 902(1_902)

0, (1-6y,)/ ¢,
—0,(1-6,)/c,

] and

a1
oo )2
1
.. (ADb
I, = b'd |- Where
001(1_001) 0
A=l
0 002(1_002)
)
901(1_001)
_002(1_902)
&

|

{

, 1t follows that
G

901(1 - 901) 4 902(1 -

¢

902))'1

G,

901(1 - 901) _ 002(1 - 902)

¢

¢,

001(1 - 901) n 002 (1 _002)

G

¢,

001(1 _ 901) . 002 (1 _002)

J (- )
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-1
nd dz—( 001(1_001) +902(1_002)j

G ¢,
Since direct differentiation of Iz_l with respect to 90k 1s tedious, we use the
formula of 812_1 / 590k* = —Iz_l (513 / 800k*)12_1 , where
¢

0
001(1 _901)

1*:(10 HOJ: 0 ! 1
" _Ho' 0 902(1_902) though

-1 1 0
11
ol (5
I, =
" —(¢,,—¢,) ) after evaluation using 6y, = 0,,
v 0,(1-6,)

looks simple.

1{ ., oL .
(g) _E(I -1 0 0 IO_IJ (l-(()ll))—3/2
11

" 06,

_l _ j( o) -3/2

= 1001-0)) S 10,0-0)

—%(1—200){000—00)}-”
(j=12),
(1) - 81 (11) 32 _ C_j . _ -3/2
(i), = [ o j ) L(1-20,)16,(1-6,)}
(j=12).

+(1)
That is, 1g —192 Note that
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RG] RG] S .
Llolago IOIJ :(101800 Iolj =—c,(1-26,) (]:1,2).
0 11 0j 22

_ 12,200 \-12 /N 200 . .
In two=n "(iy ) (B —6,), iy is the first or second diagonal

A

element of Iz_l with 90 replaced by Bw and becomes Qw(l_ew).Then,

two = n'? {QW (1- 9W )}_1/2 (9W - 90) , where note that fwg is defined using

o

1/2 1/2 . .
n ~ rather than 7y . That is, 9W and fywy reduce to those of a single
group proportion with size n and pseudocounts 4k in total.

(2)
(15, )

—(11:;-1—@2‘3 -t Sy O Iz;-lJ 0,000}
4° 80,00y, 2 ° 00, ' 00,. " |

o | () -0
0j 11 0k* 11

:|:5.k*i{l+%}_lcck* (1_200)2:|00(1_00)}3/2
"2 90(1_90) 2 90(1_90)

+§c,ck*<1—290>2{90<1—00>}-”

(i, k" =1,2),

 (1-26)) . . .
oI, {6,(1-60)} or, ¢,(1-26,)
where 00, 0 0 003, 7|7 "16,0-0)"
0 0 0 0 0 0

and non-zero second derivatives are
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| ’ ( 1 L _(1-29))° ]
oL, {6,(1-6,)}’ {9 (1-6,)}
(06, 0 o0
] 0 0 0
[0 0 0]
cr |0 202[ 1 (1-2) ]
7 = {6,(1-6,)}’ {9 (1-6,)}
(06,,)
0 0 0
iél 0 (1-6,), (1(2))(1k*) (i (2))(Jk*)
Inc1dentally,
ZZ (i) ZZ (i, )
_|at6 (1-26)" | 1 (1-26,)° _ 372
—{ > {1+ 90(1_90)} 2(01 +¢,)(¢, +¢,) 6.0-0,) {6,(1-6,)}

+ %(c1 +¢,)(c, +¢,)(1-26,)*{0,(1-6,)} "

= 1{90(1 —0)1 7 + 2(1 ~20,){0,(1- 00)}-5/2

:(2)
=1,",

which is a scalar in the case of a single group.

3.2.2 1ty
12
N 7 \~1/2 C,C,
Expand (_lg]n) vz about ( ) ( {g (1-6 )} ],
1A 1 *_] 1 ¢,C,
avar(n =n (I =-n —
where (n"1y) (-1, nn 0,(1-6,) "
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2
(—iv'&” -2 _ (_l'g’l)—l/z _%z{ - an I* 1} (_l-gr;)—3/2(ew _Go)j
n

J=1 ()J

2 2y
+Zz L 1 ; I&I;—l 1 I* -1 aI I* 1 alo I* 1} (_l-(r)m)—3/2
00,00y, ' 2" 00, " 00, " )

Jj=1 k*=1

+§[Iz‘)l 512 Izlj (121 81 I ] (—ig”)_S/z
8 890j N 00,,.. .

x (B, —0,),(0,, ~0,).+0,(n”")
= (—ign)—l/z + i7(71) '(éw — 90) + iff) '(éw . 90)<2> n 0p (n_m),

where
IZ—I ol I’(‘;—l —c, —C (1—2902 c, = _01022 1-26, _
80()1 nn {00 (1 — 00)} {00 (1 _ 00)}
*—1 aI>(k) *_] 2 1— 29
I, —1, =—cc, -,
06, - {6,(1-6,)}
consequently,

(1(1)) — *1 aIO I:;—l (_l.gn)_3/2
* 20,
nn

312
_1(ee,)”  1-26, { b }
2 ¢ {00(1_00)}2 00(1—90)

_1(ge)”  1-26,
2 c. {00(1_90)}1/2

J
.y Ol - =—_ (¢c)”  1-26,
where | 0 590j 0 " c, 16,1 _90)}2 '

(/=L2),

J
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@) . {_5].,(* (CICZ)Z( 1 ,_(1-26))° j
e 2 ¢ 0,30-0)F  16,0-0,)F

J

l 1\ 2 (1—200)2 ¢c, -3/2
+2( ) " (¢c,) {90(1—00)}3}{90(1_90)}

L3 (1-26) { }
8 ¢ c. 10,(1-0,)}" | 6,(1-6,)

B O (c,cy)"? 1 (1-26,)°
2 g {90(1—90)}”2 {0,(1-6,)}"

#o (D H (6e) 2 1-20,)10,0 - 0,1

L3

(1-26,)*{6,(1-6,)} .

CCps
Note that while Zwe =7 (iy )2 (O =6,), tyy, =02 (=i "1y,
Alternatively, fw, = n' (- lrm) 1/2(”_177\;\1) where

n—lﬁw My Cchwz(pwz pw1) —0 (n—1/2)

no 0y(1-0y)

4. Results using special properties of Example 2.1 (Example 1.2)
4.1 Partial derivatives of 77 with respect to P1 and Pz

A n n a6 (p,—py)
O=cp +c nmn=—x>—-=-

e {( LD py-

n

op " 6a-6) 1631- 0)}

e, LD
0,(1-6,)’

(1 29)(01 ,Cy)' }

15:00
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[ (-1 c c
L0 (1)@)(012 +(Clz 1
n A—<2>|ﬁ:eozclcz<_ A Ny
(op) {0(1-0)}

\

®(_1) (1-20)

<2>

) pz pl C 2(192 pl) (1 29)( )<2>}
0(1-0)1*\% {9(1 0))’ “) ],

el
0,0-9)* \ 1) "\a) "\ 1
__ ¢,c,(1-26,) (—2¢,,¢, — ¢y,¢, — €y, 2¢,) ",

{0,(1-6,)}°

@)~ " 0,(1-6,)}’ {9 - 9)}

x{(?)®(2;)<2>+(2;)®(‘f)®(iz)+(izf>@(‘f)}

_ 2%{ 1 L (=26 }
{6,(1-6,)}" {9(1 0,)}’

2 2 2 2\
x{(=2¢],-2¢c,c,y, . —,CyyCCy —C o0 —CiCyyCiCy — Ca, 20,04, 2C0)

5=0,

2 2 2 25\
+ (_Cl ,C,—CC,y,CC,,—CC,,CC,,—C,,C )"}

= ZCICZ|: : (1 20,) }(—3012,012 ~2¢,c,,cf —2¢,c,,
{0,(1-6,)}" {9 (1-6))}

2 2 AN
2¢,c, —ca ¢t —2¢,c,,2¢,c, —Ca,2¢,c, — ¢35 ,3¢C3)

where

<2> 1
C - 2 2
1 — ' _ '
2
—(_A2 2 . _ 2 2y

N

4.2 Asymptotic cumulants of 0 and 7] by ML
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Since 0= ¢,p,+¢,D, is ausual sample proportion of size n,
K, (0-6,)=0,
i, (0) =n7'6,(1-6,),
5(0) = n7°6,(1-6,)(1-26,),
Kk,(0)=n"0,(1—0,){1-60,(1-6,)}.
On the other hand, since
€6 (]52 _]51) _ i) (laz _151)
0(1-0) (ep, +e,p))—cp—c,py)°

-1

nn=

W€ UuSse

K, (p) =0,

i,(p) =n"'0,(1-06,) vec diag(c,',c;"),

i5(p) = ”_200 (1-6,)(1-26, )(61_2 ;06 Cz_2 ),

K, (p) =n"0,(1-0,){1-60,(1-0,)}(¢;”,0",),¢,°)’
(n cov(p) =0,(1-0,)diag(c;",c;")).

. 1 n'o? . s _
k(1) === E (p-p)}* +0(n™)

2 (o)
_ l n"'0 2770
2 (o)™

— C;éo((ll__z@% ) {(_11) ® (2) + (212) ® (_11)}Vec diag(c,", ;")
+0(n™)
- S LD+ 00r)

=0(n™) (o, =0).

n"'0,(1-0,)vec diag(c;',c;') +O(n™)
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. non, n_'on
i,(n"'1) = ap“ n"'0,(1-6,)diag(c;",c;") ap“

-1 -1~2 122 -1122
n 8770 K'3(A Ay<2>)n 8770 +ll’l 8770 A <D> A'<2>)n 8770

* 1 ? <2> n<2> P > <2>
op @p)* 4 @) (0p)~
-1 -1°~3
_n—ZaZ +l n 8770 K'2 (f),f) |<3>) n a 730 O(n—3)
3 op' (0p)~~
I, 1 1, 1
=n clczﬁe (1-6,)diag(c;',c;' )ec, 9((1—9))

e oo gt (). o)o( )
x 0,(1—60,)(1-26,)(¢;”,0' 4,65’

+n—2 n—lazno
2 (a |)<2>

-1
21 Oy cov(p) ® vee fncov(p) ] ng 2%y om™)
op' (0p)
€6

=n'—12___n?2cc, )’ L (=26,
200(1_62)0) ) - cic, {60,(1-6,)}
n- (¢cc,) (1-26
2 ( }5)(1(—9 )}3) 6, (1=0,)} (=2¢,,¢, = 6,6, = 6,,2¢,)
0 0

1 1 1 1
: !
xdiag| —,—,—,— [(-2¢,,¢, — ¢,,¢,—¢,,2¢,)
¢ GG, GG G

2 10
+n—22&(_1,1) “ ®(cl‘1,0,0,c;1)
90(1—90) 0 cz_l
1 1-26
X ( ) }{90(1_90)}2
{0,(1-6)}° {9 (1-6,)}
x(=3c!,cl —2c,c,,c; —2¢,c,,2¢,c, —Ca, i —2¢,c,,2¢,¢, — Ca,

2¢,c, —c2,3¢)'+0(n™)

. n'on
{ncov(p)}™> —=L
(op)°

+n
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2

o6, g ¢, (1-26,) :
200(1_020) , {90(1_90)}2
+n" (c,c,)"(1-26,) 4+2(C1_Cz)

> +4
2 {6,(1-6,)} GG
+n7?2(c,c,)’ ! (1 26,)° }
0,(1-6 ) {0, (1 0,)})
x(=L1)(=3+2-cc,,c,c;' =2+3)'+0(n™)
_ -1 66 n20c.c (1- 290)2
Ca0-6)  TTHO,0-6))
N O e are
5 1 (1 20,)° 4 4 3
+n7?2(c,c,)’ {9 1 9) 0.(0-0)7 }(2+c1 c,+cc, )+0(n™)
AL T L {2 LU=20)° } +0(n™)
0,(1-6,) 0,(1-6,) 0,(1-6,)

— 1 -2 -3
=n a,+n"a, +0n"),

2 2 -1 -1
where 4(0102) +c,C, (Cl - Cz) =CC, and 2+ ¢ C,*tccC, = 1/(0102)
are used.

_ <3>
Ky (n ) =n"" (ﬂ 55)7'70] 1’ K5 (D)

142 -1 <> 3
+n2;{(’gp€?)22 ®(n a7°j }Z{VGC ncov(p)}

op
23 3 n'0'n,

TS vec ncov(p)a,, +O0(n™)
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3
_ cC <3> - ' “)!
= {0 ((11—2; ) (=L,1)™6,(1-6,)(1-26,)(c;”,0 (6)’022)
0 0
-1 -1172 -1
n 87’]0 n_o T](') ncov(f)) " 88770 +O(l’l_3)

cov(p
P ncov(p) opop

+n%3

_ 3
— 1’1_2 Sl (Cl Cz) (1_2 0)_n—23 (CIC2) (1_200)

0,(1-6,)}" 0,(1-6,)}°

i1 QW) —2¢, ¢ —c, ch -1 O(n=
D 0 o' \a—¢ 26 {0 ' )L 1 o)
_ 2 ¢, (¢ _sz (1—290)—14_23 (0162)3 _(1-26,)
{00(1_00)} {00(1_00)}

o4 (_201 Cl_czj(_ql) 3
X(=¢,¢,) . +0(n™)

c—¢ 26 )\ ¢

_ 2 A _sz (1-20,)—n>3 (G6,)’ _(1-26,)
{00(1_00)} {00(1_00)}

x {—2c;1 2% 0! } +0(n™)

¢, G,

1-26,
0,(1-6,)}
=n" B, +0(n>),

+0(n™)

)
=n Clcz(c1 _Cz)
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o . n_la <4> A
K,(n")=n 3( 8p7'70j n’i, ()

_1(377 <3> n_18277 (10)
23| | @t 9T vec ncov(p) ® n’k.(p
{( o ] o)™ D () ®n’K;(P)}

3(n'on = n'o’n =) n'on > n'o’n
+n_3 ~ 10 ® ' <2(i T yO ® ' <32
2\ op (0p") 3 Op (0p")

(1s)
x Y {vec ncov(p)}” —6n"a, ,a

+0(n™),

nA2

where the first term is

-1 <4>
n(” ;’70] 'k, (9)

-3 (5’15’2)4 L1 1< _ _ _ 3 A =N
=n {00(1_00)}4( L1)™6,d-06,){1-60,(1-6,)}(c,",0'4).c,")

=n7(¢6; +¢c,)

1-60,(1-6,)
{0,(1-6,)}’

=n"cc,(1-3¢c,c,) : 5 { : —6},
{90(1_90)} 90(1_90)

the second term is
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1 <3> -1~42 (10)
o {(nam ® (napé)z(l }Z{Vec ncov(p) ® k(b))

4
_ C.C <3>
=—n2 @ ((11_2; NE (1-20){(-1,1)™ ®(2¢,,¢, —¢,,¢, —¢,,2¢,)}
0 0
(10)

x{0,(1-60,)} (1-26,)> (c;",0,0,¢,')'® (¢;°,0' 5. 65 7)'

4
_ c,C o
=—n>2 (€cy) ~(1-26,)* {(-L,)™ ®(2¢,,¢, — ¢5,¢, = ¢,,2¢,)}
10,(1-6,)}
0 0

(10)

-1 1\ -2 ' AN
XZ(CH ,0,0,¢,)'®(¢,”,0 6)°C2 )
and the third term 1s

- <2> “1A2 <2> 1 <3> 13
s g[ném{] ®(n an{] +g[ném{] o0
2 op' @) 3 o ()™

(15)

x Y {vec ncov(p)}*

-3 3 (CICZ )4 2 <2> <2>
|2 1-20,) {(=1,1) ® (=2¢,,¢, — ¢,,¢, — ;2
n [2 {90(1_00)}6( ) {(=1,1) (=2¢),¢,=¢,,¢,=¢5,20,)7

2 (ge)' 2{ 1 (1—20())2}

310,0-0)F | 10,0-6)F  16,(1-6,))

<3> 2 2 2 2 2
x{(=1L,1)~" & (-3¢, ,c; —2c,c,,c; —2cc,,2¢c,c, — 5, ¢ —2¢,C,,

(15)
2¢,c, —c3,2¢,c, —c3,3¢3)'1{0,(1- 90)}32(01_1,0,0,02_1)<3> }

Then,
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a3 g6 (1=3¢c,) 1 B
= { (6,(1-6,) {90(1—90) 6}

(A)

(0102)4 _ 290 <3> . _ _
{90(1_90)}3(1 20,){(-1,1)"" ®(2¢,¢, —¢,,¢,— ¢y, 2¢,)}

(10)
X Z(cl_l,0,0,cz_l)'@) (01_290'(6)’02_2)'
3 (1-26,)

5 0,1 00)}3 {(_191)<2> ® (—2¢;,¢ — 5,0 —CZ,ZCZ)<2>}

+c,)* {
(B)
2
+f{ 1 - (1-26,) 3}
3 {90(1_00)} {00(1_00)}
x{(=1,1)*” ®(=3c],c} —2¢,c,,c} —2¢,c,,2¢c,c, — Ci ¢ —2¢,c,,

(15)
2¢,c, —c2,2¢,c,—¢5,3¢5)"} }Z(CII,O,O, ¢, ) —6a,,a,,, }+ O(n™)

(B) (A)

_ -3 4
=n"a,,+0(n"),

4.3 Asymptotic cumulants of /) and /, by maximum likelihood

/2
n (9 — 00) A
= o) A b . t_
0 e 9)}1/2 , where O isthe MLE. The asymptotic cumulants of %,

reduce to those of the studentized sample proportion (see e.g., Ogasawara, 2012,
p.12):
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p=06,,g=1-0,,

1/2

2 (pq)

K; (te) =—n (1 — 2p) + O(n—3/2) = n‘l/zaéfl) + O(n—2/3 )’

i,(t,)=1+n" {% (1-2p)° (pg)" + 3} +0m?)=1+n""ay, +On™)

(0tgy =1),
K5(1y) =—n""2(pg)*(1-2p)+ O(n™?) = n"ay) + O(n™?),
i,(t,)=n"{(pg)" +9(1-2p)*(pq) " +6} +O(n*)=n"'al) +On™),

o1 )
nacov(d,a.)) = i 2p)(pg)"* +(pg)"”,

nacov(0,a)) = (1-2p)*(pg)™"* +4(pg)"*.

"m0 n"ce,(p, - p)/{0(1-0)}

T ae /00-0)11"
_ nl/z(qcz)l/z(ﬁz _]51) _ 152 _ﬁl
0a-01"  {0(1-0)/ (e,
":nclcz(pz_ﬁl) . P _ AClCZA
where 6(1-0) is the MLE and 0(1-0)
01-0) (1 1)a. =
Noting that . . - (n_+n_]9(1_9) and
162 1
5 — p)=| 6,(1-6
var(p, = p,) = n + . 0(1-6,) , we find that 7, is the studentized
1
]32 _151-
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o(p, — p,) L 80 0(c,p,+e,p,) .
#:(_1,1), 8" — 1171 2172 :(01’02)7

op
ot ~1,1)' p, — P - |
_/7\7 — nl/z(c1 2)1/2|: ,\( ,\) — - ,\pz l’?l - (1_20)(01’02):| ;
op 0(A-0)y"  2{0(1-0);

e s (e (e o (2o ()

. 1 3 (1-20) ¢\
Hpmp I)Léa—é»” 416(1- 9)}”}( ) }
@_i:nyz(qcz)l/{ L3 (- 29)5/2}
(Op) 0,0-6,)1"  416,(1-6,)}

A(Fe(e)” +(%)e(F)e(@ () ()

2

E,{(p-p)”}+0(n™"?)

1( )_5(8 )<2> 0

2

_ 1 0 tn
S 2(0p)

_ n"’ (cc, )1/2 (1-26,) |(-1 C C —1 | - -1 -1

T H0,(1-6,)" {( 1 )® (Czj+ (Czj ®( 1 )} vee diagle, ;')
+0(n?)

_ n_l/z (C1cz)l/2 (1 - 290) _ -3/2

= 26,0007 (-1+D)+0(mn"")

=0(n™") (o) =0),

n"'0,(1-6,) vec diag(c;,c;" )+ O(n™>"?)
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ot, . .0
Kz(tr,):%n Qo(l_eo)dlag(cl »Cy )g

at (A A '<2>) aztn 1 82 (A<2> ~ |<2>) a21{-77

, K <2> n<2> K <2>
T @p)> 4 (@p ) : (6p)~
1 ot, . 0t , .
3 apv 2(p p' ’ )(5p)23> l’l ((X( )) +0(I’l 2)

where the first term 1s
¢,C,)

¢ 0 )(-1)\_
90(1_90)90(1_90)(—1,1)(0 cz-lj( 1)—1,

the second term 1is
! 6, (1-26,)
2{0,(1-6,)}"

(el (e ef oo

90(1 o 90 )(1 - 290)

__ao(- 20,)* SO (1-26,)
90(1_90) 90(1_90)
the third term 1s
0%t 0t
2T fcov(p)} Pt
2 (6p") (0p)

. cc,(1- 200)2
8{90 (1 _90)}3
xdiag(c,”,¢;'c; 5 65'e, 6 )26, = 6,6, =65, 26,)'
. 0102(1_200)2 4490 (¢ _02)2 44
80,(1-6,) C,C,
:n—l (1_290)2
490 (1-6,)

and the fourth term is

{90(1 _90)}2(_261901 — 6,6 _629262)
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L 1 { 1 ,3_(-26) }
n e 2 P 52
0,(1-6)}" [ {0,(1-0)1 " 4{6,(1-6,)}

x(=1,1)[ncov(p) ® vec'{ncov(p)}]
“A()(e) )= (el ) ()

_ 2 -1
=n"'c,c, 1+§M (-=L1) (Cl qu®(cll,0,0,czl)
46,(1-6,) 0 ¢

2 2 2 2 2 2
x(=3c;,c, —2c,c,,c; —2¢,c,,2¢,c, — ¢, ¢, —2¢,¢,,2¢,c, — ¢,

2 2N\
2¢c,c, —c5,3¢y)

40,(1-6,)

. 2
— n—lclc2 {1 + %%} 2+ cl‘lc2 + Clcz_l)

=n-1{1 3(1- 29)}
4 6,(1-6,)

Consequently,

i, (t)=1+n" {1+(—1+l+3)%}+0(n—2)
n 4 4)6,(1-6,)

=1+n"'+0n?)

=1+n"'ay, +0(n”) (a3 =1).

K@)—[a‘? j @)+ 2] ®(atj 3" vee cov(p)} >
3\ n/ 5p' 3 p (a |)<2> 6p p

12~ (1) -3/2
n3a,) +0(n "),

where the first term is

2
=n"'cc, {1 + EM} (-LD(-3+2-¢'c,,cc; =2 +3)
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3/2

—r (¢6))

{0,(1-6,)}""

L (66)"7(1-26,)
(0,0—0p)}"

-1/2 (Cl ) )(1- 200)

{c,6,0,(1-06, )3

the sum of the second and third (actually 0) terms 1is

00 (1 o 00 )(1 - 200 )(_19 1)<3> (Cl_2 ,0 '(6) ) Cz_2 ) '

-2 -2
(—c,"+c,)

39 cov ()21 cou(i )
—-cov(p —cov(p
op' opop p
_ 3w a9 g gy =20
0,(1-6,) "7 2{0,(1-6,))"

x(—l,l)(gll (?21){( )(cl,c2)+(cl)( 11)}( 3 f;j(_ll)

_ é (6102)3/2(1 —26, )(_ (—26’1 C, — Cz) —C‘l_1
2 0,0-0) 2 Ne—e 26 .

G,

=0,
where the quadratic form on the left-hand side of the last equation is 0.
Then,

K, (tr]) _ n—l/z (Cl — G )(1 _290)

+
{c,c,0,(1-6,)}"

2 (r)+0(n 3/2)

O(n—3/2)
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(t ) atn <4> ( A) s 8tn <3> ® 821‘,7
K =| — K
S opr) P op' (op")*™*

(10)
x > {vec cov(p) ®k,(P)}

3( ot \* o 7 afae T o
. _( ] o Ok +_[ ] o
2\ op’ (op")** 3\ op' (op"~

(15)
X z {vec cov(p)}*” — n_16a,§22 +0(n™),

where the first term 1s

L9 (1-0,)1-60,1- )L (6,05

) n_l (i+i]{;_6}.
¢ ¢ )| 6,(1-6,)

2 2 3 3
GG _q+q _1—3clcz(c1+cz): 1

-3

Since , the first term

G G ¢ G, ¢, G, ¢ G,

becomes
n’' (L—ﬂ{—l —6}.
C6y 0,(1-6,)

The second term 1s
_ (cc,) 1-26
im0y 26—y (-0 1=26)
0 0 0 0

(10)
x{(=1,1) ®(-2¢,,¢, —¢,,¢, —¢,, 202)}2(01"1,0, 0,6,)®(¢%,0'),65°)"

and the third term 1s
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2 _ 2
n_l I:é (Clcz) : (1 200) {(_1’ 1)<2> ® (—2C1 ,C—CyyC,—Cy, 202 )<2>}
2{6,d-6));" 4

L2 (o) { 1 L3 (1-29) }
310,005 | 10,(1-0,)1" 416,00,

<3> 2 2 2
x(—L,L1)™ ® (-3¢, c; —2¢,c,,cl —2¢,c,,2¢,c, — ¢3¢ —2¢,¢,,2¢,¢, —C,

(15)
2¢,¢, —¢5,3¢;) }{90(1_90)}32(01_19090902_1)'<3>-

Then,
O 1 1 B
)= { (_ 3][000—00) 6j
(A)
—(¢c 2)2 S (1290)) (-1, ®(—2¢,,¢, —c,,¢,—C,,2¢,)}

(10)
XZ(CI ,0,0 C2 )'®(C12,0'(6)a _2)

8 90 (1 o 90)
(B)

2
{ EMO_ZQOY{(_L 1)<2> ®(—2¢,, ¢, —¢,,¢ — ¢, 2¢, )<2>}

ey {sz}
3 46,(1-6,)

<3> 2 2 2 2 2 2
x(=1,)~" ® (-3¢, ,c; —2¢c,,c; —2¢,c,,2c,c, —¢5,¢; —2¢,,,2¢,, — ¢,

(15)
2¢,c, —c3,3ch) } Z (¢,;,0,0,¢,") —6ary, }+ O(n™)

(B) (A)
=n a(t) +0(n™).

nacov(n 1,d.)) =0 (recall that @,; =0),
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0(1-0)" {0(1-0))"”
()" « 2){ 2 . (1-20) }

nacov(n 1,d,3) = (c,c,)"(c, — cz)nacov{p2 I 1 =20 }

- 0,(1-6,) 6,0-6)}"  2{6,(1-6,)}"
¢ 0 )[c

x0,(1-6,)(— 11)( ¢ j(cz)

=0.

4.4 Asymptotic cumulants of éw and ﬁw by the weighted score method
_m+2k 0+n"2k _6l1- n 4k N n'2k

n+4k 1+n'4k 1+n'4k ) 1+n'4k
=0-n"4k0+n"'2k+0,(n7)=0+n"'2k(1-20)+ 0, (n™).

In the following, only the asymptotic cumulants different from those by ML are
shown.

Kl(éw —6,)=n""a, +n"'2k(1-26,) + O(n™)
=n"'2k(1-20,)+O0(n?)
= n_locW(91 + 0(71_2) (recall that 0y =0),

i,(0y)=n"'a,, +n(a,,, —8ka,,)+O0(n™>)

W

o ) 33 B ,
=N Upy +0 Oy, TOMT) (g, = Qygys Aygny < Xpny)-

A~ BywCwiCywo (lawz _ﬁWI)

w éw (l—é ) , where

n, +2k _n,+2k
ne =n+4k,c 4 2 ,
v VO Ak T 4k
. m,+k . m,, +k
Py =— s Dyy =—2 )

n, +2k =n2+2k
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¢ +n'2k
1+n 4k
Cyr =C, + n’ 2k(1—-2c,) + O(n_z),
. D +n1_1k D -I—n_lc_lk
Pwi =9 n'2k  1+n'c'2k
Pw> =D, +m e k(1-2p,) + 0, (n™),

[Ajwz - ﬁw1 = ]52 _]51 + n_lk{cz_l _Cl_l _2(02_1]32 _01_1131)} + Op (n—z),
0,(1-0,)} " ={0(1-0)} " —{0(1-0)} > (1-20)(0,, —0) + O, (n”")
={0(1-0)}" —n"{0(1-0)}2k(1-20)’ + O, (™).

From the above results,

n Ny, =n(n+4k){c,+n"'2k(1-2¢)} {c, +n ' 2k(1-2c,)}
[Py = pi+n ke, —¢;' =2(¢; by = )]

{ 1 L 2k(1— 29)} L0 ()

=c, +n ' 2k(1-2¢,)+0(n?),

Cwi =

=p +nc k(1-2p)+ 0, (n™),

é(l—é) 10(1-6))
— Clcz(laz _151)

0(1-0)
H4k+2kcl (1=2¢,)+ 2ke; (1 - 2c2)—2k51‘2?)2}
O(1—0)

Clcz(pz pl) R e R I C,C, 0

0(1-0) Fhiey —el ~2e b, pl)}ea ev)}+ ()

. +n_1H_4k 2k 2k(1- 29)}
C,C, 9(1 0)

+k{c,—c,—2(¢c,p, — Czpl)}ﬁ}+0 (n?).

Then

56



¢, —¢,)(1-26,)
0,(1-6,)

_ n—lk (C1 _Cz)(l B 290) n O(n—z)

0,(1-6,)

= n_locw,71 +0(n™)

kK, (n'Ry, —n'n)=n" {anl +k ( } +0(n™?)

(recall that 7, = 0 and a, = 0),

1 (1-26,) }
cc, 6,(1-6,)

i,(n"'Ny) = n‘lozn2 +n” {anﬂ +4k {—2 +

— — 2 -1 -1
ok (e, —¢,) 2020) 6,(1-6,)(c,,c,) (Cl 0_1) on_ 1,
10,(1-6,); 0 c;) op

— -1 -1
4k o(c,p, —¢,p)) (81 Olj on~'n, } 00
ap G 8p

1-20,)
:n'lan2+n'{ anA2+4l{ {—2+ L _(1=26) }anz

cc, 6,(1-6,)
(A) (B)

1-2¢c, 3
_90(1_90) } }'0(” :

(B) (A)

_ -l -2 -3
=N Q) TN Oy, +0(n) (awnz :anz),

c'0 \on''n
where (Cpcz)(ol Czlj op ==0

o(¢e,p, _Czp1)[6’11 Oljan_lno = (~c,,c )(Cl1 O_ j(—l)L
813 0 G ap v 0 021 1 90(1_90)
:(C_2+ﬁ] ac 1-2¢c,
¢ ¢ )6,1-6,) 6,01-6,)

571_1770 _ 66 (—1)
are used with 5p 90 (1- 90) 1

and
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