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Supplement to the paper “Asymptotic expansions of the distributions
of the chi-square statistic based on the asymptotically
distribution-free theory in covariance structures”

Haruhiko Ogasawara

This note gives asymptotic moments as applications of Ogasawara (2009,
Lemma 2) required for the Bartlett correction of Ogasawara (2009, Theorem 2).
The results in Subsections 1.2 and 1.3 of this note are not required for the

Bartlett correction but shown here for completeness. In this note, Ooancd iS

denoted by Ogang for simplicity of notation with other similar expressions.

k
The notation 2 is synonymous with > (the sum of k terms with similar

patterns). In the following, subscripts a, b, ¢, d, e, f, g, h, i, ], k, I, w, x, y and z

=1,...,p.
Errata will be given at the end of this note.

1. Higher-order asymptotic variances
1.1 B{(Sa —0)(Sy — )} (see e.g., Kaplan, 1952, Equation (3))

1 1

N abcd L N . (Gaco-bd + Gad O-bc)

1

N (Gabcd OaOcd ~O0acObd ~Oad O-bc) +— N—1 (O- ¢Obd T 0y O-bc)

1 1 .

N (Gabcd abacd ) + _2 (Gaco-bd + Gad O-bc) + O( N )

1 3
—(Cabes —OasCc) — (O-abcd OaOci —TacOhy — OagOpec) +O(NT)

1

:H(Gabcd 50%s) ——5 Karea +O(N7),

where K,q denotes the fourth-order multivariate cumulant for variables
Xaixb1xc and Xd
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1.2 E{(mabcd ~ O aped )(Sef — Oy )}
Recall

mabcd 1 abcd ZS Sbcd ZS S Scd S S S S

ef — L Sef_ - SeSf'
N—1"%  N(N-1)

Using Ogasawara (2008, Lemmas 1 and 2),
E{(mabcd ~ Oabed )(Sef — Oy )} = E(mabcd Sef ) - E(mabcd )

1 4 5 10
= ( N N j O abedef +(1_N+N_j Oapcd Ot T Zgabef Oy
1
+_2zo-bcdegaf +(__+_jz O ¢t Obed +( j(zaabo-cdj
Z( 20t 104 Ope ) Oy
4 6 2 5 3 _
(1_N+ N jO'adeO' (ﬁ_vjizo}‘ba‘”j%f +O(N 3)

1 4
= W (o abcdef — Oabcd Oef — Z O 2¢f Oped )

S

+ { 4 abcdef + 4O-abcd + 22 O-abef O-cd + Zo-bcde af

3
+4Z aef Gbcd _4(Zaabacdj Z( be af O-be) d}+O(N_3)
1
= ﬁ (Gabcdef O abed O Z O aef Obed )
1

+— " {00 et T 9T e Ot + Zzaabef Ocq +Zo-bcde O o

4 3
+520-aef6bcd _4(Zaabacdj Z(O-aeabf +0,; 04, )0 3+ 0O(N° )
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1.3 E{(Mes — Oapea )(mefgh ~ Ogtgh )}

In the following the subscripts [] are used to identify terms for

confirmation of correspondence in equations.
N-1
E(M, 00 mefgh) i W O ancdefigh 1[2A8] N Oabed Oefgh — NE {[3]8N O abedefgh

2 2
+[4AB]8(I\I - N)O-abcd fgh +[5AB] (N N)Z( abcdeafgh + 0, efghaabcd )}

4{[6](N2 N)ZZ( O abedef O gh T Octghan O, d)+[7](N2_N)3

2
XZ( abcdeo-fgh +0 efghao-bcd ) + 12(N -N )Gabcd efgh

3
*1onB] N(N-1)(N - 2)22 (Ot s O g + O efghOabOcd )}

EINE N(N ~D(N - Z)Z(Gabcdo- o +‘7efgh(7ab(7cd)

N {[11] N(N 1)2 (Gbcdfgh T Opede O fgha)

+[12] N(N _1)160-abcd fgh +[13] N (N 1)42( abcdeo-fgh + 0 efghaabcd)

16
Fr4ag] N(N-1)(N - 2)20' bed O-fghaae}

NS N (N 1)(N 2){[15] 82 (O-abcd Ot O- + O-efghaabo-cd )

48 16
Ti6] Z(Gbcdeo-af Ogr 10 140a0evOcd ) Ha7y 62 Obed O 1ghOae

*us) ZZ( O 26t Obed T gh TOeapO 1gh O O )}
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1 9 72
+W N(N-D(N-2)(N-3) ([19] 420ab0cd Ot Oy i) Zaaeabf Oy Ggh)
+O(N7)

~12A] Cabed O Oabed Pefgh +— {[1] Oabodefgh ~[5A] Z( O abede O gh Gfghao-bcd)

" [2B,

16
48190 e O IO abcd Tetgh T[0A] 22( i Oet Tgh T OetgnTanOca ) Taaa] ZGbcd O fgn

o}

16
N2 {[3] bcdefgh RETEY Z(Gbcdfgh + OO fgha)

+a.g12] 30T aca O 900 e Tetgh F58,7,13] 82( O e tgh + TetghaCboa )

T16] 22 (T aocet O g T Octghan O cd ) 6] Z (Coee Ot O oh T O tghaOenOcq )

16
~[9B.10 15]172 (Caed Tt O gy + T efghOab O cd Ou) — [14B.17] 92 Ocd O 1ghO e

2 9
(18] 22 (Ot Obca Tgh + Tean T 1gh Ot ) ey 42 OapO0cdOet Ogn

72
3
+[20]Zo-ae0bf O O-gh}+ O(N™)

abcd efgh +— { abcdefgh Z( bcdeo-fgh + 0 fghao-bcd)

16
—90 404 Ot + 22( abed Oef Ogh T Otgn O, cd)+zo-bcd0fgho-
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16
"' { —90 abcdefigh T+ Z (o bedighPae T Obede O fgha)

+450,,,40 eigh T 92( O ancde D tgh T OetghaCbed )

+ 22( abcdef O gh T OetghabOcd Ou)— Z (Cbege Ogh T O tghaOen Ocd )
3 16
—192 (Cabet Tet Ogn + Tt OO ) — 102 Obed O 1ghOae

—22( aet Obcd O gh T Oean O 1gn O d)+4z O ap0cq O, fo-gh+zo- Ot Ocg Ty}

+O(n™®).
On the other hand, from Ogasawara (2008, Lemma 1),

4 6
E(mabcd) fgh E(mefgh) abed — 2(1_W+W)O-

abcd Oefgh
(___jz( O a0t Ocigh T Ot OO, Oea) FO(NT)

4 10 2 7
=2 (1_H n_J O abed O efgh (ﬁ 2 jZ(O' 60cd Oeigh T et O, O-abcd)
+0(n™).
From the above results,
E{(mabcd o Gabcd )(mefgh o Gefgh )}

16
O abedefgh Z( O abcge P igh T O, fghaabcd) abed Oefgh T Zabcd O 4O, Ot

16
+ _{ —80, abedefgh T Z (o bodighCae T Gbcdeo-fgha)
+240 4 Oy + 82( O e igh T TetghaObed )

+ 22( abcdet Ogh T OetghanCea ) — Z (Cbete Tt Ogh T T ighaCenOca )
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3 16
_122 (O-abcd + O-efgho-ab O-cd ) o 92 O-bcd O-fgho-ae

_22( O 26f Obcd O gh T OeanO 1gh O, d)+4zo-abo- OO0y "‘Z aeObf O-cdo-
3
+O( N™)
16
{O-abcdefgh Z( O ancde @ 1gh T OetghaCbed )~ Caea O, eigh T Zo-bcd O 4nO. ot
1 16

+— 2 { —90 abcdefigh T+ Z(O'bcdfghaae + OO fgha)
+ 2‘L_)Gabcd efgh +92( abcdeafgh +0 efghaabcd)
+ 22 (Gabcdef Ggh + Gefghab O-cd ) - Z (Gbcde h + Gfgha eb cd )

3
—122 (Ot Oet Tgn + Tt Tar O ) — 102 Obed O 1ghOae

72
_ZZ(O-aebecd "‘Ualoafgho'd)"‘AfZ:Gab(7 OOy +ZGaebeO-chgh}

+O(n™®).

2. The third moments
2.1 E{(M, ey — Taped )(Ses — Ot )(Sgh - O-gh)}
Ogasawara (2008, Lemma 5) gave
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E{(mabcd ~ Oabed )(Sef — O )(Sgh ~Ogn )}

1
"N O abcdefgh ~(Cabeger . oh T Oancdgh O, Oy )

_Z (Gbcdef Gagh + Gbcdghaaef + O, aefgh Oped )

Z O abede D fgh =504 0, fgh +60 4,40, Z( Ot O aghOef )Ccs

+Z( 5 T 0Ot Ot Oge) Oy

1C,=6

"‘Z{( Oaet Opgh T hO-bef)O-cd+( acd Obgh T Oag 1Obcd ) Ot

+(0,. On; + 0. Oy )O }+22 —0. 0 )}—O(N3)
acd ™~ bef aef bed gh fgh ef ~ gh !

where N can be replaced by n.

2.2 E{(My06 = o )Mty — Tt (S — 03)}
Write,

1
mabcd abcd ZS Sbcd 3 ZS S Scd S S S Sd’

3
Mygy = ~— Seig — Zs sfgh+ Zs S;Sy ——75.5:S,S.

Si. :isl —#SIS
N-1" N(N -1) )

Then, first we have

E(mabcd rnefgh u)

1 1
= maabcdefghlj N ([2 1]%&» [2-2] Zaabcdu efgh)

N -2

F3a8] N O abcd Peigh O
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1 4
80- bcdefgho- + Z{8O-abcd efghl j + Z (O-aefgh O-deI j + O- O-bcdefgh + O-aefghl j O-bcd )}

_[SAB] {8 abcd Oefgh T "‘ZZ( O a6ighOCbed Tij T aij Ocd Oefgh )}
N 2
126 44 Ocin i +Z Z [ (o O apetghTij T O ai efgh)a o (0, cdefoh T
(abcd)
2
+ chuo-fgh +ch efghij ) + Z{ Gacd (Gbefgha + Gefghabu)
(ab)

+ G aefgh (Gbcd G + Gbu cd ) + 0 alj (Gbcd Gefgh + Gbefghgcd ) } ]

+[7AB](N 2)(N 3)2 Z 20,0, O etgh Oj

(abcd)

_(N- 2)(N 3)322 GO

(abcd)

(O-bcdfgha + O-bcdu O-fgh + Gfghu Gbcd ) + 16 abcd O, fgh(7
+4Z abed ZO' iO tgh +Z( aighCebcd Tij 1 TaighOeiiCbed T Oeed Vai Gfgh)

+4ZZ deerghO- +Z aeuo-bcdafgh }
N-2)(N-3) &
(N —2)( )Z

[L0AB] NE

N-2)(N -3
( )( )ZZZ[ Oy cheo-fgho- T 0y efgho-ij+o-cd0eij6fgh)

+Z{ acd Pbe O 1gh Oij T O, (O-bcdafgho-ij + Obigh Ocd Tij T O1ij Ocd Gfgh)
(ab)

T 04i5hObe O ca T +O-aijo-beo-cdo-fgh}+O-abeo-cdo-fgho-ij ]
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(N 2)(N-3)(N-4) &
N®

Z( OapO%t TO 200 +Gaf6be)o-cdo-gh6ij

N-2
( O abedefgh T "‘Z abcdi O fghj T[14AB] NE O abed Oefgh T

O abed Tefgh TO aefghChed )Gij + ZG M (e ¥le) eighj T Obedj O efgh)

+ 0,0 Oetgn I

_(N- 2)(N 3)22( 0,0 10404 +0401)0 Oy

efgh

N -2)(N -3 _
. )( )Z(Gaeo_ij +0,i04 + 040 ) Oy Oy + O(N *)

~13A] Oabcd CefghOij

1 2
+W{ [2-110 abedefghCij T [3B,5A,14A] 110, OeighCij T12-21 Zaabcdljaefgh

T[5A] ZZ( O 26ighObed Tij 1 T 4ij Opcd O efgh)

16

T7a] Z Z 20,0, OeighCij T10A] Zaaeabcdg tgh T }

(abed)

1
+ NE O abcdefghij —{ 8¢, O avcdefgh T +Z{8 abed Pefghij "’Z( O actgh Obedij T Oaij Cbedefgh

+ Oretghii Oved )3 11600040t O +222( Ot Obcd Oij + OaiObca Oetn)

+126 4,40 in O "‘Z Z{(O-abefgho- + O i efgh)ch O (0 O cdefgh O
(abcd)

+ chua efgh + ch efghij ) + Z{Gacd (Gbefgha + Gefgho-bu ) +O, efgh (Gbcd O- + O-bu )
(ab)

+ O-alj (Gbcd efgh + O-befghgcd )} }_132 Z O-abacd Gefgho-ij
(abced)
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"‘Z (O-bcdfgha + OO 1gn +Gfghuo-bcd)+16 abed Petgh T "‘42 abed ZG iO tgh

16
+Z (o aighPebcd Cij T TaighOeij Cbed T Teved P @ fgh )

16
+4Z Z bcdeo-fgha + Z aelj O-bcd Gfgh - 52 Gaeabcd O-fghaij
—ZZZ{ O (OeteT15nTij T OcdOeignTij + O Oij O tgh )

"‘Z{ Ot OO0 10Ty + T (Obet T 1gnTij + Oigh O ca T + 04 Ocg Tign)
(ab)

+ O tgh O1e O ca T +O-aiijeO-chfgh}+Gabeo-cdafgho-ij }

+Z( Oy 10,0 04 Ope )0y O4n0j

2
—(o O abedefgh O +Zgabcd| efghj)+2 abcd Oetgh O

2 4

+ZZ{ (Caea O efgh TO aefghChed )U "‘Z ai (Obeg Oeighj T O Gefgh)
+ 04iiOhed Octgh }

_ZZ( O, 0ij 10,0 T 0y Gbl) O'efgh

_Z(Gaeaij 10,i04; +Gaj6ei)o-bcd0fgh +O(N™).

The final results are given from the above ones and the known ones
(Subsection 1.3 of this supplement; Ogasawara, 2008, Lemma 2).

2.3 E{(M,0s = Oapea )(mefgh - Gefgh)(mijkl ~ Oijju )}
Write,
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mabcd li-l abcd ZS Sbcd + 3 ZS S Scd S S S S
1

3
mefgh N Sefgh N2 ZS ngh 3 ZSeSngh __48eSngSh'

My =— Sig NZZS|SJ|(|+ 325 SS S.S;-
Then,
E(mabcd mefgh mijkI )

1 N-1& (N-1)(N-2)

N ~7 Oabedefghijl T 2 N2 Zo-abcdefgha il T N2 O aved Peigh Fijui

abedefgh Tijid "‘Z( O aetgh Obectijt + Tkt Phocetgh T Tetghijkl Phca )3

(N ~D(N-2)
NE (120, efghaukl"‘zzz aefgho-bcdgijkl)

(N-D(N-2)
+ NG 1806 4¢4 Obetgh i +ZZ{ b(ZGCdefgh it + O Oetghiiia )

2
Z acd Zabefgh O-Ijk| + ZZ aefgh (Gbcd O-ukl + O-bukl O cd ) + Z befghacd Gljkl }j|
(ab) (ab)
(N ~-D(IN-2)(N-3) &

N 2220 abOcd Oefgh Dijui

C3(N-D(N-2)(N-3) &

3
N® ZZ%U od OefghOiju

N-1)(N-2
( )( s ZZ{ 2e (Obeaign Tk + e O tgh + Fboa i)

+ 04 (O, OeighOijkt T Oiju Gfgh) + Oign (Gbcdegljkl + Opeq O, ijkl)

+ ikt (Obede T 1gh + Ohoa Oetgn ) + T Obca O g +Z O aebcd O 1gh Ot &

C(N-DIN-2)(N-3) ¢

N ZZG aeObcd O 1gh Tijui
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(N 1)(N 2)(N 3)222[ O10 (Cutgn Tij + Ot T 1) + O T 1nCia }

+Z{ Oacd Obe O 1gh Oijit T O ae (O-bcdafgh ikl T ObighOcd Tijui +O—b|jklo-cdo-fgh)
(ab)

+0 gtheO-chukl+Guklgbeo-cd0fgh }H Oave 04O 1ghOiju ]

(N —~1)(N-2)(N-3)(N-4) &
N6 ZZ(GabGef+
(N 1)(N 2)(N 3)2{ 3

OaciObcd P ighOju T Z Oabed CeiO 1ghO jui

OOt + 0 O )0y O Oiju

+Z(U hO g T klafgh)o-bcdael }
(N —D(N-2)(N-3)(N-4) & &
N© ZZ(O'abo'e"' 040 T O, O-be)o-cdo-fgho-jkl
+O(N7)
= Oaned O-efghaljkl

1
+N(Zaabcdefgh6ijkl —150,,4 OctghOijt — ZZZ O 469 Obed Tiji
3 3
"'ZZZUab OeighTijki +Zzo-aeabcd6fgh Cija)
1

+ N 2 |:O-abcdefgh|jkl 132 abcdefgh Gukl + 104Gabcd O-efghal jkl

_ZZ( O actgh Oedijkl T Caijkt Cedefgh T O aefghijit Cbed )+ 3222 O a¢tghObed Tkl

3 6 2 2 )
"‘Z Z{ Oab (Z O cieighCiji + O cd Oefghiul )+ ZO' acd Z Oeigh Ok

(ab)

"‘ZZ O aefgh (Cbe O, ijii T Obiji Oca )+ Z O abefigh O cd Tiju }
(ab)

_152 Z O 260 ¢d O etghTiji
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3 16
+Z Z{ 0. (0 bedighCijkd T ek O fgh + Ocd @ fghijid )+ O o O ijk O fgh

+ O (Obege Tijt T Obod Tt ) + Tt (Tbcae T tgh T+ Fod Oetgn)

2
+ O it Obed O 1gh T Zaaebcd O-fghaukl - GZZO'an' bed O 19h Ok

_ZZZ[ Ocgh T T O |Jk|0fgh)+6 e fgn ijkl}

+Z{ O 2cd P00 1gh Tijia T O (O-bcdgfgho-ukl + Obtgh Oca T +O—bljklado-fgh)
(ab)

F Ot O1eOcd Tl T Taijit Obe Pt O tgh Yo, eOcd O 1ghTijui ]

+Z Z(O'ab T 04O T O fO-be)O-ch- hOiju
_Z{ O 26iO0bcd O 1gh O ]k|+z Oabcd OeiO 1gh Oii

+Z( OaighO i T klo-fgh)o-bcd o T

3 96

3
"'Z Z(Gabaei T 04O +Gai0be)acd0fgho-jklj|+o(N )-

Using the results of Subsection 2.2 of this supplement and Ogasawara (2008,
Lemma 1), we have the final results.

3. The fourth moments
From Ogasawara (2009, Equation (2.12)),

E{(Mpes — T )(Ser — Ot )(Sgh ~Ogh )(Sij — Ojj )}

3
= > acov(M,,, S, JACOV(S,, S;) + O(N°)

with N aCOv(mabcd ! Sef ) = Gabcdef abcd G Z aef O-bcd and

N acov(s
and

gh? Sij) = O ghij — O gnOjj;
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E{(M.peq — Oraves )(mefgh ~ Oefgn )(Sij — Ojj )(Sq —0)}
)
= COV(Myy, My, JACOV(S;, Sy ) + D ACOV(Myy, ;) ACOV(Mygyy, Sy )

+O(N),
with

4
N a‘Cov(mabcd 1 mefgh) = Oabcdefgh — Z (O-efghao-bcd + O-abcdeafgh) ~ O apcd Oefgh

16
+Z Gbcd Gfgh Gae !

where N can be replaced by n.
The results

E{(mabcd o Gabcd )(mefgh o Gefgh )(mijkl o Gijkl )(wa o wa )} and

E{(mabcd ~ Oabed )(mefgh B Gefgh )(mijkl o Gijkl )(mwxyz o wayz )}
are similarly given.

Errata
The term —20™(R")s in Equations (4.6) and (4.7) should be
_a)AB(R*)CD - 0™ (R*)AB :
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