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A.6 Expectations
A.6.1 Non-studentized estimator 6

~n

(a) Non-studentized estimator @ under Condition A and m.m.:
N =0(n) (C=n/N=0())

(a.1) The first asymptotic cumulant
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where €. = Ncov(p) =diag(a,)—m ;" isthe N times the covariance
matrix of the vector p of the sample proportions of 2" response patterns with
ETOLO (p) = nT ]
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The following expressions and similar ones using partial derivatives of 0.,

with respect to 7, in form, will also be used (see Ogasawara, 2009):
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assumption/construction.
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(a.2) The second asymptotic cumulant
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where the expectations associated with Op (™) are known. The other
expectations are
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where P(ZQ) indicates the sum of two terms exchanging P and Q. The above

result is alternatively expressed as
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Term (4): Nn ET(|(9§a2)|éanl)) (m“ =0 under m.m.)
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Term 5): NNE (I5*75719) (m™ =0 under m.m.)
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(the second half)
Term (7): NNEL(I)15°7) (m® =m™ =0 under m.m.)
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For N Emo (|g(j)m(3)) , see Ogasawara (2012a, Appendix).
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Term (1): N ET%(|(Ab2)|(AbZ) ) (m™ =0 under mm.)

o B AU sym
BP0 B L099)

where

o’ oA
NZE m(A)I(Al) 2 —JE 0, . 0, [9)
o LM ) { Teo[aegaao' day'|
o, ) o),
X1 Eqy S — | Ao o 4 kg,
0 6008(10 8(10 0“0 0 0“0

— 2
83I90 Oy, .,
+2| < E;, > Q, g, | TONT)
‘L 06;0a,’ 8(10 !

o’ oA
N2E. fm@ 1)) =3/ E % |- % 1l )
T(lo{ (90 ) } T6, 80028(10' auol ag” "Gy 0
XK g oMo 0 +O(N™),
NZE, £080) 3= 3(hy, o 'Ry b o ) FON ).

Term (2): N 2ET%{UéOAAm))2}

_ NZETGO{ |: (l"(2)l(2) N 1A—1na0)

125



37 2
+1 E-m a IGO (r(l)l(l))<2>
2 0 800 (a % |)<2> () R

n

=% ' S —0{( D@0,

Ijk|l7T

(€, (QT)J'I* (R0 )- (1) 3 LS

)\’0 o

O O
. 0%,

_)\’90(10 n<2>
(On T)

90a0 z —{( T) ( T)

Ijk|1

+(Q4),, (QT) T () (21) F

ol 00y o 004
"1 06,(00,)% |\ Omyy, O,

+£ET9 aal_@o i auO ® auo
4 " 890(80!0')<2> kel 07 Oy

X{(QT)i*J— (QT)H* + (QT)i*k (QT)“* + (QT)i*|* () jk}
e, o,
y oa, ® oa, E., 6o _
Ony 07 00,(0a,)

a3|— <2>
~Ery, [ % J(;:OJ vec(2)n, , A;jn% +O(N™).

VeC(QT))“GO o 'A_lnao + ()\'90 L) IA;;-TI"'O )2

U

06,(00,)7 |\ om,

Term (3): N* ET(, {(7(A1)|(A1))2}

) 2
— N2E, {L@VHO rowy, F(l)l(l)J }
Qo 8(10 L) 0 %o L)
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oy ® oy ® oy ® 2
e g a0, 42| 2,0, | +O(ND).
8(10 0 auo (V0] 0 0 %0 a

Term (4) N ZET%(I(AbZ)IéOAAbl))

=N’Ep,, [ {5, (Iéﬁl’f}[ o (TPI2 =N A0, )

-
+1 E 0 Ieo (F(1)1(1))<2> ]
2 "% 06,(0a,") |t ()
where the first element of the above vector is

o°l, OA, 2, du , 0o,
ETOO 5926 V|l 8 1 Z 6 ° ;\'900!0 5 :
000 Oo || ik, 1= O oy

X{(QT)i*j (), + (), (QT)“* + (1) (1) i}

2 o°l,
XE A, o“a, VE., gol _ oa, ? oa,
2| 7" Omp o, *1 06,(0a,") Ony  O7_.

_an)‘eoao )‘90 og 'A;jnao j| + O(N _1)

and the second element of the vector is
2n
z o oa, o oa,

0 ag 0 ag
i*,j,k,|*=1 aﬂ_l_l* aﬂTj

X{(QT)i*j (), + (), (QT)“* + (1), (1) 3

2 o°l,
Xl )\’0 ) l 8 aO + ET@ - n<2> 6(10 ® 6(10
2| " O Or_. *( 06,(0a,") Oy Om_.

Ao Qo g hge A, TONT).

Oyay "6 ag ay o
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(I(Ab2) (Al)l (Al))

Yo,

5},(1)
—_ N2 (A)(AD) (Al)y2q 1 (AD) 0 Dy
=N Ew0 {{m I(,0 , (I(,0 )}IQ0 8(10 l“molm0

0

o, o2, oy
- [ ETB 2 - - > Qa )\’0 o lﬂa )\’0 [V}
(A) °{ 00,00," | Oa,' "l oa, " 7

oy ®
+20,, b ﬂ%x%%],

Term (5): N* ET%

I (AADL) (Al)l (Al) )

Term (6): N ETaO (15

=NEy,, { { b, (L) = NTAM,,)

q @
+£E Oy, (rOy=2 76, OO O
2 89 (a 0 )<2> 6(10 ag 0y TGy oy dg

_ i 8}/91) 8(10 3 l@ao
a0,y O . oo 0Ty

X{(QT)i*J— (QT)H* + (QT)i*k (QT)“* + (QT)i*|* (QT)jk}

2 o°l,
XE A, o‘a, VE., gol _ oa, ? oa,
2| 7" Omporm,. *1 06,(0a,") Ony  Om_.

57/(1)
Sy, AT, ON),
0

Term (7): N ZET% (|§0A1)|(90Ab2) )
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= N7Eq, [lg {m™15, (157) ]

ol oA &
_ [ ETQ _ 6y i 6y a0“0 ® ;\'9 , 1 a0“0 N2K3(p),
(A) °\{ 06,00,' | Oa,'| |Om;' ° om,'

(x '5“0] NZi,(p) 1.

Term (8): N* Em (|(A1)|(AAM))

N 1 { b (T2 A, )

1 o’l, @
+—E — ( (1) (1)) 2
2 06,(0a,")
2 a3|— <2>
:i Moo auoz +Eq, . 2 00,
2| | 7% (on, ") "\ 86,60, |\ om,

. oa,
® ()\’Goao an 0:]:| N 2K3(p)’
T

where K3(P) = ETaO{(p - TL'T)<3>}.

Term (9): N ET%(|(A1) (Al)I(Al))

<2> a (1)
Y, | o Da 9% |Nze ()
o ag an_r 1 a (10 1 aTCT ' 3 )

Term (10): NZET%(|é()A1)|(9?C3) ) (m(A) =m» =0 under m. m.)

_ N2 (A1) (A) (A1) (A) (A1)
=N ET%{ IBOOD(N_UZ [ (mO S(N U2y ) IBO (N—1/2 mO (N—1/2 (IGO (N—1/2 )
mfff)N 2 (|§A§)(N s )?, (léAol)(N s )°, (0,001}
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ol oA, o\ oA,
= [ ET9 2 - o . Qa ETG 2 - o :
(A) *{06;0a," ) Oa,' ° *{ 00,00, | Oa,
2
o, o2,
X)\‘O a 'Qa )"0 Q + 2 ET0 2 . - > Qa }\‘0 Q, '
0 %0 0 0 %0 0 6008(10 ! aao ! 0 0 %0

Ol ) 0k, ,
3< ETG An2A . | Qa ;\'Ba ;\'00. Qa ;\'00. !
0 6908a0l aaol 0o bolg 0 ¥o 0o GoUo

3 | E 54E° 9 E 63E° Q h, A, 'Q A
1 - — ,
TGO 69036 ao 1 6 ao 1 TGO 6903 (10 90 ao 00 ao ao 00 ao

3(Rg, 'Q%kgo%)z, (0,00 1+O(N™).

(A)

(Adb) _

Term (11): NZET(,O(|§0A1)|§90AACZ) ) (m(A) =m O under m.m.)

ENY (A1) (A) (AAb1) (AAb) (AL
=N ETao{ Ieoop(Nl/Z)[ mop(Nl’z)Ieoop(Nl) +m0p(Nl)I000p(N1/2)’

(A1) (AAb1)
2Ieoop(N-”Z)Ieoop(N-l) ] }’

where the first element of the above vector is

2n

Z A\ ' 50“0 E a3|_00 _ 52*90 (3(10
"ok, 1= o Om_. "™l 0600, | Oa,' ony,

2 o°l,
Xi A, o0‘a, VE., % _ oo, ® oa,
2| " O Or_. "\ 06,(0a,") Ony  Om_.

X{(QT)i*j (Q), - +(27), (QT)“* + (1) (1) i 3

1 asl_e al@ 1 -1
_;\'90(10 Qa0< ETGO ; o ; ;\'00(10 Aaonao

000w, | Oa,
" &, o2 2
+ [ E { <ETQO 2 . Vol 00- g (TO<2>
(A) 2 (B) 00,00, oa,' | (on;")
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" o' 0’2 *
By | st [ [ D |y veg(a)
06, (Ca, ) | (Ca,) ||oOm,' (B)

E o, e Al In,. '@ A
J— < —
T90 59026 ao ] 8 ao 1 ao nao (A) 00 ao ao 00 (10
o’ oA o%a
+ [ ETQ() 2 90 1 o 00! l0<2>
©) 00,00, oa,' | (0n;")

e oL, ) ¥4, (o) 1[a 20, -
To, 6002(8 a, |)<2> (auo |)<2> aTCTI ©) T anT 6 0o

+O(N™),

and the second element of the vector is

o’a o°l, oa, |
[ )“9 @ '—02 T ET9 ; 2 - VEC(QT)
(A) o (om, )T "\ 06,(0a,")™ )\ Om;'

_2)\‘011 'A;lnu ])\‘Ou Qa )\’0(1
0 %o 0 O(A) (] o bolp

+24 A ,—82(10 +E GSEO oa,, -
Oy aq (anT |)<2> T6, a@o (a uo |)<2> anT 1

<2>
X(QT%%] +O(N).
T

Term (12): N*Eq, (I 5 2 157) (m™ =0 under m.m.)

Ovy
N2 (A1) b Wy®
= N ETao [ IQOOP(N—l/Z) a 1 (Fao lao )Op(N—l/Z)

(A) oa,
(A) (A1) (A1) 21
MO D (190 VY]

(A)
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o(y¥? o°l, oA
= (’YQO )1 Qa ETG 2 y - N ;\'0 a 'Qa ;\'0 a
oa,’ ° ‘\o06;0a, ) oOa,| " T 7°F

o(vy o°l, oA
+2 (YGO |)1 ankeoao 3 ETBO 2 - y | 00. an)\‘eouo
oa, o000, oa,
o (v?
+3 (a’tlgo ')2 S2"‘0;\'6’0‘10 6 ag ls—z"lok@o% + O(N _1) .
0

Term (13): N ZET% (

(AL)] (AAADL)
| (o) (2asiny

6o

N2 (A1) T (33)

=N ET% (E) IGOOD(N”Z) (IE) )\'90‘10 (r‘lo l"50 )Op(N?”Z)

_|_£ E 83|_00 22:{(1-*(1)1(1)) ® (F(Z)I(Z) —N —1A—1n )}
2 T6, 690(6(10 |)<2> = g Oy Oy Qg 0o f0g Op(N73/2)
1 o'l

+Z—E b F(l)l(l) <3> »

6 "\ 06,(0e,")* WaLe, ™ Jo 00, (!3) (k)
3 '
. Fa—“ (QT o0, xeo%j®vec(szT)>
2 (@ET ) (371:T
N O,y 0 oa,’ N
ﬁnT' T 8117T 00(10_
o°l, 2

i1 E., % (R, ) ® a—uozvec(ﬂT)
2 ' 060,(60,)% o) (om, )

+E 63@0 oa, 52“0

T6, a@o (a uo |)<2> anT 1 (anT |)<2>
oa,’
x4 vec(Q;)® QTa—)‘eoao
T
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L E;o 84|_ X Q
+E 69 (6 O)<3> {( Goao) VEC( ao)}

0°l,,
L J{( wohoya,) @ (A, )} +O(NT)

80 (a 0 )<2>
where
1 O oo,
(3)1(3) 0 n <3> +N -1 AW p
LY 6 (anT )<3> (p T) 5717-'— (p T)
TN 27
O\ _ A;l _Zq: 0 IaOML (A;lm ), + 5'1% A;l 0 IaOML
om, ' °| i3 o0a,0a,'0(a,), O oo,'| " Oay,om,'
q o°l
+A;1 oML ( ;1na )
°k25a067tT '0(g),
and |a0ML IS |a0 for ML estimation (Ogasawara, 2012a, Equation (3.4)).

Term (14): N Em (l(Al) (OA 1)l(AAbl))

o
_ NZE o 9% - (ro®)

Ta, ) 0,0, (N"?) 8

o) R (F(z)l(z) NTA,M,,)
(B)

1 ol
+—E o 1'*(1)](1) <2> .
2 T%[@Qo(ﬁao'fb Wale, )™ o, )(]B) (1)
o 1) 2
- ;\'90“0 'Q“o yeo 1{;\9 o l8—(|1()<2>
oo, | 2| °° (Om.")

@Sl_ 5 <2>
0 a, -1
: vec(Q A, 'A
T%(ago(auo |)<2>J(an1—|] } ( T) 0y 0 aon(m]
e (T o)
6, g (anT |)<2> T6, 890 (a ao |)<2> anT ]
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oa. ' da, ' Oy i
x{(QTﬁM’“‘J@[QT o 2, )| TON )
T T 0

Term (15): N* ETa (|(A1) (AM)'(M))

=NZE,, [ (110 ,)° ayé‘?( O1® —N"Am,)
N Tag | V9,0, (N7Y?) da..' oMo

0

2 (1)

1 0 O (F(l) (1))<2>
2 (6 O )<2>

(1) 52 52, <2>
:;\'Ga o 0(1 l a02 + 7/902 aao VeC(QT)
A 6(10 (on. ) (0a,")" \ Om,'
1)
790| A; 1, }
aao 0 0

0 1) 2 o 2. (1) <2> ' <2>
+ }/ a u0<2> + }/ <2> auo QT %k@ a
6(10 (Om;") (Ca," )" | om,' om, °°

+O(N™).

(a.3) The third asymptotic cumulant

@3.1) B (thetermwith T in Bs )
— 3nNET{(q(1O) )2 q(22) | + 2q(10) (11) (21)

op(nfl/Z) Op(N ) 0 ( 71/2)qo (N l/Z)qO (n 1/2N 1/2)

(00 0G0 3= 3B + 25, ) B + BB}
= 6nNNE, (q(lo) (11) (21) ),

0 (n—l/Z)qO (N 1/2)qo (n—l/ZN 1/2)

where
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(10) (11) (21)
nNE. (q, %0, vy o (n_uzN_uz)) (m™ =0 under m.m.)
OO D] (Al)
= nNET{(V l, )o () (79 )o J(N2)

2) 11(Aa2 1)1 (AAal Ay (1
><(,Y() |( a )+}/()|( a)+y( )|())O (n_UZN_M)}

_ (7/91)) y2)2) 'nNET{I 1) (Al)

X[mop(n-”z)lé?c}z(N-“z) " mc(vA)(N-”z)lélc)v (%)’ 2'2% (n-”z)léAol)(N-“z)]'
+(}/(1)) nNET { |(1) » |(A1) i, i_)"e
O L S
erxlo)lfztg (N12) (z)
(1) 1 2 7651)
+(7/9 ) NNE, (Iéé o(n -1’2)) |6()0A32(N_1/2) da Py rfxlo)lfxlo)op(N—l’z)
0

=7 [ 03 neov(iy,m) b, '@

6 oo

3
0 My ) g,
T90 69028 ao 1 aao 1 oy "6y 0g

ZﬁZ(O))\‘GOaO lQaO)\‘GOaO ] l

(A)
o°l, oy
(1) (1) 0o (0) 6o
+(r)’ncov| 1Y, Q, + B,7A
9 90 aeoa uo 1 90 (l 2 0 (lo (lo a ao

+O(N™).

(a.3.2) ,Bngb) (the term with c’ in ﬂ_g(A)) (m(A) =0 under m.m.)
_ NZETaO{(qéll()Nl/2 )3 +3(qélp1()N1’2 )zqézz()N )} 3,31(A)ﬁ(A)
— NZET%{(}/(D”M) ) +3(7/(1)|(A1) )2

[7) 0.0 (N 1/2) 0 00 (N 1/2)

y (7(2)' (Ab2) (1)|(AAb1) + (Al)I(Al))O (N-l)}_?"B A)ﬁ(A)
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= (76,)’N?Eq, {(hg, o, ' TSNV I+3(r ) NZEr, { (g, 'TH)
XYE)Z) [m(A);\(9 . r(l)l(l) (;\9 . lrleo)lfxlo)) ] }

oy g !

#3070,V N"Er, [ O, TL)” £ R, (L) - NTA )

+1E, ( 63' j( L) 31
2 00,(0a, )<2> (®) (A)
},(1)
+3(75)*N°Eq,, {(MO o))’ 9°. ry fif} 36" ;"

0

a <3>

, OQ

_(}/91)) ( Oy ag Olj N2K3(p)
om

ol oA
+6(yOYy@r TIE. | —% |- "%l A A QA
()/0 ) 'YQO ('I‘;\) T6, 69028(10' 8(10' ay "G00, aq oy 76y o

(}\‘90(10 Iﬂao}\‘éoao)z ] '

(A)

()13 ( , O, 83':;0 oa,, =
+3(}/00 ) 4 )“90 o n<2> T ETOO n<2> 1
(Om; ) 06,(0a,’) on;

0,(N)

074,

0y 0y a0y 0g 8(1
0

+6(y5))* 2

Q, kg, +O(NT)

(a. 4) The fourth asymptotic cumulants
B =NT (B + TR +TB).

In the following, the definitions of Terms (1) to (14) (see Subsection A.3)
are used. The notation — X below indicates that the associated term is a

member of the summarized term x.
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Term (1): 0.

Term (2):

[N°E o, (A%, ) =302 (B Hy o

=0, KOOI )y ey = 3BV

=T NZEr [{OPIED ) o oy 1= 3B) 1 (- BL) =TB)

= N"T{N°% (7(1)|(M) )}0(1)

<4>

_ ., oo, L ;

=N"c” (7/(1)) ( 0, 0, 57t0'j {N3K4(p)}o(1) (— N 1CZﬁL‘EA))l
T

where &,(P) isthe 2*" x1 vector of the fourth multivariate cumulants of p.

Term (3):
2 (10) 3 ~(22) (10) (12)
[ 4n ET{(qop(n—l/Z)) qu(N_l) +3(qop(n—1/2 ) qo (N—1/2
(21) (22)
% (qop(nl’zmm) + qu(Nl))} ]O(N’1)+O(nN’2)

=4N* (/E) E o {n°(a8” 1) )*3E, (NGY?) ) (known;given earlier)

0,(n?) 0, (N7

2 (10) 2 (11) (21)
+3ET{n N(q ) g )qop(nl/le/z)}

0 (n71/2 0 (Nfl/Z

+3¢ 8, E, (N q(“)N 1,2 q(zz) ) ] (given earlier)
()

0, ( 0,(N™

(the first and second terms in (/E)'(/l) — ﬁiAa and the third term — CTJ, (Ab) ),

(10) (11) (21)

2 2
where ET{n N (qo (n—l/Z)) qO (N—llz)qop(n—llzN—l/Z)}
= ET{nZN (},(1)|(1) 1/2)) 7(1)|(A1)

% "0,0,(n” b "0,0,(N?)

(2) 11(Aa2) () (adal) . (A1) (1)
Io t %0 IQ t %0 I )O (n—1/2N—1/2)}

x (Y4,
(m™ =0 under mm.)
SE {NGOIE, YO, T

(A) 0 6,0, (n 0 00, ( )
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(2) 1 i a0 16))
X [ y {m p 1/2 90(10 qulaoop(Nfl/Z)

(B) (C)
—
+{E 0 I‘90 _ 5290 F(l)l(l) |(1)
™| 00200," | da,' % 4,0, (N2) 00, (n72)’
o)
(1) 1@ -
2'000 (n 71/2))¥9 o r‘lo laOOp(N’“Z) }
(©)
0%l
) 6 \ 1)@
+y00 (6908 a0| ;"Goao ~ rao l“OOp(Nim)
Op(n 1/2)
(1)
5790 ) (I [C R B
auol (L1 uOO (N )90 (n ) (B) (A)

= (7))’ (vs, ): [ s (1) 1) MR, ' R Ry,

%l oA
+ N, (IO E o |- % Ll )
3(90){ T%[aezaao' Day'| % "% </1>
+2(7, 1)) (7(2))2n K3(|(1)))\'9 g ao)“eoao

1) (1) 1) 52|_90
+(7/ )n KS I AN A an)\'eo‘lo

ol 00,00,
ay(l)
+(791))3n2'f3(|(”) —Q, ko
oa, !
where
i, (10,18, m) =n> n’i, (U, )| = LR 1R
o = P 00, Qk 00,

o 1(er) 1 an LL1OR 199
RZ\ 06, ) Q7 "R 002 Q. 00

2 2
e 1 OP P — oP, 1 0O°P
=n 1ZPTKQTK(1—2PTK)( kj L %k( k] +———
k=1 Pka 800 Pk Qk 800 Pka 86’0 ’
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1 0P,
N’y (157) =n"> P, Qp (1-2P
)= .00 5 B

-
n2;< |(1) |(1) 0 |90
3| Yo, 10,
aeoaao

1 6P ) (P -Q, 6P, aP 1 0%P,
PQk 00, P*Q? 06, 8(10 PQ, 00,0a, )
Term (4):

[ An°E {3057, u2 (A ey (95 oty + oy g2y Hogwsyeo0n-4

= N[ 3Er,, (M%02) s, 02 . ) B

0, (%o, (n)
10 11 2 ~(21
+3§ET{I’IN qép()n 1/2 (q( )N 1/2 ) Qé ()n1/2N1/2 }]

(the known first term in [] = B{*?; and the second term — TB"Y).

= n_lz PTkQTk (1_ 2PTk)
k=1

The second term of Term (4): (m(A) =0 under m.m.)
2~(10 11 2 (21
ET{nN qé ()n1/2 (qép()Nl/z ) CI(() ()n”ZNl’Z)}

— ET{ nN 2},(1)|(1) (7/(1)|(A1) )2

% "6,0,(n"?) N by "9,0,(N7V?)

(2) 1 (Aa2) 1) (AAal) (AD[ (D)
X(’Y I +7/ I +7/ |90 op(n—lIZN—UZ)}

:ET { nN 2}/(1)|(1) (yéj);\’eo% "TOI® ))2

% "0,0,(n""?) 0y g0, (N2
(A) o=p

(2) Dy (@)
<L ¥, LMy b, Taloo

(B) (€)

-
0 |90 5/190 oW |

E - - - y
" 000w, | Oay' o o 040y () 0,0, (™)

1) Dy @) '
2'000 (n 71/2);\90% r‘lo laoop(N’llz) (:C=:’)
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o°l,
@O 7 6% ' (Dy(@)
+}/90 00.0 ! ;\'90(10 l_‘0‘0 lu Op (N U2y
0 ao Op(n—l/Z)

(1)
5 O%e, oo |© 1}

\ -1/2 -1/2
auo % a0, (N ) 6,0, (n"7°) (B) (A)

=1 (790))1{ (s, )’ nCOV(l(l),m)LX 'aao.j

(A) v omy
£y RO -5“0 53|_9° _ O, | Oay }
0 Mgy o, 60 b00,' | Oay'| omy' || (B

270 (02), [

90‘10 a

<2>
+(791)) ncov I(l) {6&0 Oty ] }

9 ’ae 8(10 on..' M on.'

8(1 oy )
n 1) (0) ' 0 90 N 2 K

Term (5): (M™ =0 under m. m)
2 (11) (20) (22)
[ 4n°E{ (qo o (N72) ) (qo (n-l) Y% (N‘l)) }]O(nN‘2)+O(n2N‘3)

= 4NCE, {N°(05 ) u2)) FErg, (NG )

-1=2 (11) (22)
+4N T (/E) E, N (qu(Nllz)) FEqrq, (NOg (N,l)) (the term associated

with =N A, is included only in this term )
BVE L (N, 10, )

0, (N l’2)qo (N7
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o°l, oA
+ 0y { 4@ [ E o |

y oa, My oa, g 0oy ;"90 . oa, L
Om_. 0T+ om_ 0Tty (©
2 o°l,
(}/(1)) )\’00(10 |ﬂ+ ET00 001 <2> 6(10 ® 6(10
Om_.0m, 06,(0a,") om_. Omy

aygj) 0oy, .08

: 0
8 87[ . o o Ty (B)

X Z { Z Z (QT)i*kN2K3(pj1 p|*! pm*)

kI°m® @) (k,0°m")

. 0a,, , O, ., 00, } 1 +0(N2)

7] 0 [7)
0 %o a Tk (L) a 0 ¥p a (A)

(_) N—lcﬁiAb) and — N 1C2ﬁ(AC) ’

X M

where (Z) indicates the sum of two terms exchanging i and j, with
i
3
Z* defined similarly; and
(k,I",m")
(22) (2
qO (Nf ) YQO

_ ,Y(BZ) l[m(A)I(Al) (IéoAl)) ]|+ }/é;-) (E) ;\'00 " '(Ffli)lf,i) —N 1A_1nao)

1 ol
L1E : rop
2 To, Laeo (a 0, |)<2> ( ) (i)

) I(Ab2)+y(1)|(AAb1)+yéA1)I(A1)

075, (W31 (A1)
b . (A1) _ WD)
T auol l_‘0‘0 l“o |90 with |90 - ;\' F lao .
Term (6):
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{ 6B, [ (9%, ) (O ey,

(A)
(22) (20) (22)
+ +2 )
( o J(NT )) qo o(n 1) 0,(N~ )}](E)O(N‘1)+O(nN‘2)

The first term of Term (6):
6N°Er{(0g 1y1e)) (A omy2n)) (5 NTB™)
2 2 2
— 6N ET[(}/éj)Iéj())p(n_llz)) {('Y( ) |(Aa ) +y(1)|(AAa1) +}/(§A1)|(1))O iy } ]
_ 6n2ET[(yé1)|(1) 2y ) {('Y(Z) 1 I(AaZ)) + (y(l)I(AAal))Z + (yéoAl)I(l))

0 60,(n

(2)| (AaZ) (1) (AAal) (Al) (1) (1) (AAal) (Al) (1)

where the first term of (*) is (m(A) =0 under m.m.)
e sym.
=6N " (r) v, Er { n°N(IS) (nm)){ u }}7‘2’
(A) 0=p

(? 1)) E {“ N(I(l) ) € }
with 6o 0,0, (n""?) 11

(A)
@ 1 1)y @)
_(7/9 ) E {n N(Ieop(nuz) (Il_;))m o U2y 90(,0 raolaoop(N’llz)
3T
E 0 |90 . a;t9o Y i | iy ] 2 }
T6, 80028(10' auol % a0, (NT77) 6,0, (n )(B) (A)

o)

={nvar(m)B,” +2(ry ) (ncov(m, ;7)) Fhy, . 'Ry R,

o3l oA
+6ncov(m, I‘l) (0) % | % Q
( )ﬂ TOO 89028 uo 1 a ao 1 O(l) Qg 00 (L 7%)
%l oA
13( B2 (D)2 06 |_ 270
%l N
x Q L S LyO(N),

E —_
“ || 90%0a, | Oa,
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() EAN®N(S) e))?€ o)
_(7/91)) E { n N(|(1) ) 21 Y TO®

0,0, (n""?) 0,0, (n"V2) 6 ao T a5 "g,0, (N?)

L)
X(E)m Op(n ‘“2);“’0“0 Lolao,)

-
+ E a IGO - al@o F(l)l(l) -1/2 I(l) 1/2 ] }
™\ 0000, | Oa,' w0p (N0, () 3 ()

=64,"ncov(ly’, m)h, , 'Q
+6(8,7)"(r5,) Z{Emo(

and (7/01)) E {n N(Iél()) (2 )2922}
=g, VEANN(GS (o)) 4050 ueyha, TRA0 (1))}

=128V (r0) Py, 'R by, +O(N Y,

oy "6y 0,
823I60 'J_ a;teo' Q ké’(t +O(N_1),
0020 a, o

oa,

the second term of (*) is
= 6N (7)) BN o)) (1500 oy 1))}
=N (7)) Er [ n°N(E o))

-1/2
(A) 0,0, (n

o°l
% ' M@
x| — ro g
[5908 aOl e 0, (n?) o e (V) (A)
p

o’l, 0%,
= 6N (7)) B; tryncov o t1Q,
00,00, 00,00, | ™

o4 o°l, ,
+12N () neov| I, —2— @, ncov| ——— I& |+O(N?)
0000, | I

where
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nco lll alll n‘lzn:P Q
V 0 : 0 —
00,00, 06,00, i TR
P, —Q, oP, oP, 1 O0°P, :
X 22 T (),
PQ, 06,00, PRQ, d0,0a,

the third term of (*) is
. 1/, (1)\2 2 (1) 4/ (AL 2
= 6N (}/00 ) ET{n N (I‘goop(n—l/Z)) (yQOOP(N—l/Z)) }

) ) a}/(l) 57/(1) )
=18N ' (y ) 2 (BY) @, —+O(N?),
oa, oa,

the fourth term of (*) is (M) =0 under m.m.)
=12NE " N ()10 )

b 0,0, (n?

(2) 1 1(Aa2) (1)1 (AAal) (A1) o)
X YOO Ieoop(nl/ZNl/Z)(yQO Ieoop(nl/ZNl/Z) + }/Goop(Nl/Z)Ieoop(nl/Z))}

=12N"(ys))?E; { n*N(I¥ ))2

12
(A) 0,0, (n

(2) T Oy(@)
><’Yeo [ rnOp(n*l/z);\'@oﬂlo Ll

% " ag0, (N"?)

(B)
-
o°ly, B 0%y, e 1
Té 80028 aO ' aao ! Oo U.OOp(N_l/Z) goop(n—l/2)1
0(1)
(1) @) .
ZIQOOp(nl/Z);\'GO g r‘lo l%op(Nfuz) (;)
%l
) % ' Wy
* [ 7/0 —_;\'9 o, ra 1 _1/2
1 o N
© "\000a," T ) ey T o
Ve
+—0F(1)l(1) -1/2 I(l) -1/2 ] }
a(lol 0 " 0,y0, (N79) 6,0, (n7) © ()
-
=12N* (2) 1) 2(0) 0 |90 o
— [ ('Yeo ) Yo, B, ’ncov| m,——— Koo
(A) (B) 5008 o,
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o7,
+2(y2)’ncov(m, I )ncov | IV, —>2— |Q 2%,
0 0 69 6(10 0 0 **0

82|_ a3|_ oL
+37/91) B¥ncov| | éj)’ —90 Q, 1Eq, : 6 |
00,00, 0020 a, oa,

®
+3p"ncov(m, ) 8%0' Q A
a

a0 0
0

6;/(1) o°lL oA
13(B)2 (y )2 e E e
(B, ) (v Y o, ) @, % 89028(10 oa, (:E;)

ol
+(y(2))2 { 6}/él)ﬁ2(0)nC0V£lél), L |Jgao)\'90(lo
(C) 0,0 a,

0
-2 7/60 ao}‘eoao} ]-I—O(N_Z),

L ) (A)

+6(8;") (v5))

where

82|_ n _ 2 2
ncov| m, | = n—lz P..Q:, P i (gk (apkj n 1 0 P;
X(P -Q R R 1 &R ]

P*Q? 06, 8(10 PQ, 06,00, )

o’l, Z o L
Tk TkPQk (99

ncov(léj),
k=1

00,00,

[P -Q R R 1 0°P,
P?Q} 06, aao PQ, d0,0a, )

n _ 2 2
ncov(m, Iéj)) =n"> P,Qn i 2 Q2k [apk ] ’ o P2k S ,
k=1 RQc (06, PQ, 06, | BQ, 06,

the fifth term of (*) is
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1/ (1 1 AAal AL
:12N (7/9)) ET{n N(Ié)o ( —1/2)) Iéoa(rz—l/ZN—lm)Iéo)(N 1/2)}
o1,

=12N(rOE {nPN(® P ——— =,

% ! (A) 060, (n ) 8908 aol o 0, (n"1?)

p
Yo,
r(l)l(l) % r(l)l(l) )
% " ae0, (N?) 8(10' % 0,0, (N?) (}A')
o°l, oy

=36N "y Bncov| I, —=— 1@, —*+O(N?)

“"00,0a,' | * da,
The second term of Term (6):
6n°E (057,21, (6570, (= N7TB{™)
= 6N T AE, {N*(95%, )} (given in B{5Y),
the third term of Term (6):
120°E (687, 12, a8%, 085, o} (5 N7BE)

_ 12N 1ET0 {n (Vél)l(l)) [m|(1) (|(1)) ]'Y(Z)}ﬁ(A)
= 36N [B{"ncov(m, 1), (7)) P (B P B +O(N?).

Term (7):
2 (10) (11) (21)
(E\) 6n ET{ 2qop(n71/2)qop(Nfl/2)2qop(nfl/2Nfl/2)

20 22
X(q( () -1 é ()N_l))} ]
(A)o(N1)+0(nN?)
The first term of Term (7):

24n E (q(lo) (11) )q(21) (20) ) (_) N ﬁ Aa))

0 ( 71/2 O (Nfl/Z 0 (nfl/ZNfl/Z 0 ( -

D@ 1y (Al
= 240°E { 719 Ly 1

% 6,0, (n % "0,0,(N"?)
(2) 1 (Aa2) @ (AAal) (A (@) (2) 1](2)
X (’Y I }/0 I + }/9 |90 o (n—llzN—1/2)ygo 0,0, (n™) } (*)
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the first term of (*) is (MY =0 under m.m.)
240%E, { (OO |0

0 op (n—1/2) 900p ( N —1/2)

(A)
XYOO) [mo o (N 1/2)|(§A01)(N1,2) méAcz o (N 1’2)|(§1<)3 (nH?)’ 2'(% o (N 1’2)|(§Aci)(N1’2)]l
XYéi) '[mo o (n7?) él()) o (n7?) (él()Dp(”l/2 | (,}A:)
= 24N"'E;, { n*(ys))’ g; s
X'YéZ)l(lg)m 0,(n —1/2))‘90% 'an 0 o
L o°l, | 02,

E —
6,0, (n~ vzy Toy 2 0y "6h g’
0 00;0a, | oOa,

21% R O P

0,0, (n ’1’2) O ag

(B)
(2) 1 @ D
X
’YGO [mop(n—l/2)|00 ( —1/2 (Ieoop(n—l/Z ) ] (i)

€, €,
:24legj>'{ }ngO(NZ)
eZl e22

with
=[ B;”nvar(m) +2(y;)*{ncov(m, 1))} &, , ', »

0 0

M oA
+38%9ncov(m, 1YY E o |- —%lo ),
ﬁz ( 0 ) T6, 89026(10' 5(10' oy "0y ag

—_ 6RO (1) '
e, =68, ncov(m,l;°)h, , "R, kg,
_ 230 (1) :
e, =3B, 'ncov(m,l;")h, , 'R, Ay
-
0"l | 04
T6, 89025“01 6(10' 0o "0 ag

€y = G(ﬁz(O))Z(Véi))_z }\‘60(10 lgao)“aoao :

+3(8,") (7))

the second term of (*) is
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24n°E; { (v$)1% [(AD  j(asay)

—l/ 2 -1/2 -1/2p-1/2
(A) 6605 (N"77) 60, (N77) 60, (n "N %)

S (USRI SRR (P o

(A)
-1 Dy31(@) @y @)
= 24N E (E)n N(j/ ) IQO ( 71/2) 9 (11} r(lo laoop(N71/2)
o°l,
6o - Dy(@)
X| ————2A "1 .
8006(10' 6 g » % agO, (N 1’2)
Op(n™77)
2) @) @)
X’YQO [mo ( —1/2)'00 (n—l/2 (IGO (n—l/2 ) ] (})
A
=24N" (2)'[ (9 Mn cov| m o, Q
- ﬂ 7/00 ’T oy "Gy ag
00 O
2 (1)y3 |(1) |(1) 82|_90
+ (;/90) ncov(m, 6, )ncov 6 - 1820 Mg g s
00 O
3% Pncov| IV —aZI_@‘) Q A ]1'+O(N ™)
ﬂZ }/9 90 ’696 1 (L5} 90(10 + ,
00 0 (A)

the third term of (*) is
240°E; { () (8 e V1S ey

_12 N4 _1/2
(A) 0,0, (n"7) 0,0, (N )" 6,0, (N )

X'Yéi) '[mo (n—1/2) élg) (n—l/z ( él())p(n_lﬂ ) ] (%)

075,

oa,
xyg 1A ncov(m, 1% ) BV (&) 1+0O(N?).

=72N"%, 'Q

6 aq o,

The second term of Term (7): (M™ =0 under m.m.)
b
24n E (q(lo) (11) ) )q(21) ) (22) )(_) N C[))ASA ))

0 (n 1/2 O (N 1/2 ') (nfl/ZN 1/2 O (N )

= 24n°E{ yé1)|(1) (D] (A1)

6,0 (n_llz)yeo 0,0, (N"?)
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(2) 1](8a2) , . (p(Aral) |, . (AD)] (1)
(Vo 1o +7e e, +Ve la)

% (Y(Z) ||(Ab2) + y(l)I(AAbl) + (Al)I(Al)) op(N71) }’ (*)

0 (n—l/ZN 1/2)

the first term of (*) is
24NTTE, { nN*(yg”)*1" | (A1

0 op (n—l/Z) Ooop(N_llz)

(A)
(2) (A1) (4) o 1) (A1) '
X’YQO [mo ( 71/2)'00 (N 1/2) mo (N 1/2)|90 ( 71/2) 2I90 ( 71/2)'90 (Nfl/Z)]
(4) (A1) (Al) (2)
S (A 1
€1
= 24N~ cyW{ } 2 tO(N )
e21 22
with
o°l, oA
. (1)\2 Q) 6, 0
611—3(;/90) ncov(m,leo) ET90 6028; ' _auo' Q, Ay o
0 0 0
o°l, oA
' (0) 6o . 6o
X)\’Goao an)\’eoao+ﬁ2 (L) T6, 8028(1 1 oa.' ag
0 0 0
o°l, oA,
0 | — 0 'Q }\‘
T90 8028(1 au 90(10 (L) 000*0
0 0 0
_ 2
, oy, )% |, |
+ - '
T6, 80028(1,0' aaol oy "6y ag (A)
o°l, oA,
e, =680 E T et Y DY VAL o b Wi
21 90 80026(1,0' aaol 90(10 9(1

€ = 3(Véj))2n cov(m, Iéj))(xé’o‘lo lQ“O)\%“O)Z

+3B94E T Q A, QA
T6, 59025(10' 5(10' o "Gyap” 760, a a0y a
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22 - Gﬂ(O)(kOOaO lﬂao;‘%ao)z )

the second term of (*) is
2ANT'CE; { nN*(ys))°15) o 108

1/2 -1/2
A) 040, (n"2) 6,0, (N2)

2) (A1) (4) 1) 1) (A1) '
XYQO [ 0,(n" 1’2)|00 (N-12) +m0 (N 1’2)|000 (n-L2y? 2'90 (n’”z)l@OO (N 1/2)]

X { R, (rf,?1§,? —N 1A;jna0)
(B)

-
e[ ey y
2 06,(0a, )<2> Bo, (N1 (A)

=24N"T vy’ e, e,]'+O(N™)
with
e = (y5)’ncov(m,1g) { A

QA

6y ag oy "Gy ag

o%a,
x [ ={ k. — 5
® 2@ % (dm,")

aSI_ a <2>
9 ao _1
- vec(Q2 A, A
TQ() [890 (a ao |)<2> J(an_r lj (%) ( T) 9 (L) (IOTI(ZO (l)

2 a3|— <2>
+1 000 '8—0.%<2>+ET9 e [ aaO'j
7 (Ony) " 06,(0a,") on;

<2>
oda,, '
X (QT ﬁ)‘%%j }

T

o°l oA
1y D RO E 6o _ 6o
}/00 [))2 { 00 (10 0 { TGO (69028 ao 1 6 ao ]
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2 agl— <2>
X [ E )\‘0 o la—(ulo<2>+ ETO 90: <2> ( aaolj VeC(QT)
®2 °° (on.") "1 06,(0a,") oy

g A, ]

E)

T <2>
+4A 00y +E o 00,
Oy ag (anT |)<2> T, 800 (a ao |)<2> anT 1

- o°l, oA -
x| Q2 2% = 2 el e Q. 00, Ao, o T
- 06;0a, | Oa, on (D)

o’a
_ (1) 2(0) 'O '~ 70
e2 - }/00 [),2 (E) ;\'00 (L) (lo;\veo (L3} (E) (E) )\‘90 oy (anT l)<2>

aSI_ a <2>
+E % % vec(Q-) -4, A
T6, [890 (a ao |)<2> j(an_r .j (%) ( T) 6 g aonao (%)

. 0a o°l, oo, )
+2 )\'90(10 |O<2> +ET90 90: <2> O|
(Om: ) 06,(0a,’) on;

<2>
X(QT%;\'%%] }’

om- (A)

the third term of (*) is
24N ‘16ET { nN Z(yéj))zl(l) | (A1

eoop (nfl/Z) 900,3 ( N 71/2)

(A)
(2) (A1) (4) @) ) (A1) '
X ’YGO [mop(n—l/Z)Igoop(N—I/Z) + mop(N—I/Z)IQOOp(n—l/Z)i 2|900p(n_llz)IQOOP(N_]'/Z)]
(A1) (A1)
Xyeoop(N—l/Z) eoop(N—l/Z) }

(A)
=24N"T vy e, e,]'+O(N™)
with
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ay(l)
e, = (3y))*ncov(m, I(l)) b
oa.

oy "0y T ag
O

o°l, oA oy
+ ﬁ(o) > 90 ' _ 90| an 7/ ;\490“0 'an;\,eoao
"\ 00;0a, oa, oa,

3 @
+285" { Eq, az'% P 0,k L,
"\ 06700, aao o fayt

o 1)
e, = 641 ;90 Q ). Q.

QA

oy "0 0

1 (10 90 ao 00 (lo ao 00 (lo y
0

the fourth term of (*) is
24N 1—ET{nN (7/(1)) I(l) (Al) I(AAal) (2) 1 I(Ab2) }

6,0, (n” l’2) 0,0, (N"2)"0,0, (n"Y?N 1’2)79 0,0,(N 1)

_24|\|‘1—E { nN (},(1)) |© (D

-1/2 -1/2
) 0,0, (™1?) 6,0, (N2)

2T
L Y ' r(l)l(l)
80 aa 900.0 (11} aoop(N—l/Z)
0 0 (n—l/2)

><[m(A) (Al) (|(A1) ) ]7(2) }

0 (N 1/2) 00 (N 1/2 eop(N—l/Z
“1=/. ()3 (1) azg
=24N"C(y, )°necov| ', —— |Q,
’ 00,0a," )

I R T B NN VU
X J—
(A) (B) T 80028(10 aao Gag =0 60

+2h, <E o, |, Q }(y<2>)
6 0 T6y 80028(10' auol 0o 90(10 1

+ 30y, o Mo Ra g o (YD), (1)+O(N‘2),

the fifth term of (*) is
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24N 1—ET{nN ()/(1)) |(1) (Al) I(AAal) I(AAbl) }

0,0, (n” l’2) 0,0, (N2)"0,0, (n"V2N"?) 9,0, (N )

— 24N 1—E [ nN (},(1)) | [(AD)

(A) 00p (n” v 0005 (N %)

o°l,
% ' GNE

X — A roe.
8008 aol 9000 5 (n_llz) (1} aOOp(N 12)

X { kg o (T —=NTAm, )

(B)
o°l,
+1 ET@ . n<2>
2 7 06,(0a,)

Oy ag O(N)

Dy (@) <2>
(Tl o) (g) (1)

o°l,
=24N"T(y) [ ncov| 1, —>— |Q

1 0
(A) oo, | "

1 82(1 aSI_O du <2>
% { Py )\'90(10 | |0<2> +ET0 0| <2> 0.
(8) 2 (om, ") ' 06,(00,)% )\ o,

xVec(Qqr) = A, , 'A,M, }

(B)

2 oL <2>
)“90(:0 'a—(.lo<2>+ET9 90, N ( a%']
(om, ") '\ 00,(00,)> |\ on,

' %l -
% au Iél)’—@o ® 5(10 ﬂa ;Vga ] +O(N_2),
on, cooa, )| E\ o, Fete |1 ]

the sixth term of (*) is
24N 1—ET{nN (7/(1)) I(l) 71/2 (I(Al) N—1/2 ) I(AAal) (A) )}

00 (n 00 ( 90 (n’llzN 1/2)}/00 (N -1/2

= 24NTE, { N2 (@)1 e (192 e )

1/2
A) 0,0, (n"¥2) V6,0, (N

o

X| ——2—— A : | y(Al) )
' 60 -1/2 -1/2

00,00, b % - % a0y (N )7 00, (N %)
p
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?l,

=24N"Tc(yPncov| IV, — 2
(}/90 ) 00 8008 uo 1 a
0 1) 0 1)
}/90 6,0 lQa )“Ou +2)\‘0a 6, a. lQa 7/90 +O(N_2)’
aao 0 0o 0o b0l 00y bp U 0 auo

the seventh term of (*) is
24N—1EET{nN Z(yél))Z(I(l) )2|(A1) (AY) (2) uI(AbZ)

0,0, (n"?) eoop(N-“z)yeoop(N-1’2)790 80, (N

= 24NTE, { aNZ(r )20 o IED ey Y

() 0,0, (N2 eoop(Nfl’Z)yeoop(Nfl’Z)
(A1) (A1) (A1) 29,,(2)
X
[mOp(N‘”z)I@OOp(N‘”z)’ (IHOOD(N‘M)) ]'YOO (i)
= 24Nt p¥
3T (1)
- %y, ) % | O |

E Q A
T6, 1 1 6 6
@ | | oboa,' | da,'| * oa, % %%

6% oA oy®
+2 ET90 2 3 |l 00| an Oy oy "0 ag oy - !
00,0, oo, oa,
075,

3, , 'Q Ay, Q. A, 172 +0(N),
0“0 0 aao 0 %0 0 0 Y0 (A) 0

the eighth term of (*) is
24N _1§ET{I‘1N Z(yéz.))3(|(1) ))2|(A1) (A1) I(AAbl) }

0,0, (n"2 eoop(Nfl’Z)yeoop(Nfl/z) 0,0,(N™)

:24N_1EET [ nN Z(yéz.))B(l(l) )2|(A1) (A1)

(A)
v(2)y3(2) -1 4 -1
X(g) )\'90‘10 (r‘lo l‘lo -N A‘lon“o )Op(Nl)
T
1 o°ly,

y@) 2
(r(lo laoop(Nl/Z))< - } ]

+—E
2 "%\ 06,(0a,)* (B) (A)
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= 24N~ 8"y

2 37T <2>
X [ { b @ 'a—(ulo<2>+ET9 ’ IOO' <2> aaon VeC(QT)
(A) (B) 2 * (Om,") *1 06,(0a,") oy

oy

1A -1
6y ag Aaonao (:g))\‘eoao an a 0

2 a3|— <2>
+ ;\'9 o l ¢ (|l0<2> +ET9 00: <2> [ aaonj
7 (omy ) " 06,(00,") ony
oa,' day' Oy
X ° Qu ;\'0(1 ® ° Qu 00 ] +O(N_2)!
om, ° 7 om, ° 0o, (A)

the ninth term of (*) is
24N TE NN (7)) (1) e 2050 e P ) e )Y

0 Op(n—l/Z) BOOP(N_I/Z) GOOP(N—I/Z)

0 (1) 0 1) 0 (1)
S2UNTEBO Rk Qb 220, Do y2 0, 0,
0 0 00 a 0 aao 0 *0 0 aao

— A

+O(N).

Term (8):
R O A (CI AR C S

(A)
20 22
(A)o(N1)+O(nN~?)

The first term of Term (8):
6n°E{(05"), 1)) (407,:))°} (= N7B{)

=6N AV, {n*(@%),.)} (known)
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= 6N "By Eqe [n* (M1, (15)°)" (IS, (1)),
nvar(m)A, " +2{ncov(m,1")}* sym

— 6N~ ,B(A)’Y(Z)'
2 3ncov(m, 1) A 3(2)?

72 +O(N?).

The second term of Term (8):
8N°E{(0g y2))" (g, tyan )} (> NTTAE™)

:6N—1EET[nN2(y(1)I(Al) ))2

% "0,0, (N2

><{(,Y(z). (?aZ) +7/(1)|(AAal) +7/(Al)|(l))o (- } |
= 6N CE [N (71D | LD 1) + (P10 + (710

0,0, (N72)

(2) 1 (AaZ) (1)1 (AAal) (AL (1) @) (AAal) (Al) @)
221G (1S +y D) + 2y DO} L ()

the first term of (*) is (M~ =0 under m.m.)

e
:6N_16'Y(92)||: 11 :| (2) +O(N )
°|e
21 22
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5350 Oy, |

x4 E Q A
T6, 80028(10 aao 6y ag ay 6o
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o°l oA
+2 To, 2 § |l 90. 0o 70y 0, ]
00,0 a, oa, (A)
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o°l, oA,
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+6B91E
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(A)

= 12ﬁ2(0) ()\’900.0 'an)\'eoao )2’

the second term of (*) is
-1~ 1)\4 2 Al 2 AAal 2
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the third term of (*) is
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2
1= n(0) 1 6, 7 . 0
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+O(N™),

the fourth term of (*) is (M) =0 under m.m.)
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0
@
papops ]y
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+3(7$))*ncov(m, |§3))a—9°.9 )
a

O Y
0

o2l o’ oA
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¥
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o°l,
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5(10 Og Upog (D)

the fifth term of (*) is
— 12 N _1EET{nN 2 0/2).))3(' (A1) ))2 I (AAal) (A1) I(l)

o,
=12N'TE, { nN?(y)2 )| —2——a, "

p
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e i oo | 1
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6y ay Ohay" "6y 0,

o 1 0 1
a| by Ry 2hy R Ry 2 | +O(N2).
oa, ° “ Oa,

The third term of Term (8):
12n°E {(65), 46" 05y 05y} (= N7TBE)

0,(N7Y2) o) (n’l) 0,(N7")
- 12N C(ﬁl(O) +ﬂ’9 TIG )ETU. {N (q(ll)N 1/2))2q(02pz()N—1)}’

where ET%{'} was given earlier in ,33

Term (9): (M) =0 under m.m.)
[6n° ET“ { (q(ll)N 1/2))2(qé2pz()N_l))2}]O(nzN_?’) (—»N7c” LEAC))
= 6N _162ET(10[ N (yél))z(l(ngl)(Nuz))z
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T
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(", jk,1"m".n%) (A)

161



Term (10):
[4°E (0 ) 8 Gy Mo (N BE)
=12N7BPEL(NGS) 2 0570 ey 1))

op(n Op(n—l/ZN—l) 1

where E;(*) was given earlier in Terms (7) to (12) of /3.9;‘) in (a.2.2).

Term (11):
2 (10) 2 (11) (31) (33)

-14-1 (A)
_{(n A‘OO TIQO) }op(n—lN—l/z))(i)]O(N‘1)+O(nN_2)

The first term of Term (11):
120°E{(0g 0y2r)) 5, vy, ooy} (5 N7 A7)

—12N"~ (yél)) [ E-{Nn (|(1)) I(Al)I(AaS) },Y(s)

+ ET{Nn (I(l)) I(Al)I(AAaZ) I}Y(QZ) + ET{Nn (I(l))ZI(Al) (OAZ) 1 |(2)}
82,90 Mo, r(l)E {an(1)|(Al)(|(l)) } ] (*)
oa,' ! (A)
where Term (13) of ﬁ|E|A2a) in (a.2.2) can be used here, but it is not used since
the use does not yield much simplification,
the first term of (*) is (M =m™“® =0 under m.m.)
—12N" (7/(1)) ET{Nn (|(l)) |(Al)|(Aa3) }7(3)
=12N7E; { Nn*(y))*(157)°15°2)

(A) 0,0, (N?)
§ (Ez)2m méA)(N l’Z)I‘gl) +m Iengl)(N‘l’2 2mlfgl)lengl)(N‘l’z) + m((DA)(N‘”Z (Iéj))z,
N DU G RT
n—l(m(A) |(0Al))O ) ] }7(3)

(B) (A)
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o°l Y
12N [ 6y9YBOncov(m, I, '@ (E b |- %
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+{r®BOnvar(m) + Z(y‘”) (ncov(m, 157)) "2

6y, B; ncov(m,l5))h

oy "bhay?

6 aq a0y ag

o’l, oA,
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00y 0
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+O(N ™),

the second term of (*) is
=12N -1(),(1)) ET{NnZ (I (1))2 | (Al)I(AAaZ) W éi)

=12N7'E; { Nn*(y ) (1507155

1/2
(A) 0,0, (N
AAal AA 1 Dy (AAal 2
x[m] ;oa(g_l,zN_m) DRI TRl P
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-1 (1) (1) (A1)

x [m il LT b b
® |00, 0@, "% | e

4 a2|_90 —% r(l)l(l) |(1)
00,0a," " 4005 (N2) 0
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0%l
210 g, roe (2)
(69 da," % “sOp (N (;) (};)Y

(note that |é0 A = m(AM))
-1 (1) (0) o,
=12N" [ Sy, B,”’ncov| m, :
A |7 00,00,

%1
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+3yYB8Oncoy| IV, —% (O A,
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o
675, By ncov| 1), ——2—1Q %, ] yy +O(N?),
° 00,00, o A

the third term of (*) is
= 12N (2 EANDA (9 106D 12}

=12N7'E; { NP () (1) 15

-1/2
) 0,0, (N"12)

o |
_ o (1)@ 1 DAVA I
5o o, | MG 0T )

0 (A)

) oy )
= 36N "{y;’ ;" ncov(m,I5”), ($) 1(ﬁéo))} 0, Dy (N7,

0
the fourth term of (*) is

O,
12N él)) aeo ’700 F‘l)ET{an(l)I(Al)(I‘l)) 1

0

oA,
— 12N —1}/éz)ﬁ2(0) aLneog A

1 (L3} 00 O b
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The second term of Term (11):
1207E (057, 22,2050, 10, 00, 50} (> NTTAL)

0 (N—l/Z 0 (N—3/2

=12NTB PO, (NG5, ) U )

op(N -1/2 0 (N73/2

where ET%(') was given earlier in Terms (10) to (15) of ,BﬁAzb) in (a.2.3),

the third term of Term (11):

~120°E [(05%), 505 0y 0y (0720 1) Yy oy ey (5 NTBE)

-1
— 12N —1ET {n(}/ 1)) (|(1))2 (Al) 8/190 TI@o F(l)l(l) }

0,0, (N?) oa.." % 0,0, (N ?)
0

-1
_1oN-t <1>ﬁ<0>%9

1 U.O 90 U.O '
0

Term (12):
2 (10) (1) (30) (32)
[4n ET (E) Squ(nl/Z)(qop(N 1/2 ) (qo (n73/2 O (nfl/ZN ))(i)]O(N )+O(nN )

The first term of Term (12):
120°E {0E) ey (Y, 40208, } (0 NB()

Op(n

=12N_1ET{NI’12(}/(1)|(A1) ) q(lo) (30)

90 00 (N 1/2) 'e) (n—l/Z)qO (n—3/2)}

_12N ()/(1)) )\'9 dg an)\'O oy ETao (n q(lo) )q(30) )

( -1/2 0 (n—3/2

where ET(,O() is known in ﬂHz ,

the second term of Term (12):
120°E {0 vy (Ao, (1)) Gz 1y 3 (2> NTTB™)

Op(n

— 12N 1—E { N n(}/(l)) |(1) oy (|(Al) ))2

-1
(A) 0,0, (N2
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y (Y(S)ll(AbS) +,Y(2) I(AAbZ) +Y(A2)||(Aa2)

1)] (AAAal A1) (AAal AAD)| (L
()|( a)+}/( )|( a)_|_ ( )|())O PR Y, (%)
(A)

the first term of (*) is (MY =0 under m.m.)
=12NCEAN®n(y )1, (1) )y 1) y

90 (nfl/Z) BOOP(N 1/2 90 (n l/ZNfl)

=12N"TE; { N*n(y,)’l; (o) o))’

m) (Al) (A)y21(D)
X(E)Zm ( _1/2) I + (m ) IG Op(n—l/Z)l

A) (1 Al Al
MO ey (80

A3 (1 Al 3 Al
2mEING I mD L ()7,

3L, 4 0ey1 (0.0) ] } 7
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%0 (" (B)o, (n¥2N"1) (A)
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(A)
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94, Bs N var(l;"")¥,(0,0) ] Yo, +O(N7?),

where
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(A _ 1
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the second term of (*) is (M =0 under m.m.)
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the third term of (*) is (m(A) =0 under m.m.)
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=12N"'e(yy)*
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the sixth term of (*) is
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where the first term of Term (13) was given earlier in Terms (13) to (15) of

ﬁéa) in (a.2.2) and the second term of Term (13) is
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(b) Non-studentized estimator 0 under Condition B and m.m.:

N =0(n"%) (T =n*?/N =0(1))
The asymptotic cumulants up to the fourth order are the same as those with
known item parameters except that the following higher-order asymptotic

variance of order O(N™?) for w is added.
n_llz _h(ZA) = n_llzc* (A) nETu [{(y(l)I(Al)) }o (N )]
=n'*tE Ero [N{(?/(l)“Al)) ¥ e )]

T () R, R

oy "0y

(c) Non-studentized estimator € under Condition C and m.m.:

N :O(nz) (T = n°/N =0(1))
The asymptotic cumulants up to the fourth order are the same as those with
known item parameters except that the following higher-order asymptotic

variance of order O(n_l) for w is added.
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A.6.2 Studentized estimator of 6

(a) Studentized estimator t=n""? (0—6,)B,"* under Condition A and
mm.. N=0(n) (C=n/N=0())

Only the expectations for the first and third asymptotic cumulants are
shown.

(a.1) The first asymptotic cumulant

12 n (tA) — 4 —1/2 (11) (11)
n 1 - CET“O(Nqu(N1/2)bOp(N1/2))

— N VRE. L Ny O B, 0B,
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() O 2 0(vg, 0y 0,)

1 (12) Oy M
% [mGO ’qop(N_llz)’(r“O l‘loop(N_llz)) ] (i).

. (A1) _ ()3
Noting |900p(N—1/2) = ;\’Hoao Fao laoop(N-lfz) , the above result becomes

— _nogy® B 0P,
90 1 1
2 0(vg,"0,0,)
x[hg o TONE;, (APmg ), 70%, . 'R, kg 2y, 'Q, T

6 ag oy " Ghay ' Oy ag

where recall that Mg, =V(G,—Tg ), I's, =E;, (Gg) and

1 Dy(@) v 1) .
Q, = F((,O)NET% (1((,0)1‘(,) )foo) . Incidentally, under c.m.s. from Ogasawara

0

(2010, Theorem 2), we have N acov{v(G™),a}= N acov{v(i."),a}
and consequently N aCOV{V(é),&'}Z N aCOV{V(ia), '} (ia is the

estimator of the information matrix |a0 per observation). That is, when the
IRT model holds,
{ov(1, )}

A
% oa,

o 'r((llo)Nan (lflt)mGo ') = )\’90 o 'an

with T, =1, =Q,..

(a.2) The third asymptotic cumulant
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n—1/2 _3(tA) — r]3/2 (£)9ET{(CI(1O) ) q(11) b(ll)

op(nfﬂ2) O (Nfl/Z) O (N7]J2)

1 10 10
+(q(() le/Z ) q(o ()n ]JZ) é ()n 1/2 }ﬁ

+3E1, (05 {205 2, 3B, =30 BV, ]

(A)o(n?)

=on Y e{BEy,, (NGLY, 1o 0%, o))

0,(N2)~ 0, (N?)
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~1/2 5 (tA 0) o-1 ~1/2= p(t0 A) o - -1/2= o (tA A) o -1
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where
2(tA) _ ) pay (t0) _ (10) (10)
B _EETao(Nqo (N ”2) 0,(N¥2) ) and B ET9 (nqo (nl’z)bop(nﬂz))

are used.

(b) Studentized estimator t = nm(é —6’())?1/2 under Condition B and
mm.: N=0(n*?) (T =n*?/N =0(1))
The expectation ETaO{(qél:l()N—llz ) }= ET%{(JQ%) Q(Aol)(N—uz )2}

associated with the only added term n~’c ﬁch was given in ﬂz@) of
(a.2.1).

(c) Studentized estimator t"=n"? (é - 9())?1/2 under Condition C and
mm.: N=0(n*) (T~ =n’/N =0(2))
The expectation ETaO{(q(()il()N—HZ )}= ET%{(JQS? Q(Aol)(N—uz )’}

: : “12% o (tA o
associated with the only added term N = C |E|t2) was given in ﬂz(A) of

(a.2.1). Note that the added term is algebraically equal to the that of (b) i.e.,

n V2" g — pYeET g )
C :Bthz = H2 .
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