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A.6 Expectations

A.6.1 Non-studentized estimator ̂

(a) Non-studentized estimator ̂ under Condition A and m.m.:
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(a.1) The first asymptotic cumulant
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The following expressions and similar ones using partial derivatives of 0α

with respect to Tπ , in form, will also be used (see Ogasawara, 2009):
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(a.2) The second asymptotic cumulant
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(a.4) The fourth asymptotic cumulants
1 ( ) 1 ( ) ( ) 2 ( )

4 4 4 4( ).a b cn N c c          

In the following, the definitions of Terms (1) to (14) (see Subsection A.3)
are used. The notation x below indicates that the associated term is a

member of the summarized term x.
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142

1/2 1/2 1/2

1 1 1

1 2

2 (10) 2 (21) 2
T ( ) ( )

(A)

(22) 2 (20) (22)

( ) ( ) ( )
(A) ( ) ( )

{ 6 E [ ( ) {( )

( ) 2 }] }

p p

p p p

O n O n N

O N O n O N
O N O nN

n q q

q q q

  

  

 

 

The first term of Term (6):

1/2 1/2 1/2

1/2 1/2 1/2
0 0 0 0 0 0 00

2 (10) 2 (21) 2 1 ( )
T 4( ) ( )

2 (1) (1) 2 (2) ( 2) (1) ( 1) ( 1) (1) 2
T ( ) ( )

6 E {( ) ( ) } ( )

6 E [( ) {( ' ) } ]

p p

p p

a

O n O n N

a a

O n O n N

n q q N

n l l l      



  

  

  

 

  



  γ l

1/2
0 0 0 0 0 0 00

1 1
0 0 0 0 0 0 0 0 0 0

2 (1) (1) 2 (2) ( 2) 2 (1) ( 1) 2 ( 1) (1) 2
T ( )

(2) ( 2) (1) ( 1) ( 1) (1) (1) ( 1) ( 1) (1)

( )

6 E [( ) {( ' ) ( ) ( )

2 ' ( ) 2 } ], (*)

p

p

a a

O n

a a a

O n N

n l l l

l l l l

      

         

  

   



 

  

    

  

  

γ l

γ l

where the first term of (*) is (
( ) 0m   under m.m.)

1/2
0 0 00

111 (1) 2 (2) 2 (1) 2 (2)
T ( )

(A) (A)21 22

sym.
6 ( ) ' E { ( ) }

pO n

e
N n N l

e e
  
 

  
  

 
γ γ

with 1/2
0 0

(1) 2 2 (1) 2
T 11( )

(A) (A)

( ) E { ( ) }
pO n

n N l e 
 

1/2 1/2 1/2
0 0 0 00 0

0 0
1/2 1/2

0 0 0 0

(1) 2 2 (1) 2 (1) (1)
T ( ) ( ) ( )

(B)(A)

3
2(1) (1) (1)

T 2 ( ) ( )
(B) (A)0 0 0

(1)

=( ) E { ( ) [ '

E ] }
' '

p p p

p p

O n O n O N

O N O n

O

n N l m

l
l

 

 

 







  

 

    
         

α α α

α α

λ Γ l

Γ l
α α

0 0 0 0 0 0 0

0 0

0 0 0 0 0

(0) (1) 2 (1) 2
2

3

(1) (0)
2 T 2

0 0 0
(1)

{ var( ) 2( ) ( cov( , )) } '

6 cov( , ) E
' '

O

n m n m l

l
n m l

   

 

  

 






 

    
         

α α α

α α

λ Ω λ

Ω λ
α α

0 0

0 0

0 0

0 0

3

(0) 2 (1) 2
2 T 2

0 0 0

3

1
T 2

0 0 0

3( ) ( ) E
' '

E ( ),

l

l
O N

 

 

 




 











    
         

    
          

α

α α

Ω
α α



143

1/2
0 0

(1) 2 2 (1) 2
T 21( )

( ) E { ( ) }
pO n

n N l e 
 

1/2 1/2 1/2
0 0 0 00 0 0

1/2 1/2
0 0 0 0

0 0
1/2

0 0 0 0

(1) 2 2 (1) 2 (1) (1) (1)
T ( ) ( ) ( )

(A)

(1) (1)

( ) ( )
(B)

3

(1) (1)
T 2 ( ) (

0 0 0
(1)

=( ) E { ( ) 2 '

[ '

E
' '

p p p

p p

p p

O n O n O N

O n O N

O N O n

O

n N l l

m

l
l

  



 

 







  

 

 



    
         

α α α

α α α

α α

λ Γ l

λ Γ l

Γ l
α α

1/2

(1)

)
(B) (A)

] }

0 0 0 0 0 0

0 0

0 0 0 0 0

(0) (1)
2

3

(0) 2 (1) 2 1
2 T 2

0 0 0
(1)

6 cov( , ) '

6( ) ( ) E ( ),
' '

O

n l m

l
O N

  

 

  




 


 



    
          

α α α

α α

λ Ω λ

Ω λ
α α

and 1/2
0 0

(1) 2 2 (1) 2
T 22( )

( ) E { ( ) }
pO n

n N l e 
 

1/2 1/2 1/2
0 0 0 00 0 0

0 0 0 0 0 0

(1) 2 2 (1) 2 (1) (1) (1) 2
T ( ) ( ) ( )

(0) 2 (1) 2 1
2

=( ) E { ( ) 4( ' ) }

12( ) ( ) ' ( ),

p p pO n O n O N
n N l l

O N

  

  



 

  

  

α α α

α α α

λ Γ l

λ Ω λ

the second term of (*) is

1/2 1/2 1/2
0 0 0

1 (1) 4 2 (1) 2 ( 1) 2
T ( ) ( )

6 ( ) E { ( ) ( ) }
p p

a

O n O n N
N n N l l  

   

 

1/2
0 0

0
1/2

0 0 0 0
1/2

1 (1) 4 2 (1) 2
T ( )

(A)

2
2

(1) (1)

( )
(A)0 0 ( )

6 ( ) E [ ( )

' ]
'

p

p

p

O n

O N

O n

N n N l

l

 

















   
        

α α α
λ Γ l

α

0 0

0 0

0 0

0 0 0 0

2 2

1 (1) 2 (0)
2

0 0 0 0

2 2

1 (1) 4 (1) (1) 2

0 0 0 0

6 ( ) tr cov ,
'

12 ( ) cov , cov , ( )
'

l l
N n

l l
N n l n l O N

 



 

  

 
 


 



 

    
          

    
             

α

α

Ω
α α

Ω
α α

,

where



144

0 0

2 2

1
T T

10 0 0 0

2

2 2
0 0 0 0

cov ,
'

1
( ) ',

n

k k
k

k k k k k

k k k k

l l
n n P Q

P Q P P P

P Q P Q

 

 

 





  
      

    
   

    


α α

α α

the third term of (*) is

1/2 1/2
0 0 0

0 0

0 0

1 (1) 2 2 (1) 4 ( 1) 2
T ( ) ( )

(1) (1)

1 (1) 2 (0) 2 2
2

0 0

6 ( ) E { ( ) ( ) }

18 ( ) ( ) ( ),
'

p pO n O N
N n N l

N O N

  

 



 

 
 

 

 

  



 
 

 
αΩ

α α

the fourth term of (*) is (
( ) 0m   under m.m.)

1/2
0 0

1/2 1/2 1/2 1/2 1/2 1/2
0 00 0 0 0

1 2 (1) (1) 2
T ( )

(2) ( 2) (1) ( 1) ( 1) (1)

( ) ( ) ( ) ( )

12 E { ( )

' ( )}

p

p p p p

O n

a a

O n N O n N O N O n

N n N l

l l

 

    



 



     



  



 γ l

1/2
0 0

1/2 1/2
0 0 0 0 0

1 (1) 2 2 (1) 2
T ( )

(A)

(2) (1) (1)

( ) ( )
(B)

12 ( ) E { ( )

' [ '

p

p p

O n

O n O N

N n N l

m

 

 

 

 



 α α α
γ λ Γ l

0 0
1/2 1/2

0 0 0 0

1/2 1/2
0 0 00 0

3

(1) (1) (1)
T 2 ( ) ( )

0 0 0
(1)

(1) (1) (1)

( ) ( )
(B)

E ,
' '

2 ' ] '

p p

p p

O N O n

O

O n O N

l
l

l

 

 






 

 

    
         

α α

α α α

Γ l
α α

λ Γ l

0
1/2

0 0 0 0 0
1/2

0
1/2 1/2

0 0 0

2

(1) (1) (1)

( )
(C) 0 0 ( )

(1)

(1) (1) (1)

( ) ( )
(C) (A)0

[ '
'

] }
'

p

p

p p

O N

O n

O N O n

l

l



 














 

 
     





α α α

α α

λ Γ l
α

Γ l
α

0

0 0 0 0 0

2

1 (2) (1) (0)
1 2

(A) (B) 0 0

12 [ ( ) { cov ,
'

l
N n m



   



 

     
α αγ Ω λ

α



145

0

0 0 0 0 0 0

2

(1) 3 (1) (1)

0 0

2( ) cov( , ) cov ,
'

l
n m l n l



   


 
     

α αΩ λ
α

0 0 0

0 0 0 0

0

0 0 0 0

2 3

(1) (0) (1)
2 T 2

0 0 0 0 0

(1)

(0) (1)
2

0

3 cov , E
'

3 cov( , )
'

l l
n l

n m l

  

  



 


 

 




       
                 






α

α α

Ω
α α α

Ω λ
α

0 0 0

0 0 0

(1) 3

(0) 2 (1) 2
2 T 2

(B)0 0 0 0

3( ) ( ) E }
'

l  

 

 
 




     
          

αΩ
α α α

0

0 0 0 0 0 0

0

0 0 0 0

2

(2) (1) (0) (1)
2 2

(C) 0 0

(1)

(0) 2 (1) 2 2
2

(A)(C)0

( ) { 6 cov ,
'

6( ) ( ) } ] ( ),
'

l
n l

O N



   



 

 



   

 
     


 



α α

α α

γ Ω λ
α

Ω λ
α

where

0

22 2
1

T T 2 2 2
10 0 0 0

2

2 2
0 0 0 0

1
cov ,

1
,

n
k k k k

k k
k k k k k

k k k k k

k k k k

l P Q P P
n m n P Q

P Q P Q

P Q P P P

P Q P Q



  

 





       
              

    
  

    


α

α α

0

0

2

(1) 1
T T

10 0 0

2

2 2
0 0 0 0

1
cov ,

1
,

n
k

k k
k k k

k k k k k

k k k k

l P
n l n P Q

P Q

P Q P P P

P Q P Q




 

 





  
     

    
  

    


α

α α

0

2
2

(1) 1
T T 2 2 2

1 0 0 0

1 1
cov( , ) ,

n
k k k k k

k k
k k k k k k k

P Q P P P
n m l n P Q

P Q P Q P Q
   





      
   

     


the fifth term of (*) is



146

1/2 1/2 1/2 1/2
0 0 0 0

1 (1) 3 2 (1) 3 ( 1) ( 1)
T ( ) ( ) ( )

12 ( ) E { ( ) }
p p p

a

O n O n N O N
N n N l l l   

    

  

0
1/2

0 0 00
1/2

0
1/2 1/2

0 00 0

2

1 (1) 3 2 (1) 3
T ( )

(A) 0 0 ( )

(1)

(1) (1) (1) (1)

( ) ( )
(A)0

12 ( ) E { ( ) '
'

}
'

p

p

p p

O n

O n

O N O N

l
N n N l



 












 


 

     






α

α αα α

λ
α

Γ l Γ l
α

0 0

0 0 0

2 (1)

1 (1) (0) (1) 2
2

0 0 0

36 cov , ( )
'

l
N n l O N

 

 


 


 

  
      

αΩ
α α .

The second term of Term (6):

1/2 1

1
0

2 (10) 2 (22) 2 1 ( )
T 4( ) ( )

1 (0) 2 (22) 2 ( )
2 T H2( )

given in

6 E {( ) ( ) } ( )

6 E { ( ) } ( ),

p p

p

b

O n O N

b

O N

n q q N c

N c N q



 

 



 

 



 α

the third term of Term (6):

1/2 1 1

0 0 0 0 0 0

0 0 0

2 (10) 2 (20) (22) 1 ( )
T 4( ) ( ) ( )

1 2 (1) (1) 2 (1) (1) 2 (2) ( )
T 1

1 (0) (1) (1) 2 (0) 2 (2) ( ) 2
2 2 1

12 E {( ) } ( )

12 E { ( ) [ ,( ) ] }

36 [ cov( , ), ( ) ( ) ] ( ).

p p p

a

O n O n O N
n q q q N

N n l ml l

N n m l O N

     

  



 

   

  

 

 

   





 

γ

γ

Term (7):

1/2 1/2 1/2 1/2

1 1

1 2

2 (10) (11) (21)
T ( ) ( ) ( )

(A)

(20) (22)

( ) ( )
(A) ( ) ( )

[ 6 E { 2 2

( )} ]

p p p

p p

O n O N O n N

O n O N
O N O nN

n q q q

q q

   

 

 

 

The first term of Term (7):

1/2 1/2 1/2 1/2 1

1/2 1/2
0 00 0

1/2 1/2
0 0 0 0 0 0 0

2 (10) (11) (21) (20) 1 ( )
T 4( ) ( ) ( ) ( )

2 (1) (1) (1) ( 1)
T ( ) ( )

(2) ( 2) (1) ( 1) ( 1) (1) (2)

( )

24 E ( ) ( )

24 E {

( ' ) '

p p p p

p p

p

a

O n O N O n N O n

O n O N

a a

O n N

n q q q q N

n l l

l l

  

      



 

 

    

 

 

 



  





  γ l γ l 1
0

(2)

( )
}, (*)

pO n 



147
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the third term of (*) is (
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the sixth term of (*) is
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(b) Non-studentized estimator ̂ under Condition B and m.m.:
3/2 * 3/2( ) ( / (1))N O n c n N O  

The asymptotic cumulants up to the fourth order are the same as those with
known item parameters except that the following higher-order asymptotic

variance of order
1/2( )O n

for w is added.
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A.6.2 Studentized estimator of ̂

(a) Studentized estimator
1/2 1/2
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ˆˆ( ) It n      under Condition A and
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Only the expectations for the first and third asymptotic cumulants are

shown.
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