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A.3 Asymptotic cumulants of ̂ : Proofs of Theorems 1, 2 and 3

Define
0TE ( )α similarly to

0TE ( )  under p.m.m., where the true

marginal multinomial distribution for 2n response patterns is employed for the
expectation associated with item calibration. Denote the two-fold expectation

0 0T TE {E ( )} α by TE ( ) for simplicity. The notation like
(A) (A)

[ ] is for

ease of finding correspondence.

(a) Proof of Theorem 1 under Condition A:

( ) ( / (1))N O n c n N O  
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n O n

n N c c O n

 



  

  

 

    

  

 

   
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where
( ) ( ) 2 ( )

3 3 3
a bc c      . The terms

1/2 1/2 ( )
3

aN c  
and

1/2 3/2 ( )
3

bN c  
shown above denote the sums of the terms of orders

1/2 1( )O n N 
(given by TE ( ) ) and

3/2 2( )O n N 
(given by

0TE ( )α ),

respectively. Since the constant terms with no expectations in
(A) (A)

[ ] are

0 0

0 0

1/2 (0) 1 ( ) ( ) (0) 1/2 2 ( ) ( )
1 2 1 2 1 2

1/2 1/2 (0) 1 ( ) ( ) (0) 1/2 3/2 ( ) ( )
1 2 1 2 1 2

3 {( ) } 3

3 {( ) } 3 ,

n c n c

N c N c

 

 

       

       

      

      

   

    

the two terms on the right-hand side of the equation are included in
1/2 1/2 ( )

3
aN c  

and
1/2 3/2 ( )

3
bN c  

, respectively.

Define
0 0

* 1
1 1       . Then,

1/2 1/2 1

1/2 1 1/2 3/2 3

3

2 (1) 4 2 2 (1) 3 (2)
4 T 2( ) ( ) ( )

(1) 2 (2) 2 (1) 3 (3)

( ) ( ) ( ) ( ) ( )

3 * * 3 3 * 2 2
1 3 1 2 2 H2 2 1 ( )

( ) [ {E {( ) 3 4( )

6( ) ( ) 4( ) }}

4 ( 3 ) 6 6 ( ) ] ( )

p p p

p p p p

O n O n O n

O n O n O n O n O n

O n

w n q n q q

q q q q

n n n O n

 

       

  

    





   

  

 

    

1/2 1/2 1
0

1/2 1 1/2 3/2 3

2 (10) 4 2 (0) 2 (10) 3 (20)
T 2( ) ( ) ( )

(A)

(10) 2 (20) 2 (10) 3 (30)

( ) ( ) ( ) ( ) ( )

1 (0) (0) 1 (0) (0) 1 (0) (0) 2
1 3 2 H2 2 1

(

[ {E {( ) 3 ( ) 4( )

6( ) ( ) 4( ) }}

4 6 6 ( ) ]

p p p

p p p p

O n O n O n

O n O n O n O n O n

n q n q q

q q q q

n n n

 

     

  

    



  

  

 

  
1A) ( )O n

(the following 9 terms are numbered as Terms (1) to (9))

1/2 1/2

1/2 2 3
0

2 (10) (11) 2 2 (0) ( )
T 2 2 0( ) ( )

(B)

2 (11) 4 2 ( ) 2
T 2( ) ( )

[ {6 E {( ) }}

{ E {( ) 3 ( ) }}

p p

p

O n O N

O N O n N

n q q n

n q n

 



 

 

 

 

 

 α

1/2 1 1/2 1/2

1/2 1/2 1 1 2

2 (10) 3 (22) (10) 2 (11)
T ( ) ( ) ( ) ( )

(21) (22)

( ) ( ) ( ) ( )

{4 E {( ) 3( )

( )}}

p p p p

p p

O n O N O n O N

O n N O N O N O nN

n q q q q

q q

   

    

 

 

1/2 1/2 1 1/2 1/2 1 2

1/2 1 1 2 2 3

2 (10) (11) 2 (20) (21)
T ( ) ( ) ( ) ( ) ( ) ( )

2 (11) 3 (20) (22)
T ( ) ( ) ( ) ( ) ( )

{4 E {3 ( ) ( )}}

{4 E {( ) ( )}}

p p p p

p p p

O n O N O n O n N O N O nN

O N O n O N O nN O n N

n q q q q

n q q q

      

    





 

 
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1/2 1/2 1/2 1

1 1 1 2

2 (10) 2 (21) 2 (22) 2
T ( ) ( ) ( )

(20) (22)

( ) ( ) ( ) ( )

{6 E {( ) (( ) ( )

2 )}}

p p p

p p

O n O n N O N

O n O N O N O nN

n q q q

q q

   

   

 



1/2 1/2 1/2 1/2 1 1 1 2

2 (10) (11) (21) (20) (22)
T ( ) ( ) ( ) ( ) ( ) ( ) ( )

{6 E {2 2 ( )}}
p p p p pO n O N O n N O n O N O N O nN

n q q q q q       
 

1/2 1 1/2 1/2

1 1 1 2

2 (11) 2 (20) 2 (21) 2
T ( ) ( ) ( )

(20) (22)

( ) ( ) ( ) ( )

{6 E {( ) (( ) ( )

2 )}}

p p p

p p

O N O n O n N

O n O N O N O nN

n q q q

q q

   

   

 



1/2 1 2 3
0

2 (11) 2 (22) 2
T ( ) ( ) ( )

{6 E {( ) ( ) }}
p pO N O N O n N

n q q   α

(the following 5 terms are numbered as Terms (10) to (14))

1/2 1/2 1 1

2 (10) 3 (32)
T ( ) ( ) ( )

{4 E {( ) }}
p pO n O n N O N

n q q   

1/2 1/2 1 1/2 3/2

1 1/2 1 2
0 0

2 (10) 2 (11) (31) (33)
T ( ) ( ) ( ) ( )

1 1 ( )

( ) ( ) ( )

{4 E {3( ) (

( ( ) ) )}}

p p p p

p

O n O N O n N O N

O n N O N O nN

n q q q q

n   

    

   

  



 



1/2 1/2 3/2 1/2 1 1 2

1/2 1 1/2 1 1/2 2
0 0

2 (10) (11) 2 (30) (32)
T ( ) ( ) ( ) ( ) ( ) ( )

2 (11) 3 (31) 1 1 ( )
T ( ) ( ) ( ) ( )

{4 E {3 ( ) ( )}}

{4 E {( ) ( ( ( ) ) )}}

p p p p

p p p

O n O N O n O n N O N O nN

O N O n N O n N O nN

n q q q q

n q q n   

      

     



  

 

 

1/2 3/2 2 3
0

2 (11) 3 (33)
T ( ) ( ) ( )

{4 E {( ) }}
p pO N O N O n N

n q q   α

0 0

1 (0) 1 ( ) ( ) (0) ( )
1 3 1 3 3

1 (0) ( ) ( ) (0) ( )
2 H2 2 H2 H2

4 {( ) ( )}

6 { ( )}

n

n

       

    

    

   

   

  

0 0 0 0

1

1 ( ) (0) 1 ( ) 2 (0) (0) 1 ( )
2 1 1 2 1 1

( ) 2 2
1

(B) ( )
1 (0) ( ) 2

4 4

6 { ( ) {2( )

( ) }} ] ( )

( ) ( ),
O n

n

O n

n O n

            



 


     

 

  

    

 

  

where Term (1) is 0 and Term (2) is

2
0 0 0

2
0 0 0

0 0

2 (1) ( 1) 4 ( ) 2
T 2( )

2 2 (1) ( 1) 4 ( ) 2
T 2( )

1 2 3 (1) ( 1)
4 (1)

E [{( ) } ] 3( )

[ E [{( ) } ] 3( ) ]

{ ( )} .

p

p

O N

O N

O

n l

c N l

N c N l

 

 

 

 

 

 





 

 

 



 



α

α
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Define
0 0

(0)* (0) 1
1 1       . Then, the constant term with no

expectations in
(B) (B)

[ ] is

1 (0)* ( ) ( ) 2 ( ) ( ) (0)
1 1 3 3 1 3

1 (0) ( ) ( ) 2 ( ) ( ) (0)
2 2 H2 H 2 2 H 2

1 ( ) (0)* ( ) 2 (0) (0)* ( ) 2 ( ) 2
2 1 1 2 1 1 1

4 {( )( ) }

6 {( )( ) }

6 [ ( ) {2 ( ) }]

a b

a b

n c c c c

n c c c c

n c c c c

     

     

      

    

    

    

   

   

   
1 (0)* ( ) ( ) (0) (0) ( ) ( ) (0)

1 3 1 3 2 H 2 2 H2

( ) (0)* 2 (0) (0)* ( )
2 1 2 1 1

(0)* ( ) ( ) ( ) ( ) ( ) (0) ( )
1 3 1 3 2 H 2 2 H2

( ) (0)* ( ) (0) ( ) 2
2 1 1 2 1

[ {4 4 6 6

6 ( ) 12 }

{4 4 6 6

12 6 ( ) }

a a

b a a b

N

c

       

    

       

    

    

 

     

  

    

 

   

 
2 ( ) ( ) ( ) ( ) ( ) ( ) 2

1 3 2 H 2 2 1{4 6 6 ( ) } ]b bc             

(note that
1 1 1n N c   and

1 1N n c  ).
The above results are summarized as

1 (0) ( ) 2
4 4 4

1 (0) 1 ( ) ( ) 2 ( ) 2
4 4 4 4

( ) ( ) ( )

( ) ( ).a b c

w n O n

n N c c O n

  

   

  

     

  

    

The terms, except Term (2), other than the constant terms are included in
1 ( )

4
aN  

for the terms of order
1( )O N 

,
1 ( )

4
bN c 

for the terms of order
2( )O nN 

, and
1 2 ( )

4
cN c  

for the terms of order
2 3( )O n N 

. The

cumulant term or Term (2) is included in
1 2 ( )

4
cN c  

. The constants have

terms included in
1 ( )

4
aN  

,
1 ( )

4
bN c 

and
1 2 ( )

4
cN c  

.

(b) Proof of Theorem 2 under Condition B:
3/2( )N O n

* 3/2( / (1))c n N O 
From (A.2), the following results giving Theorem 2 are obtained.

1 1
0 0

1 1
0 0 0 0 0

1/2 (2) 1 1 1
1 T ( ) ( )

1/2 (2) (2) 1/2 1 1
T ( ) ( )

1/2 (0) 1
1

( ) {E ( ) ( ) } ( )

[E {( ' ) }] ( )

( ),

p

p

O n O n

O n O n

w n q n O n

n n O n

n O n

 

    

  

 



 

 

  

  

 

  

  

 

γ l



110

where 1
0 0 0 0 0

(0) (2) (2) 1 ( )
1 1 T 1( )

E {( ' ) } ( 0)
pO n

n         

    γ l

(the order of the residual is not
3/2( )O n

but
1( )O n

, which is due to the

term of order
1 3/2( ) ( )p pO N O n  in (A.2)).

1/2 1/2 1
0 0

1/2 1 3/2

(10) 2 (1 ) 2 (20) 2
2 T T T( ) ( ) ( )

(10) (20) (30) 1 (0)* 2 3/2
1( ) ( ) ( )

( ) E {( ) } E {( ) } E {( )

2 ( )} ( ) ( )

p p p

p p p

a

O n O N O n

O n O n O n

w n q n q n q

q q q n O n

 



  

  

 

  

   

1
0 0 0

(0) (1) ( 1) 2 1 (0) 3/2
2 T H 2( )

(0) 1/2 ( ) 1 (0) 3/2
2 h2 H 2

(0) 1/2 * ( ) 1 (0) 3/2
2 h2 H2

E [{( ) } ] ( )

( )

( ),

pO N
n l n O n

n n O n

n c n O n

   

  

  



  

   

   

   

   

   

α

where 1
0 0 0

( ) 3/2 (1) ( 1) 2 * ( )
h2 T h2( )

E [{( ) } ] (1) 0
pO N

n l c O   

     α and

(0)
2 2  (the order

3/2( )O n
rather than

2( )O n
of the residual is due to

1/2 1/2 5/4

(2 ) 2

( ) ( )
{( ) }

p p

a

O n N O n
n q    ).

1/2 2
0

1/2 1 2 1/2
0

3/2 (10) 3
3 T ( ) ( )

(10) 2 (20) 2 (0)* (0) 1
T 1 2( ) ( ) ( ) ( )

1/2 (0) 1
3

( ) [ [ {E {( ) }}

3E {( ) }} 3 ] ] ( )

( ),

p

p p

O n O n

O n O n O n O n

w n q

q q n O n

n O n







 



 

   

 

 



  

 

where
(0) ( )

3 3 3( 0)     (the order
1( )O n

rather than
3/2( )O n

of

the residual is due to
3/2 5/2 (0) ( )

1 h2( 3 )n n    and

1/2 1

3/2 (1 ) 2 (20)
T ( ) ( )

3 E {( ) }
p p

a

O N O n
n q q  ).

Denote temporarily the expressions
( )

( )pOq 
 by

( )q 
. Then,

2 (1) 4 (1) 2 (1 ) 2 (1 ) 4 (1) 3 (2)
4 T

(1) 2 (2) 2 (1) 3 (3)

( ) [ E {( ) 6( ) ( ) ( ) 4( )

6( ) ( ) 4( ) }

a aw n q q q q q q

q q q q

    

 

3

2 (0) 2 5/2 (0) ( ) 3 (0) (0) 3 ( ) 2
2 2 h2 2 H 2 h2

3 (0)* (0) 3 (0) (0)* 2 3/2
1 3 2 1 ( )

3 ( ) 6 6 3 ( )

4 6 ( ) ] ( )
O n

n n n n

n n O n

     

    

     

  

   

  
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0 2 0 3( ) ( )

0 3( )

0 3( )

2 (10) 4 (10) 3 (20)
T T

(A) (B)

(10) 2 (20) 2 5/2 (0) ( ) 3 ( ) 2
T 2 h2 h2

(10) 3 (30) 2 (0) 2 5/2 (0) ( )
T 2 2 h2

[ [ [E {( ) }] 4[E {( ) }]

6[E {( ) ( ) }] 6 3 ( )

4[E {( ) }] 3 ( ) 6

O n O n

O n

O n

n q q q

q q n n

q q n n

 





  

  

 





   

  

 

  

  

1

3 ( ) 2 3 (0) (0) 3 (0)* (0)
h 2 2 H2 1 3

3 (0) (0)* 2 3/2
2 1

(B) (A) ( )

1 (0) 3/2
4

3 ( ) 6 4

6 ( ) ] ] ( )

( ),

O n

n n n

n O n

n O n

    

 





   

 

 

  

 

 

where the sum of the underscored terms is zero, and
(0) ( )

4 4 4( 0)     .

(c) Proof of Theorem 3 under Condition C:
2( )N O n

** 2( / (1))c n N O 
From (A.3), the following results giving Theorem 3 are obtained.

1 1
0 0

1 1
0 0 0 0 0

1/2 (2) 1 1 3/2
1 T ( ) ( )

1/2 (2) (2) 1/2 1 3/2
T ( ) ( )

1/2 (0) 3/2
1

( ) {E ( ) ( ) } ( )

[E {( ' ) }] ( )

( ),

p

p

O n O n

O n O n

w n q n O n

n n O n

n O n

 

    

  

 



 

 

  

  

 

  

  

 

γ l

where 1
0 0 0 0 0

(0) (2) (2) 1 ( )
1 1 T 1( )

E {( ' ) } ( 0)
pO n

n         

    γ l .

1/2 1

1/2 1 3/2

(1) 2 (2) 2
2 T T( ) ( )

(1) (2) (3) 1 (0)* 2 2
1( ) ( ) ( )

( ) E {( ) } E {( )

2 ( )} ( ) ( )

p p

p p p

O n O n

O n O n O n

w n q n q

q q q n O n





 
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where the sum of the underscored terms is zero, and
(0) ( )

4 4 4( 0)     .

A.4 Asymptotic cumulants of the studentized ̂ : Proof of Theorem 4

under Condition A: ( ) ( / (1))N O n c n N O  

Define the asymptotic cumulants ( 1,...,4)tk k  and the higher-order

asymptotic variance H2t with the associated quantities for t, which are

independent of n, in the following equations.
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A.5 Partial derivatives

A.5.1 Partial derivatives associated with the non-studentized ̂ under
m.m.

Note that under m.m. T ( 1,..., )kP k n are assumed to be not functions of

α . Define
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 indicates the sum of two terms replacing P by Q with other
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On the other hand, since T ( 1,..., )kP k n under c.m.s. are functions of α ,
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For 0
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γ , no partial derivatives are required since 0
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γ is not expended.
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α was given earlier while
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α depends on the

functional form of
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A.5.2 Partial derivatives associated with the non-studentized ̂ under
c.m.s.

Note that under c.m.s. T ( 1,..., )kP k n are functions of α . The results

different from those in Subsection A.5.1 are only for 0
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A.5.3 Partial derivatives when the 3PLM is employed in Subsections A.5.1
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Table A1. Simulated and asymptotic standard errors of the studentized ̂
when the 2PLM holds, where the item parameters are known or estimated
by MML (n = 50)

Standard error 1/2 1/2
0 2

ˆˆ( ) It n     

0 0

* 1/2 1/2
0

ˆ ˆ( )t n i  α α Estimated item parameters

Known item parameters N = 500 N = 1,000

SD(t0) ASE(t0) HASE(t0) SD(t1) ASE(t1) SD(t1) ASE(t1)

 = -1 ML

BM

WL

.989 1 .999 1.044 1 .984 1

.897 1 .883 .946 1 .889 1

.987 1 1.000 1.043 1 .983 1

 = 0 ML

BM

WL

1.006 1 .992 1.055 1 .996 1

.938 1 .916 .979 1 .924 1

.993 1 .978 1.043 1 .984 1

 = 1 ML

BM

WL

.996 1 .992 1.016 1 .964 1

.932 1 .919 .949 1 .899 1

.980 1 .976 1.002 1 .950 1

 = 2 ML

BM

WL

.976 1 .981 .995 1 1.014 1

.893 1 .866 .914 1 .929 1

.956 1 .953 .979 1 .997 1

Note. SD(t0) (SD(t1)) = the standard deviation from simulations, ASE(t0) =

0

(0) 1/2
2( )i , ASE(t1) = 1/2 1 1/2

2 2 2( )t I    , HASE(t0) =
0

(0) 1 (0) 1/2
2 H2( )ti n 

( 0) 2 1 (0) 1/2
H2{(ASE ) }t

tn   , HASE(t1) =
0

1 (0) 1/2 ( 1) 2 1 (0) 1/2
2 H2 H2( ) {(ASE ) }t

t t ti n n      .

Under c.m.s., ASE(t0) = ASE(t1) = 1 and HASE(t0) = HASE(t1) = 1 (0) 1/2
H2(1 )tn  . The

0
îα in

0

*tα is given by ̂ and known 0α (
0

*tα and
0

îα should not be

confused with
*t and î using ̂ and estimated α̂ in the text pages). The

numbers of deleted cases are the same as those of Table 2. See also the footnote
of Table 1.
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Table A2. Simulated and asymptotic biases of the studentized ̂
when the 2PLM holds, where the item parameters are known
or estimated by MML (n = 50)

Bias
0 0

* 1/2 1/2
0

ˆ ˆ( )t n i  α α
1/2 1/2

0 2

ˆˆ( ) It n     

Known Estimated item parameters

item parameters N = 500 N = 1,000

Sim. Th. Sim. Th. Sim. Th.

 = -1 ML

BM

WL

-.09 0 .10 .02 -.26 .01

2.05 2.33 2.23 2.36 1.92 2.34

.40 .47 .56 .50 .20 .49

 = 0 ML

BM

WL

.04 0 -.12 .00 .04 .00

.06 0 -.10 .00 .05 .00

.32 .30 .15 .31 .31 .30

 = 1 ML

BM

WL

.03 0 .68 -.02 1.18 -.01

-1.71 -1.86 -1.12 -1.88 -.68 -1.87

-.16 -.20 .49 -.22 .99 -.21

 = 2 ML

BM

WL

.00 0 .72 -.06 1.74 -.03

-4.16 -4.61 -3.44 -4.66 -2.58 -4.63

-.73 -.76 .03 -.82 1.04 -.79

Note. Sim.= n1/2 times the simulated bias, Th. = 1t (n1/2times the

theoretical or asymptotic bias). See also the footnote of Table 1.
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Table A3. Simulated and asymptotic third cumulants of the

studentized ̂ when the 2PLM holds, where the item parameters
are known or estimated by MML (n = 50)

Third cumulant
0 0

* 1/2 1/2
0

ˆ ˆ( )t n i  α α
1/2 1/2

0 2

ˆˆ( ) It n     

Known Estimated item parameters

item parameters N = 500 N = 1,000

Sim. Th. Sim. Th. Sim. Th.

 = -1 ML

BM

WL

1.14 .95 1.74 1.18 .62 1.06

.92 * 1.36 * .50 *

1.18 * 1.80 * .67 *

 = 0 ML

BM

WL

.23 .60 .28 .67 1.14 .64

.29 * .31 * 1.00 *

.11 * .14 * 1.00 *

 = 1 ML

BM

WL

-.29 -.41 .10 -.58 -.69 -.49

-.20 * .16 * -.52 *

-.24 * .13 * -.63 *

 = 2 ML

BM

WL

-1.49 -1.52 -1.78 -2.17 -3.20 -1.85

-1.04 * -1.19 * -2.28 *

-1.32 * -1.57 * -2.93 *

Note. Sim.= n1/2 times the simulated third cumulant, Th. = 3t

(n1/2times the theoretical or asymptotic third cumulant).
See also the footnote of Table 1.
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Table A4. Simulated and asymptotic fourth cumulants of the

studentized ̂ when the 2PLM holds, where the item
parameters are known or estimated by MML (n = 50)

Fourth cumulant
0 0

* 1/2 1/2
0

ˆ ˆ( )t n i  α α
1/2 1/2

0 2

ˆˆ( ) It n     

Known Estimated item parameters

item parameters N = 500 N = 1,000

Sim. Th. Sim. Sim.

 = -1 ML

BM

WL

-1.18 .49 -13.31 -6.73

.51 * -7.76 -3.26

-1.94 * -14.07 -7.54

 = 0 ML

BM

WL

-3.33 -4.23 -12.84 4.33

-2.57 * -9.51 3.49

-2.83 * -11.75 4.22

 = 1 ML

BM

WL

-4.23 -4.65 -.39 2.03

-3.02 * .58 1.72

-4.06 * -.42 1.71

 = 2 ML

BM

WL

-8.31 -8.00 -3.04 10.10

-4.71 * -.58 8.12

-6.67 * -2.04 10.42

Note. Sim.= n times the simulated fourth cumulant, Th. = 4t

(n times the theoretical or asymptotic fourth cumulant).
See also the footnote of Table 1.


