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A.2 Expansions of T¢. and iéf) (k=1,2,3)
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A.3 Asymptotic cumulants of 6 : Proofs of Theorems 1, 2 and 3

Define Ex, () similarlyto Erg () under p.m.m., where the true

marginal multinomial distribution for 2" response patterns is employed for the
expectation associated with item calibration. Denote the two-fold expectation

ETBO{ETaO ()} by E;() for simplicity. The notation like (/E)'(/l) is for

ease of finding correspondence.

(a) Proof of Theorem 1 under Condition A:
N=0(M)({C=n/N=0())
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Recall W=n"*(0—6,). Then, from (A.1) the following results are

obtained and give Theorem 1.
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n (A — A -2 Ab) 1/2 1/2 A
where B =TBY +T?B*  The terms N 8 and

-1/2=3/2 Ab
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0)* 0
Define B =B + 190 Mg, - Then, the constant term with no

expectations in [ ] IS
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The above results are summarized as
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(b) Proof of Theorem 2 under Condition B: N = O(n*?)

(T =n**/N=0())
From (A.2), the following results giving Theorem 2 are obtained.
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(c) Proof of Theorem 3 under Condition C: N =0O(n?)
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From (A.3), the following results giving Theorem 3 are obtained.
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B (0) + ﬁng ,BH » , and the underscored term after taking the

expectation leaves only the quantity associated with ,BHZ

W) = [ W LEAQE, ) P
+3ET{(C|(1)( 12 )Zq((DZ)(n—l)}}o(n_z 3n_2 (O)* (O)] ] o(nY2) +O(n 3/2)
:n—1/2 (0)+O(n—3/2)

where E-{}=E1, {} and B;=5;" (B =0).

Using simple notations like q(l) :
i, (W) =n’[E{(a™)* +4(0")°q"® +6(9™)*(q"”)* +4(q”)’q"®}
302 (B) —4n B BV —6n B (B + BL3)
~6n B (B 1, e +O(N2)
=[W°L[Er @), +4[E, {@") '™},
+8Er L) (@)Y, +6n BB
+ 4[ET@0{(Q(10))SQ(3°)}]
60 B (B + Bi) 60 BB 110 +O(N7)
=n"'B,” +0(n?),

. 0
where the sum of the underscored terms is zero, and ﬁ4 ,345 ) (,B(A) 0).

73)

o3

=3B 4B B

A.4 Asymptotic cumulants of the studentized é: Proof of Theorem 4
under Condition A: N =0(n) (CT=n/N =0(1))

Define the asymptotic cumulants By (K =1,...,4) and the higher-order

asymptotic variance By, with the associated quantities for t, which are
independent of n, in the following equations.
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k() = N HE (M) = 2,10, B )3+ O(N?)
=B By + Er(n0D) D e )} O(N)
- n_llz{ﬁ_lﬁ_z_lll2 + ETQO (nqélo()n—llz)bc()lo()n-l/z))

+ EET% (Nq(ll) pHb )}+ O(n‘3’2)

0,(N"2)70,(N?)
=n (BB, + B + B +O(n )
=2 (BB, + B +T W) +O ()
_ n—1/2ﬁt1 n O(n—s/z)
_n Y2 (,81,8 g2 ﬁl(w)) +N _1/251/2,81(m) +O(n‘3’2),

-1/2 4 -1 n-12 . . . =112 o n-12
where the term —N" A, 1, By~ isincludedin N7 BB, .

Let By =PBu+ }*;7790 B Then,
() = EAN(QY o) HBs + NS, )’
&) 2) £® ) 2
+2t0 ‘1/2)(t0 (n _1) O (n_3/2))}]0(n—2) n (ﬁtl) +O(n )
= BoBoi + n[EAS )" + 205 oy (07 o) + 0 02 3B0
~N (BB ") g ey TO(NT) (recall that B, = B, + 25, 105,)

+N (£) ETQO{(q(lO) (10) ) + 2q(10) b(lO) )q(20) _2_|l/2}

0 (n 1/2) o) (n 1/2 0 (n71/2) op(n71/2 Op(nfl)

+ET{(q(10) ptb ) +(q(11) p0) ))2

0 ( 71/2) 0 (N 1/2 0 (N 1/2) 0 (n -1/2

(10) (10) (11) (11)
+4qo S(n” 1/2)bO (nfl/z)qo (N 1/2)bo (N 1/2)

+2( (q(10) p + q(11) H0) e )q(21)

0 (n 1/2) 0 (N 1/2 0 (N 1/2) 0 (n 0 (nfl/ZNfl/Z)

(10) (10) (22) (11) W g g1
+ qop(n—l/2) ) (n—l/Z)qop(N—l) +qo (N—]./Z)bo (N—1/2) 'e) (n—l))ﬂ }

_I_ET%{(q(ll) b(ll) )2 + zq(ll) b(ll) )q(22) 2—|1/2}

0 (N 1/2) 0 (N—l/2 0 (N—l/Z) 0 (N—l/Z op(N—l)

113



V2B ) PO V428, G
+2 ETOO{(q(lo) )2 b _1)}[32 V2 | 9 [0g® | g | pey

0, (n"2)7 T, (n 0, (n"¥3) o, (N2) 70, (n2N2)
+(q((310() _1/2 ) b(()22()N )+(q(()11()N—1/2 )2 C()20()n_1)}ﬂ—1/2
+2n (B + B{V) B,
(n 2" By 1y N1 B OBar yay j
2 06, *°° 2 oa,"
_|_2 ET(90 (q(lo) b(ZO) (10) )ﬁ n-1/2

'e) ( —1/2) 0 (n—l) 0 (n—l/2)

+2ET{q(10) (q(21) b(ll) +q(22) b(10) ))

Op(nfl/Z) 0 (n 1/2Nfl/2) 0 (N 1/2 o (Nfl) 0 (n—l/2

1) (21) (10) (200 p(11) =112
+ qop(Nl/Z)(qo (nfl/ZNfl/Z)bO (n—l/2 +qo (nil)bo (N 1/2 )}ﬁ

+2 ET% (q(ll) i )q(22) b(ll) )ﬁ—l/Z 2n 1/100 7700

op(N 1/2 0 (Nfl) 0 (N 1/2

-1/
X{ETGO (qélo()n—l/Z) élo() _1/2)) + ET(l (qéll()N—]./Z) éll()N—l/Z))}ﬂ Y ]
(A)o(n?)
_ * _ 5* 5 -1/ _
B+ (B +O(n )

= B,B, +n" BB +0 7 B,Y +0(n )
_ﬁz_ +n ﬁtH2+O(n_2)
= ﬁt2 +n :BtHz +O(n_ ),

where N Bz =n[-1-n"(B)*+n7 (BB, ° )
(A) (A)

K3 (t) = n3/2[ {E'I—{(‘télp)(nl/z))3 + 3(télp)(nl/2))2té2p) nfl)}}o(n*Z)
- 3n_23£.gtz]o( U2y + O(n_S/z)
- nSIZ[ET{(q(l)( —1/2 ) +3(q(1)( —1/2 ) q(Z)( —1 } 3n_2ﬁl ﬁZ] o(n —2 _3/2
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note that B, = B, + A, 7, and
—1/2 > a-12 (t0) . 7 (tA) 1 12
,8 ﬁtl + 2*90 Mo, P2 =Py BB+ 2*90 Mo, Pa

n-1/2 0 A
:,81182| +ﬁ1(t)+18(t)
312 10 10 -1 -2 n(t0)
+N [BETOO{(qép()nllz ) b(() () el -3n 1(t )ﬂtZ]O(n2)
3/2 0
+n [9ET{(qélp()n_l/2)) qélpl()N—IIZ)béll()N—l/Z)

11 10 10
+ (qu()N_l/z ) CIé ()n—lIZ) C() ()n—l/z }ﬁ

310, {0 2, B0 e Bt =30 BV Bz Ty +O(07)

N (BB + BV + BI) +O(n )
n—1/2ﬁt3 + O(n—S/Z).

K4 (t) = n2[ {ET{(télp)( *1/2 ) - 3n_2ﬁ2 B. + 4(t(()1)( -1/2 )Stézp)(nl)
) (2) @ (3)
+6(t )P ) 4(to 02 o
o 4n_3ﬁ_t1ﬁt3 o 6n_3ﬁt2ﬁtH2 o 6n_3ﬁt2 (:Bu) ]O(n‘3) + O(n_z)

——3/2 0 n R R A 0
(note that B, = BB, + B0 + B and By, = BBt + B ™)

2 @ 4 202 @ 3 ~(2)
=N [{ET{(qop(n—l/Z)) _3n ﬁZ +4(qop(n—1/2)) qu(n‘l)
1) 21 ~(2) 2 (1) 3 ~(3)
+6(qo ( *1/2 ) (q ( *1 ) +4(qo ( *1/2 ) qo (n,3/2 }}O(n’3)
407 B. By~ 60 BBy~ BB 1oe, Bl +O(N )
o (/E> T90{4(qé1:<)n1’2>) bc(>1p0()n”2>ﬁ2'3/2 +6(qé1:’()n1,2)) (bélo()n 1’2>) 2

(10) 34 (10) (20) g -3/2
+12(0g y2)) g (9205 1y P
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+A(A )

0, (n" v2)
n —3/2 n n—3/2 n
b(20) n—l 21 0 21 /1—1 i N—l ﬂm 8ﬂ2, - —3/2
(0] n_l 00 7700 1 aonao
() 2 00, 2 da,
(10) 3/ ~(20) -147-1 (10) —3/2
+ 4(q0p(n‘l’2)) (qu(n‘l) —N (2N n9o)b0 (n—1/2) }

+ET { 16(q(1°), )3q(11) ) b(11) 2—|3/2

(B) Op(n 1/2) Op(N 1/2) e (N 1/2

+ 280057 o) 0y ey (00 ) +BG )) B

O (N—l/2 0 (N—l/z

(11) (10) (10)  7-3/2
+16(qop(N1/2 ) qo (nl/Z)bop(nl/Z) 21

+6(qélpo()n—llz)) (béll()N 1/2)) Ez_ll + 6(q(()11()N—1/2)) (bélo()n—llz)) ﬁ_Z_I1
+36(q((310()n—1/2 ) (qéll()N—llz )2{(bc()10()n—1/2 ) + (11()N 12y ) }ﬂz_l1
+24q(10) (11) {(q(10) ) + (q(ll) ) }2b(10) b(ll) 2—|1

o) (n 1/2 O (N -1/2 0 (nfl/2 ') (Nfl/Z) o) (nfl/Z) o) (Nfl/Z)
(10) (10) (22) (11) (21) =302
+12(qo ( —1/2)) (bo (n—l/Z)qo (N—l) + bo (N—l/Z)qO (n—l/ZN—l/Z))ﬁ

(11) w w g =_3/2
+12(q N 1/2)) (bo (N 1/2) 0 (n—l) +bo (n—l/Z) o) (n—l/ZN—l/Z))ﬂ

(10) 11) (10) (10) (21)
+36qop(n 1/2)q N -1/2 (qo (n 1/2) 0 (n l/Z)qop(nfl/ZNfl/Z)

(11) (11) (21)
+qop(Nf1/2) Op(Nfl/z)qO (n’llzN’”Z)

(10) (11) (22) (1) (20) (20) n —3/2
+ qo ( 71/2)b )q + q b )ﬂ

0,(N)To, (N~ Ho (N2 70, (n?) % ()
(10) (22) —3/2 (11) (20) —3/2
+4(qo (n—l/Z)) bo (N—l) +4(qop(N—l/2)) bo (n—l)
(10) (11) (10) 2 (11) (21) =32
+16qo (n—1/2 0 (N—l/2 {(qo (n—1/2)) +(qop(N—l/2 ) }bo (n—1/2N—l/2 21

0 (n—l/Z) 0 (N—l/Z) 0 (n—l) 0 (N—l)

+24(q(10) (11) ) ( b(20) +b(22)

n—l ﬁ_2_|3/2 aﬁ_ZI 2“_177 -I—N_l ﬁ_2_|3/2 aﬁ_2| A—ln n —3/2
2 06, *" 2 da,' )
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+4(q(10)7 )3(q(22) b(10) . Jrq(21) b(11) )ﬁ—s/z

0 (n 1/2 0 (N ) 0 (n -1/ 0 (n 1/2N 1/2) 0 (Nfl/Z

(11) CORINGEY (21) h(0) =_3/2
+4(q N 1/2)) (qo (n—l) e (N—l/Z) +qo (n—l/ZN—l/Z) 0 (n—l/Z))ﬁ

+12(q(10) ) q(11) {(q(ZO) (22) _ n—l/le—o 776)0)b(11)

op(n—l/Z) Op(N -1/2 0 (n—l) O (N—l) ) (N—l/Z)

(21) (10 5 -3/2
+ qo (n v2) 1/2) o) (n —1/2 }ﬁ

(11) 2 _(10) (20) (22)  _ a-1g- (10)
+12(q N 1/2)) qop(n—I/Z){(qop(n—l) + qo (N—l) n 9 n@o)bo (n—1/2)
(21) (11) =312
+ qo (n—l/ZN 1/2)bo (N—l/Z }ﬁ (})
B
(12) (11) S -3/2 (12) (11) 2 71
+ETa0{4(qo (Nfl/2 ) bo (N—l/2 ﬂzl +6(qop(Nl/2)) (bo (N 1/2 ) ﬁzl
11 11 22 n 312
+12(q( )N 1/2)) b( ) _1/z)q( ) Iy

0, (N 0,(N)
(11) 4
+4(qo (N 1/2 )

7-32 An 7-32 AN
_ 0 _ a2 B, 0B _ _
b(22) +n 1 M2l 21 /101779 + N 1 M2l 21 a na ] 3/2
[ (0] (N ) 2 890 0 0 2 8(10 0 0
HAO5 o)) (O3 = N7 15, )05, e o™ }

-4 2{(BL + BB+ BB (B + B}
-6n BB,
o (B + L)
BB B+ BB, 1 +0(n)

(Aon®)
=n"(B,B, + B*Y)+0(n?)
=n"'B,+0(n?).
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A.5 Partial derivatives

~

A.5.1 Partial derivatives associated with the non-studentized € under
m.m.

Note that under m.m. PTk (k =1,.., n) are assumed to be not functions of
a . Define

EO (0,,6,) = n_li{uk logP +(1-U,)Q.}

ol,

@ _,, O _ -1 7 6

(a.1) yeo |90 =7V |90 __190 890
(A1) . 87(52) _ 519‘01 20, 0 aZEO
Yoo - A =7 =4 = Ao = Erg| 552
’ oa, oa, ° Oa, ° oo, |\ 00;

2 N
0 n 1 (6P 1 6°P
:l_z—n_l P _ K + k 9
% ba, 2. 2 P P’ [aeoj P. 967

N2 2 2
g gallz(z] el
1 P P06, ) R’ 06y | da,

2 0P 9%R, L o°P,
P? 06, 00,0a, P, 06%0a, |

2

where P%;) indicates the sum of two terms replacing P by Q with other

summations, shown later, defined similarly. Note that under c.m.s., the above
result becomes

2
:%zn_lii %(@j 1 azpzk oP, 2 9B, O°P,
Todr)| | BOL06, P, 00y | da, B 06, 06,0a,

On the other hand, since P (K =1,...,n) under c.m.s. are functions of @,
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2 O

2
a n 2
=1°—n" - =k
’ ao‘o * da, kzlll%){ (80 ] }
2 ZZ ) R, 2 R, O°R,
o ae da, P, 00, 00,0a, |

which is different from the former result under m.m.

<2>
(AAD) . 627/‘53) —_2/13(6100] + )72 62}“90

0y : (aa0)<2> - 8(10 0, (aa0)<2>

aﬂ,g <2>
_ _2& o
oa,

2 <2>
_ oP, 2 0°P oP,
— P 00, ) P2 oo [| oa,

L4 apkz o°P, Z o R
"R a8, aao 808(10 P4 aao 89028(10

J2(mY_1oR| oR
P’loo,) P2 00 [(00,)”
2 (R ) R R | 1 &R
B2 |\ 06,00, ) 06, 06,(00,)7 [ P, 067 (Bae)” |

2, U, 0P,

_n_lz“: U 1R R 1 R
< P2 oe, aao P. 80,00, )
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o’l, 2 2 P (P )
IéoAAbl) 00 @9 <2> =N B Z Uk 3 k( kj
,(Oa,) =R P’ 06, |\ da,

_i Zzlapk ® aZPk aP 82P N 1 a3Pk
sz ® a(lo 8006(10 80 (aao)<2> Pk 890(8a0)<2> ’

— <3>
| (aAabI) . @4| _ § ZZ: 6 OP, [ OP,
% 00, (aa0)<3> =iy " P* 00, | o,
(Q,1-U)

3 <2> 2 2
%Z ® 0P, +8Pk OP, ® 0 sz
3 aao 00,0a, 00, 0a, (0a,)™"
i o°P, 0°P, % 0°P,
= 8(10 890(6a0)<2> 00,00, (0a,)*
LB R } 1 8P }

_|_
726, (0ag)™ | P 06, (00,

where the corresponding expectations are given by replacing U, with
Pr (kK =1,...,n) 'which hold in the following similar results.

27 o°T or (ol Y
’Y(gz)'|(92) /1 2 _ Moy E., 9§ m | 0
@2) ‘% 2 | 0g° 00,'| a0,

o7,
recall m=——=>-4,
00, !
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(a2) . ay(ei) og- 3/19_04 5‘3|90 8/190
O e ae | e
o, 0 a,
+ O—AQ_OBi a3|90
"2 da, '*| 06|

3
0 2 (P, 3 0P, 0°P, 1 &°P
=—N P S + k
ZZ TK{P?’( j PZ 06, 06; P, 65
_ oy ZZ: 5 i 6 0P, 0°P, 1 O°R | &R,
" P P3 00, 007 P2 06? | da,
3 0°R | 0°P,
P 502 00,0a,

3R &R LA 0*P,
P? 06, 06 0a, P, 0600, |

I(Aa2) I(AbZ) I(AAaZ) I(AAbZ) I(AACZ).
] ) 9 ] "

om o, o, &, 02y,
N 0, 0060, Oa,' 00;0m, 'SIVENDY g shown

earlier with Py replaced by U, :

o, 2 P\ 1 0%P
2
2 - Z Z Ui + 2k
0070a, 8(10 00,) P, 6,

k=1 P,
(Q1-V)
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L

2 oP,

00,

2
_kj_
0

1 0°P

oP,

P’ 06;

o°P, 1

|

oa,

O°P,

P? 66, 00,00,
o,

o°m

P, 0620,

|

02,

and in (90,.)” - ET@O[
o'l
[

067 (aaorbj
n‘lZ Z e

i+

oR,
00

_|_

002 (00,) >

2
kj+
0

j_

2 0°P

(aa0)<2> ,

<2>

oP,

P2 967
1 0P,

|

oa,

o°P,

i 4 R, R o O°R
=\ P’ 26, 6‘(10

1 0°P

aeoaao B

P’ Oa,
0° P,

foif+a

sz 00,

o°P, oP,

(aa0)<2>

o°P,

00204,

1 'R

<2>
+
00,0a, j

#

00, 00, (0a,)™>

122

}+

P 007 (0a,)

}.



(@.3)
()]

yeo 6o
3 i Ay
A7 _ A _
- ;0 {Ey, (ISHY +%ET%(J§”),

] 50Ny
{/19027790, /1902 p 060 - E TGO(.I 3))7790 }}
0

— — \2
ol ol ol

x| m2—% m| =% (3) _ i) % |
50, (59] Ao —Eqrg, (o )}(590]

— 3 — l
G I N
00, 00,

(3) i . i i (3) .
For 7g, , no partial derivatives are required since Vg, is not expended.

I(Aa3) I(AbS) I(ACS).
6 ! ) :

o |0l ol
In oa,, 595) - T 5903 , the following is required and is given

3
0 e o°ly,
by oa,, T6y @95‘» shown earlier with Pry replaced by U,
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o'l _ 9 e ZZZ L )2(em 3 0R o°p, , 1 %R,
00200 oo, & “1P3\00,) P?a0, 007 P, 06;
JRLI 6 (oP.) 6 oP &P, 1 &°P |oP
=2 2 Vo a0 | TRiae oot R o6 [ e
k:1(QF,)]:—U) k 0 k 0 0 k 0 0

2 2 2 3 4
6(RY_3R| AR 3R R 1 0
Pi\ 06, ) PZ a6 (06,00 PZ o6, 06%00 P, 06070 |-

)(A)

82,90 67790
The required was given earlier while depends on the
d oa, g oa, 9P

@4) (A,

functional form of Tl .

~

A.5.2 Partial derivatives associated with the non-studentized € under
c.m.s.

Note that under c.m.s. Pr.(K=1,...,n) are functions of . The results

k
different from those in Subsection A.5.1 are only for 7(90) (k=1,2),

ol,

Q@ _ ., 0@ _ -1 76

(a.1) To, |90 = 7o, |90 __2“90 800
(A1) . 87(5? _ aﬂ‘e_ol _ a2 ‘%“00 .2 O @ZEO
Yo, - = =4 = A E, 2
’ oa, oa, ° Oa, ° oo, | 06,

2
0 ey _L(ﬁj
* oa, 3 r | R \06,
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oSS P\ P, 2 R &R,
k=1 P(Q) PZ 39 da, P 00,000,000, |

<2>
(AAl) . azyél) — _21—3 aﬂ’@o + 1—2 82/190
| aao " (0ap)”

<2> 2 <2>
] g
° | oa, k2l P(0) 00 oa,
L2 0P P 1(er ) &P
k k k
2 Z + 2 <2>
P 00, aao ©%0 Oa, P [aeoj (fa,)
<2>
2| o°R Lo R
P. |\ 06,0a, 00, 90,(du,)” | |
-3 3T T =2
YO g N E, 0 |0§ malgo, ol,, |
@2) "% % 2 % 06; 00, '\ 00,
(A2) . ay(gi) B 3 3/19‘04 83E0 8/190
Y, L ——=1<-2A,,—~E, 3
* " da,’ ot 2 % 06 )| éa,'
A3 ol
+40,——2 iEQ o
2 oo, "\ 06;
where

o°l,
ﬂ E, 93())
oo, | 00,
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n_lii [ j 3 4R, O°R,
" a, — e 00 P. 06, 062
2 3 2 2
. [ j oP, e(apkj %P,
=N 3 t 52
&) Plag, ) da, PRZ\06,) 00,0,

L3R FRR _3( IR PR R R
"B 06, 067 da, P\ 00.0a, 002 ' 06, 0020,

(3) 1 (3)
(@3) Yq 'o

3
For Veo , No partial derivatives are required since Véo) IS not expended.

-1 -1 A

(a.4) —N (}*90 7790)( )
8/190 87790

oo Was given earlier while da depends on the functional form of
0 0

Mg, -

A.5.3 Partial derivatives when the 3PLM is employed in Subsections A.5.1
and A5.2

Define @, :{%(1)', -1 0o n) '}, oy = (a.b.c)’,

1- C,
=C 1-¢ )B, (k=1,....,n
1+ exp{_Da, (6, —b,)} =68 ( ) and

D =1.7. Then, assuming k = 1,...,n when unspecified from now on,

Pk =C +

oP, .
 —{(0,~b,,~a)D(-c,)B (1-B,), 1-B,}"
oL 7
2
9% _[{D+(8,-b,)D%, (1-2B,),-D%aZ(1- 2B )}1-c,)
00,00,

_Dak]lBk(l_Bk)i
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0°P,

Oy 1Oy iy
((6,-b,)> —(6,-Db,)a
(( 0 k) ( 0 k)zk)DZ(l_Ck)(l_ZBk)
_(Qo_bk)ak ak S
ym.
+ —
-1 0 ‘
{_(Qo_bk)’ ak}D 0 _
o°P,
00200,
D?a, (1- 2B
_ 3 ) -D%/’(1-6B, +6B) +(1-c,),
+(0, —b,)D’af (1-6B, +6B,),

~D%}(1-2B,) } B,(1-B,).

o°P, _
00,000,000, "
o°P, ) 2 3
S0 ={2(6,-b,)D*(1-c,)(1-2B,) + (8, —b,)’a D1-c,)
x (1-6B, +6B7) }B, (1-B,),
3
%:{—2akD2(1—ck)(1—ZBk)—(00—bk)akzDs(l—ck)
x(1-6B, +6B2) }B,(1-B,),
OB _ D1 c,)(L—6B, +6B%)B. (1_B,),
8908bk2 k k k k k k
O°P,

——k = {D+(6,-b)aD*(1-2B,)}B,(1-B,),
56.00.50. —D +(6, -b)a,D"(1-28B,)}B,(1-B,)
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_oR
06,0c,0b,
P,

= aIsz(l_ZBk)Bk(l_ B,).

00,0c2

o°P,

02,000, 00l )
o°P,
oa;
o°P,

0a, ob, oa,

- (00 o bk)zakDS(l_ Ck)(l_ 6Bk + 6Bk2) }Bk (1_ Bk)!

o°P,

oa, ob?

=(0,-b)°D*(1-c,)(1-6B, +6B?)B, (1-B,),

:{ _2(00 _bk)Dz(l_Ck)(l_ZBk)

={ 2akD2(1_Ck)(1_ZBk)

+ alfDS(Ho o bk)(l_ Ck)(l_ GBk + 68k2) }Bk (1_ Bk)!
83Pk
0a,0c,0a,
o°P,
0a, oc,ob,
83Pk B

— —(6, —b,)?D*(1-2B,)B, (1-B,),

={D + (0, - bk)asz(l_ZBk)}Bk (1-B,),

daoc;

O°P,

0B, 001,00y )"
o°P,

={ -2(6, - b,)D*(1-¢,)(1-2B
b 0ar { -2(6, -b)D"(1-¢,)(1-2B)

_(00 o bk)zakDS(l_Ck)(1_6Bk +GB|<2) }Bk(l_ Bk)!
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o°P
‘ ={ 2akD2(1_Ck)(1_ZBk)

obZoa,
+(6, _bk)alng(l_Ck)(l_GBk +6Bk2) 1B, (1-B,),
3
%bzk =-a’D°(1-c,)(1-6B, +6B)B,(1-B,),
k
0P

——k __—ID+(8,-b)a D*(1-2B,)}B, (1-B,),
ob,oc,oa, D+ (6 ~bJab IR %

o°P,
ob, oc, ob,
o°R.
oboc?

= _alsz(l_ZBk)Bk(l_ B,),

o°P,
8Ck8u0(k)8u0(k) '

[(—(0,-b.)° (0,-h)a ]
( 0 k) ( 0 k) k D2(1_28k) O
(Qo_bk)ak _ak2 0
= 01 B.(1-B,),
+ D
10
] 0 0 0
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o'P,

06200,
| (2D%a2(1-6B, +6B?)
L ~D*a’(1-14B,
=|4+(6,—b,)D"a; , o (A=C),
) .. +36B%-24B})
x(1—14B, +36B2 — 24B?),

- D%3(1-6B, +6B2) | B, (1-B,).

0'P, _
00,004, 0y,
0P,
00708}

+4(6,-b)a,D’(1-c,)(1-6B, +6B7)
+(6,—b,)?a’D*(1-c,)(1-14B, +36B —24B}) }B, (1-B,),

={ 2D’(1-c,)(1-2B,)

89(?;bp:6ak _{ —32’D°(1—c,)(1—6B, +6B?)

(8, —b,)a’D*(1-c,)(1—14B, +36B2 — 24B°) }B, (1-B,),
ag;gkbf — a'D*(1—c, )(1—14B, +36B — 24B%)B, (1- B,),
aev;;cikaak _{ —2aD*(1-2B,)

- (90 o bk)alfDS(l_GBk + GBkZ) }Bk (1_ Bk)a
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o'P,
062ac,oh,
0P,

=a’D*(1-6B, +6B?)B,(1-B,),

002ac:

0P,

00,08, 00,001,
0*P,
06,08’
+(6,-b)%a D*(1-c )(1-14B, +36B7 —24B°) }B,(1-B,),

0*P,

={ 3(6, - bk)2 Dg(l_ck)(l_GBk +68k2)

={ -2D*(1-c,)(1-2B
00,0a,0b,0a, { (=6 2

~4(0,-b)a,D*(1-c )(1-6B, +6B?)
—(6,-b,)’a’D*(1-c,)(1-14B, +36B - 24B%) }B (1-B,),

84P|< 213 2
={ 3a;,D°(1-c )(1-6B, +6B
06,0a,0h? t 3D 1-¢){-68+68)
+(6, -b,)a’D*(1—c, )(1-14B, +36B2 —24B%) }B,(1-B,),
4

7% _{ —2(6,-b)D?1-2B,)

00,0a,0c,0a,
— (6, -b,)*a,D*(1-6B, +6B2) }B,(1-B,),
o*P, )
—{ 2a,D*(1-2B,)

06,0a,0c,ob,

+(6, - b, )a’D*(1- 6B, +6B2) }B,(1-B,),
4
_9h___,,
00,0a,0¢;
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0P,

00,00, 001,00y "
0P,
00,0b, 0a’

~4(6,-b,)a D*1-c,)(1-6B,+6B?)
—(6,-b,)*a’D*(1-c,)(1-14B, +36B>-24B}) }B (1-B,),

={ -2D*(1-c)(1-2B,)

64Pk 23 2
—{ 3a’D%1-c )(1—6B. +6B
00,00%0a, t 3a,DH1=6)(-08, +08/)
(8, —b,)a’D*(1—c, )(1-14B, +36B2 —24B%) }B (1-B,),
84Pk 44 2 3
=-a,D"(1-c, )(1-14B, +36B; —24B°)B, (1-B,),
00007 X ‘ ‘ ‘ e
4
OR _ _¢ 2aD?(1-2B,)
00,0b,oc,0a,
(8, —b,)a2D*(1- 6B, +6B2) }B,(1-B,),
4
OR _ _a3D%(1-6B, +6B2)B,(1-B,),
00,00, 8¢, b,
'R
00,00,0¢?
o'P, |
00,0C, 0014 Oty
o'P, 2
_ 98 __r _20 —b)D*(1-2B
00,0¢,0a 1 =26 ~h)D 2
(8, —b,)?a D*(1-6B, +6B2) }B,(1-B,),
o'P )
< _{ 2a D*(1-2B,)
00,0¢,0b, 58,

+(6, - bk)aIfD3(1_6Bk +68k2) 1B.(1-B,),

132



0P,
06,0¢,0b?
o'p, o' &P 0
00,0c’0a, 060,0c0b,  00,0c

=-a’D°(L-6B, +6B)B, (1-B,),

~n

A.5.4 Partial derivatives associated with the studentized 6

i_—1/2
(1) _ % T(D1)
(al1) lo, = 2 by,
oi® 77812 —_1/2
O _ 6 7 (D1)y2 6 7 (D2)
=— (L, "7) + =1,
Gl 4 % 2
0

pon g 2 ROR1-2R (0P 3
where % ~ | PQ, 66, 8902 (Pka)2 00, and
2
o _pag| 2| R R, (R |, 1
° = PQ, |00, 06; 00; (PQ,)?

2 2 4 _ 2 4
«J-s—2p)[ Fic| 2 i R |12 ng) Rl .
00, | 002 "\ 06, (PQ,)° | a6,

- (1) —-3/2 = =_1/2 AT (D1)
Olg, _ (o) Ol lp " Ol

0, 1

2:(1) - \<® 2 T —(D1)
0°ly, _3-—_5/2i—(m)( Oly, j 1 732 Ol ®8I90

(aa0(k))<2> gn @

0

2= T -1/2 27 (D1)
1 =~ -3/25(D1) a IQO Ieo a Ieo

+ )
4% (a%(k))<2> 2 (ao‘oa())<2>
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2:(1) =-3/2 T (D1)
0 '90 3——5/2(I (Dl)) 8I90 _ I90 I_(Dl) 8I
— 0
aeoa(lo(k) 8 aO(k) 2 i aao(k)
T-3/2 = T-1U2 A7 (D2)
, =(02) ol, l, =" Ol
0 )
4 aao(k) 2 8ao(k)
2: (1) —_1/2
o°l 0% 3—_5/2 —(D1) 3~ _3/2 (D1)77(D2) I90 T (D3)
2 (9 ) IG I9 +— I9 !
20: 8" g% 2 "
where

. $ L (8PKT
8uo(k) 8uo(k) o Q. | 00,
_a)_2 oR_R _(8Pk]2 1-2P. 0P,
PQy 96, 06,00,,, |86, ) (PQ,)* day, ’
-— <2>
0y, _ ]2 0P, LR R
(00tg)) > PQ, |\ 86,00, 00, 00,(0uyy,)™>
2 2
! 2 _ZZaPk P (1-2P) P,
(P.Q,) = 00, 00,00, Oty
2 <2>
+2[apk] oP, (ap](l_zpk) %P,
00, ) \ Bay 00 G
2 <2>
+2(8Pk] (1-2PR)*( &P,
00, ) (PQy)® | dayy, ’

o0 _ s 2 L, O°R R, R 'R,
° PQ, |~ 062 067 06, 06;

k=1
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3 2 2
L1 Jao2p)l 2 aPkaP§+ 8I32k oP,
(P.Q,) 06, 39° '\ 007 | |a6,
oP. (8°P, op ) %P oP. ) a%pP
51 21| —| + k g +18| —X ;
26, | 6’ 06, | a6, 06, | 06"
2
v _l1ga-2m)| i 1201-2p)|
(P.Q,) 00, | 062 20,
5
_6a—2af(aa]
(Pka)4 890 ’
o> L 9 3| 2 * P, 1-2R, (aPkT
Oty dayy, 5| RQ, 06, 967 (RQ.)’\ 06,

] 2 o°P, 52Pk+8Pk O°P,
PQy | 86,004, 06, 06, 660;0uy,

2 2 2
L1 | _1-2p) , 0P, 0 F:k oP, +3(5ij o°P,
(P.Q,) 00, 002 0y, |\ 06, ) 00,004,

+2[5PKT oR_|, 20-2R) (apkf R |
00, ) dagy, [ (PQY® |06, ) Bog,,

o7, _n{ 2 [ 0P %P,

(00g))> PQ, | 06,(8ay,)> 06;

i ® O°P, L o'P,
5 Zﬁao(k) 06,004, 00, 005 (Otgyy )™
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o2p 2 3
N 1 22 0 P2 N f P, OP,
(PQ,)? 00 @%(k) 06, 00,00y, 006,
OP, 9 OP, 82P§ O°P, :
0oy 00y 00y (0agy)™

) <2> 2 3
L5l R oP, +3(apk] R
00,0044, | 00, | 06, ) 06,(ayy,)

<2>
4P 82Pk£ oP, j

®

00, 0672 | day,

2 2 2 3 2
163" 0P, o R [apk] +2(apk] o Pk<2>
= 00,004, 004 | 06, 00, ) (d0yy,)
) <2>
L1 3 2(1_2Pk)2{zapkapzk oP,
(PQ,) 06, 907 | duagy,
P Y& o%p oP kY P
+3[—k] > k @k +2[ “] L
00, ) 5 90,00, Oy, 00, ) (d0,y,)
kY op Y| ea—2py(er Y o )
_12(1_2pk)( kj k _ ( - |<4) ( kj k
06, ) | duy, (PQ)* 186, ) | day, :
=-1/2 =_3/2

I — I
1(2) _ 6 T (D2) 90 7 (D1)
(@2) o, ==l (i, ")
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T 12

oi? 3_ i Y2
0 T-327(ODT(02) | 6 T(D3) -5/2(I (Dl))

00, 8 Wl 4 16 g
=(2) 3/2 1/2 T (D2) =
a|90 _ a'@ I_(DZ) _|_ ﬁl L2 3 |—-5/2 8I90 (i_(Dl))Z
da, 8 da, 4 8(10 16 * da,

—_3/2 —(D1)

T (o) an
4 " 8(10 ’

where

0 _ . 0 | 2 |om 83Pk+£82ij2
dagy, Oy | RQ, |06, 965 | 067
2 2 4
2 =1 —5(1-2R,) it 8P§+2 Ry
(RQ) 20, ) 062 " "\ 26,
4
- 32(1—2Pk)2(@]
(Pka) a00

4| 2 o°P, 0°P, oP. 0'P, o°P, O°P,
= + +2
PQ, | 8600y, 00, 06, 00500y, 0Oy 00,004y,

3 2
L1 Ja-2p)l-2 oP, & Pg +[8ij oP,
(P.Q,) 00, 00 | 06, ) |day,,

o[, R OR_R [(oR) R
00, 002 00,0asy, | 06, ) 96700,
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o[ R PR_R G(oR) R
06, ) 062 duyy, |\ 06, ) 06,00,
2 2 3 )
L1 Ja-2my 10[apk] apzk oP, +8[apkj o%P,
(PQ,) 00, ) 067 duy,, | 06, ) 00,00,
4 3 4
_12(1_2Pk)[apk] oP, _6(1—2Pk4) [apk] oP,
00, ) dagy, [ (RQ)" |86, ) dagy |-

2T 2T
(a.3) :82| = +C| 2E [ 0 I j{Ea (G o)} E, ( ° I J
%\ 06,0a ° °{ 00,00

Note that Eo and Ego(') in ,32| include 6, and @, while
E, (Gy)=Tg, =1, includesonly @,.Define

0°l " 1 0P, oP
E, |- o _|=n" L =d
90[ aeoaaol kZ:;‘Pka 00, da,  +Let %o and Fogey be

possibly different elements in @o, (recall that O = (Oggy 'sees Cgny ) ):;

and let Ek =(Lg,) i (A= ]J2k=1) orthe (j, k)th element of T, with

g being the number of item parameters. Then,

B, =i, +Ti, *dTq d,
aﬁZl — _(i_9_2 + 26i_9—3dll—\(—31 d)i_Q(Dl) + 26i_0—2d|l—1(—31 ﬁ,
690 0 0 0 0 0 ° 9 A
B - — o, _
5ﬂ2| — _(i90—2 + 26|90—3d|l—w(—3](_)d) 6y n Zéieo_zd,l_,(_;];) 6d
aao(k) o k) aao(k)

_ or
—Ei(,fd'r;a = Igd (k=1.,n),

Ay (k)
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aﬁ_ = — - 2_5k _
5y§§[)) = —Ci, 'dTg, 21 (E, +E,) I d

=—Ci,, (2-6,)(Tgd),(Tgd), (a>j>k>1),
where 5jk Is the Kronecker delta, Ejk Is the matrix of an appropriate size

whose (j, k)the element is 1 with the remaining ones being 0, and (')j denote
the j-th element of a vector.

2 2
. 660 — N—li 4 I‘l(j) 8IO‘(J') 4 8IO‘(J') 4 I‘l(j) ]
The matrix 0ty 00,00y, Oty Oay 0oy 'Octyy, | 1

j=1
also used when evaluating the sampling behavior of stochastic G, = Op(l)

including @, and Gzop(l) using @ (recall (4.3); see also Ogasawara,
2010).

od & | 1 (R or P &P, | 1-2P (0P oR
—=n + - ,
00, =|PQ.| 002 da, 06,00,00,) (PQ)?\36,) da,

od _ 4] 1 o°P, R, R o°P,
PQ, | 96,0010, 00, 86, duyOay,

_1-2P, 9R, OP, &P,
(PQ,)? 86, da, Doty

} (k=1,...n),

2
0" Py _ (2i,° +6Ci, ‘dT4 d)(i,.™)* —8Ci, *d'Tq ﬁi—(m

067 06,

_ _ _ — [ ad od 0°d
— (i, 2 +2ci, 3dT2d)i P2 + 2¢i. 2 r +dT — |,
(00 (N Gy )90 6, 800 G, 800 G, 8002
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2. _ _ - Ol
_ 9P _ (2i,,° +6Ci, 'dT5 d)i, >V ——
Gé?oaao(k) 8a0(k)

_ _ oi,
—4Ci, | dT _od 1, % +d T od %,
’ D0y " 00, 0oy

- _ i,°Y or -~
(i, * + 2Ci, °d'T g d) ——+2Ci, *d'Tg —= T di,\™
o (k) Xo(k)
— ' 2 oI
+2Ci, od ro od +dTg _ad —dTg —=Tg od
ofe 7908 00, 06,0y, Oty 00,

o° . . . -
Sy 7 = @0, (K )T

T, (2 5jk){(r60 890jj(r60d)k+(re°d)1[re° 0901}
(@=j=k=1),

2-_

2n _ _ O°l
0P (1 4+ 207, T L d) — 2
aO‘O( j)aaO(k) 8a0(j)8ao(k)
8@0 Gi_eo

+(2i, * +6Ci, 'dT d)
00ty(jy Oty

_ ol ol
—46i903£d'1“61088d - ©+dTg aad - % j
Xo(jy Ok Xoky) Oo(j)

2. _ oI’ ol
+> 2ci, “dTg I Iod %
(i.K) %o (j) doty
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2
[ szrl L, rg o, 9od r.d
(ik) 0oty 00ty O00ty(;y00,
' or oI’
429 ra ad +2dTg —=Tg —=d
Oty 00ty " Oay Oty

2

-1 al_ﬂe‘o -1 H _

—dTy r2d| (jk=1..n),

° Aot .0 Go
%o )0 %o (k)

)=
P =20 (26, ) (N ), (P2 ),
Y i aou*) aou*)

_ 2 oI’
+CI9°2(2_5JK)Z£FGta S0 ngod—r;) 880'} (T d)k
aO(I*) aO(I*) ;

(1.k)

(= j=k=131"=1,..,n),

o°p, C
oy o)ﬁaz;(e()) 9 Sl (2-6,)2-5.)

2 2
X Z Z )j|* (F(;](')d)m* (F(_B:I(-)d)k
(ik)(1",m*

(= j=k>1 g>1I">m" >1),

where
n 3 2 2 3
2=nlz 0P P OB TR R TR
00; = PQk 06° da, 002 06,00, 06, 06%0a,
2 42
_a-2p)|3 apzkapk R, (R _OR
G Qk 002 00,00, |06, ) 00,00,
o P ) L 20-2R)*( R )
00, ) oa, (PQ.)* |06, ) oa, |

141




o°d 4 1 o, 0P 0°P.  O°P,
Py 2 VY
06,0044, PQ, | 80,00y, 0o, 065 daydory,

o°P,  0°P, 0P, 0°P,
+ +
00,00y 00,00, 06y 00,0000t

2 3
RSN BT 5P2kapk+apk &P, ) oP,
(P.Q,) 00% da, 06, 30,00, ) Dary,

,OR OB OR, +(apk jz O°PR,
06, 00,00, 0, \ 06, ) duy0ay,,

+2[apk jz oR_0R_|, 20-2R)’ [apk T oP, P,
00, ) day 0oy, | (RQY® \ 06, ) da, dag,,

0oty 00, . | BQy| 00,0000, .. o,

0(k") 0(k")

od _nll 1{ 7P, P

i 0°P, 8Pk 0°P,
00 8a0(k) oa,0a 80 8&08a0(k)8a0(k*)

0(k")

k
OP, 82P OP,
(P Qk (k <) ﬁao(k) 00 ﬁao(k ) oa,

0P R R J

+
00, day, a0

o(k")
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, R R 0°P, L, 0P OR OB R
00, Ou, Doy )00t -, 00, Ou, Doty Oty -,

3
+2(1—2Pk3) PP OB R |4 1
(RQ)° 06, da, dctyy, Octy,.

3
82(30 N i ( 0 Ia(m*) ala(m*)

2 2 3
2
+ 0 Iﬂt(m*) 0 |a(m*) ala(m*) 0 Iﬂt(m*)

(j,k=1..n).

When the 3PLM is used, recall that

1-c,
=C, + =c,+(1-¢c )B, (k=1....n
% l+exp{-Da,(9,-b)} (=68 ) and
D =1.7. Then,
oP,
a—el;:(l_ck)DakBk(l_Bk)!
2
2 P; :(1_Ck)(Dak)2(1_ZBk)Bk(1_ Bk)’
0
o°P
895 =(1—Ck)(Dak)3(1—6Bk +6Bk2)Bk(1—Bk).
0

Reference
Ogasawara, H. (2013). Asymptotic cumulants of ability estimators using fallible
item parameters. Journal of Multivariate Analysis, 119, 144-162.
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Table Al. Simulated and asymptotic standard errors of the studentized 0
when the 2PLM holds, where the item parameters are known or estimated
by MML (n = 50)

Standard error t=n"?(f - 90)52]1/2
t:;o =n2(0 —90)&1:2 Estimated item parameters
Known item parameters N =500 N =1,000
s  ASE®  HASE™ sp®™  ASE®™ sp™  AsSg®™
0=-1 ML  .989 1 .999 1.044 1 .984 1
BM .897 1 .883 .946 1 .889 1
WL .987 1 1.000 1.043 1 .983 1
0=0 ML 1.006 1 .992 1.055 1 .996 1
BM .938 1 916 .979 1 .924 1
WL .993 1 .978 1.043 1 .984 1
=1 ML  .996 1 .992 1.016 1 .964 1
BM .932 1 919 .949 1 .899 1
WL .980 1 976 1.002 1 .950 1
0=2 ML .976 1 .981 .995 1 1.014 1
BM .893 1 .866 914 1 .929 1
WL .956 1 .953 .979 1 .997 1

Note. SD™ (SD™) = the standard deviation from simulations, ASE" =

(ﬂz(o)i_go )1/2 ’ ASE(tl) — ﬂ—t12/2 _ (ﬂ_z —2-|1)1/2 ’ HASE(tO) — (ﬁz(O)i_eo + n_lﬁt(l?i)z 12

={(ASE"”)? +n*B0}?, HASE®™ = (BtZi_Ho +n7BE)Y ={(ASE™)? +n"' B},
Under c.m.s., ASE® = ASE® =1 and HASE™ = HASE®™ = (1+n"8,)"*. The

o Y

ly, 1N t; is given by 6 and known @, ('[;:0 and fao should not be

confused with t* and I using 6 and estimated @ in the text pages). The
numbers of deleted cases are the same as those of Table 2. See also the footnote
of Table 1.
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A

Table A2. Simulated and asymptotic biases of the studentized 6
when the 2PLM holds, where the item parameters are known
or estimated by MML (n = 50)

A

Bias '[;0 _ n1/2 (é —Qo)i::z t— r]1/2 (é . Ho)ﬁz—lllz
Known Estimated item parameters
item parameters N =500 N =1,000

Sim.  Th. Sim.  Th. Sim.  Th.

0=-1 ML -.09 0 10 .02 -.26 01
BM 2.05 2.33 223 236 192 234

WL 40 A7 .56 .50 .20 49

6=0 ML .04 0 -12 .00 .04 .00
BM .06 0 -.10 .00 .05 .00

WL .32 .30 15 31 31 .30

0=1 ML .03 0 68 -02 118 -01
BM -1.71  -186 -1.12 -1.88 -.68 -1.87

WL -.16 -.20 49 -22 99 -21

6=2 ML .00 0 72 -06 174 -03
BM -416 -461 -344 -466 -258 -4.63

WL -.73 -.76 03 -8 104 -79

Note. Sim.= n*? times the simulated bias, Th. =8, (n"“times the

theoretical or asymptotic bias). See also the footnote of Table 1.
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Table A3. Simulated and asymptotic third cumulants of the

studentized 6 when the 2PLM holds, where the item parameters
are known or estimated by MML (n =50)

A

Third cumulant t;o — nY2 (é _Qo)f;:Z t = nY2 (é _ Ho)ﬁz—lllz
Known Estimated item parameters
item parameters N =500 N =1,000

Sim.  Th. Sim.  Th. Sim.  Th.

0=-1 ML 1.14 .95 1.74 1.18 62 1.06
BM .92 * 1.36 * 50 *

WL 1.18 * 1.80 * .67 *

6=0 ML 23 .60 .28 67 114 .64
BM 29 * 31 * 1.00 *

WL 11 * 14 * 1.00 *

0=1 ML -.29 -41 10  -58 -69  -49
BM -.20 * .16 * -.52 *

WL -.24 * 13 * -.63 *

0=2 ML  -149 -152 -1.78 -217 -3.20 -1.85
BM -1.04 * -1.19 *  -2.28 *

WL  -1.32 * -157 *  -2.93 *

Note. Sim.= n'2 times the simulated third cumulant, Th. = 3,5

(n*“times the theoretical or asymptotic third cumulant).
See also the footnote of Table 1.
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Table A4. Simulated and asymptotic fourth cumulants of the

studentized 6 when the 2PLM holds, where the item
parameters are known or estimated by MML (n = 50)

A

Fourth cumulant * _ W2 £1/2 U274 —1/2
urth cumu t, =N (0-0),° t=n"(0-6,)p5,

a

Known Estimated item parameters
item parameters N =500 N =1,000

Sim.  Th. Sim. Sim.
0=-1 ML -1.18 49 -13.31 -6.73
BM 51 * -7.76 -3.26
WL -1.94 * -14.07 -7.54
6=0 ML -3.33 -4.23 -12.84 4.33
BM -2.57 * -9.51 3.49
WL -2.83 * -11.75 4.22
0=1 ML -4.23  -4.65 -.39 2.03
BM -3.02 * .58 1.72
WL -4.06 * -42 1.71
0=2 ML -8.31  -8.00 -3.04 10.10
BM -4.71 * -.58 8.12
WL -6.67 * -2.04 10.42

Note. Sim.= n times the simulated fourth cumulant, Th. = BM

(n times the theoretical or asymptotic fourth cumulant).
See also the footnote of Table 1.
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