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S1. Bernoulli distribution
S1.1 Bernoulli distribution under canonical parametrization
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where
1

( ) ( 1) ( ) ( 1,..., )i ix x n x x i n
      . (S1.2)

To solve ( ) / 0D    , we use
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S1.2 Bernoulli distribution using the expectation parameter

 

 

1
ML( ) ( )

( ) ML( ) ML( )
1

( ) ( )
1

( ) ( ) ( )

1 ( ) (

ˆPr( | ) (1 ) ( 0,1), ( ),

ˆ ˆln( ) (1 )ln(1 )

ln( ) (1 ) ln(1 ) ,

(1 ) (1 )

1 1

x x
i i

n

i i i i
i

n

i i i i
i

n
i i i ii

i i

x x x

D x x

x x x x

D x x x xx n x

x x

   

 

 

    


 

  


 


  

  

   

    

    

    
      

    






1 )

2 2
( ) ( )

2 2 2
1 ( )

,

(1 )
.

(1 )

n

i i

n
i i

i i

D x xn x

x  



 

 

 
 

 





(S1.4)

S2. Gamma distribution when the shape parameter  and the scale

parameter  are unknown
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From (S2.2) with ML( ) ( ) ML( )
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S3. Multivariate multiple regression
S3.1 Multivariate multiple regression with normal errors when regression
coefficients and error variances/covariances are unknown

It is assumed that

~ N( , ) ( 1,..., ),i i i ny Bx Σ (S3.1)

where iy is the
* 1q  response vector; B is the

* *q p matrix of

regression coefficients; ix is the
* 1p  vector of fixed covariates; and Σ

is the
* *q q covariance matrix of iy .
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For the cross-data estimators of B and Σ , we have
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where ( ) 1( ,..., ) 'i n X x x with ix being deleted and ( )iY is similarly

defined,
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S3.2 Multivariate multiple regression with normal errors when the
covariance matrix of errors is given
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which yields a simultaneous linear equation as Bvec( ) A Ω a , where
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where a double subscript notation for rows and columns is used. From (S3.6),
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S3.3 Multivariate multiple regression for non-normal errors or normal

errors with ( *)qkΣ I , where k is a positive constant and ( *)qI is the
* *q q identity matrix
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which gives
1

B
ˆvec( ) Ω A a .

S4. Poisson regression under canonical parametrization
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S5. Logistic regression
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