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Supplement to the paper “Asymptotic cumulants of the estimator of
the canonical parameter in the exponential family”

Haruhiko Ogasawara
This article is to supplement Ogasawara (2013) with proofs, examples
and a correction.

A.1 Proof of Theorem 1
From (4.1),
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The above results are also given from (3.1) to (3.4).



A.2 Proof of Theorem 2
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Expand about 7, as
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Note that A )lé '=0 . Then, from the above results,
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A.3 Derivation of the results in Table 1 and examples

A relationship between pa; and Gypan is given by
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Theorem 3. A Bayes modal estimator O using the Jeffreys prior for a
canonical parameter in the exponential family gives
Opniaz S (>)0hpar when k/ss<(>)2. (Al)

Proof. From (5.10), the inequalities (A1) hold when
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Theorem 3 indicates that when Kt(S) is smaller than 2{sk(s )}2 , hot
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only the bias of order 0(71_1) for 9JM vanishes, but also the variance up to
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order 0(11_2) is smaller than that of Oy .
Theorem 4. The mean square error of O up to order O(n™?) s

smaller than or equal to (greater than) that of O when
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Example 1. Bernoulli distribution. The single population canonical
parameter (logit) is 90 =log {71'0 /(1- 770)} (7[0 =0, 1) , where
s=s(X)=X,Pr(X =1)=nrn,,

Pr(X =0)=1-7,, i, =m,(1-7,), k5(s) = (1 - 27,)7, (1 -7;) and
Kk,(s)=(1-67m,+67m;)m,(1—7,) . Then,
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belonging to Area A in Table 1 with advantages for O over Oy .

Example 2. Poisson distribution. The single population canonical

parameter is given by 0, =log A | where A s the source parameter i.e.,
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where the k/ss ratio does not depend on 0, and belongs to advantageous Area
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A 1n Table 1 for QJM )

Example 3. Gamma distribution with known shape parameter. The
y! 1o/
density function using the source parameter is J(X=x|4,7)= W ,
where ) 1s assumed to be known. The single population canonical parameter
(negative rate) is 0, = —1/A | which gives
f(X=x16,,7)=x""(=6, ¢ /T(y) and a(6,)=~y10g(=0,). Then,
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iy =var(X) =y /02, k,(X)==2y/0} and &,(X)=6y/6; which give
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where the k/ss ratio again does not depend on 6, and belongs to Area A in
Table 1.

A.4 Bias adjustment reducing the mean square error
Define
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where k 1s a constant. When k=1, (A9) gives the familiar bias-corrected
estimator. Note that (A9) is a special case of
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From (5.4) and (A11), @¢; and A, in Kl(éc) and Kz(éc) , defined

similarly to @y, and AWAZ in k,(0y) and Kz(éw) , respectively, are
found to be
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where @c;(j=2,3,4) are defined similarly.
In the case of the canonical parameter, (A11) gives
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That is, the estimator asymptotically equal to the Jeffreys Bayes modal
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estimator (ﬁ* =—la,, ) up to order 0p (n7) s also obtained by
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bias-correction of GML . A scalar version of (A9) is
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and
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where (A16) and (A17) were given by Ogasawara (2014). From the above
results,

Theorem 5. For a scalar canonical parameter, a constant for bias
adjustment minimizing the MSE up to order O(n™*) in (A15) is given by
_,_ki(y)
min {sk(s)}z , (A18)
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Proof. Using (4.2) and (5.10), (A16) and (A17) become
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which give (A18) and (A19), respectively. Q.E.D.
It is found that £, in (A18) depends only on the k/ss ratio.

Correction 1. In Result 2 of Ogasawara (2013), the incorrect equation

k... =5—(k/ss) due to a typographical error should be %, =5-2(k/ss) asin

min

Theorem 5.

Example 1 (continued). Bernoulli distribution. The result in this
continued example without using the k/ss ratio is known (Ogasawara, 2014),
but is repeated here using the ratio. From (A6) and (A18),
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where kmin depends on 7, but 3 is a lower bound of practical use. That is,
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when k=3, from (A17), (A19), %wL1 = 5[__ t 1_ J (see (A6)) and
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Oy by —3amy,, +6n acov(éML,o?MLl)
sk 3 3(1-27,)'+6

B dvar(s)  2{var(s)}’ - 4, (1- ) Note that (A23) is smaller than

the usual asymptotic variance n{m o(l-7 o)}_l or equivalently
MSEO(n—l) (.) .

Example 2 (continued). Poisson distribution.
From (A7) and (A18),
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k. =5-2=3 (A24)

and as in (A19) or (A21).
) mp ol
MSE, . (Ocq,,)) =1y +n%' {E{Sk(é‘)}z — {kt(s)} }
g2l (A25)
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(see (A7)), which 1s smaller than that of QML by
n2 90, =n"i)' (9/4){sk(s)}’ =n(9/4)A7 (see (A17)). Note that (A25)

is smaller than the usual asymptotic variance n'A7" or equivalently
MSEO(n-I)(') .

Example 3 (continued). Gamma distribution with known shape

parameter.
From (A8) and (A18),

3
k. :5—2)(522 (A26)

and from (4.2) and (A17)
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— n_l}/_l/l_z +7’l_2]/_2i_2,

which is smaller than that of Oy by nCdag, =n" 4y A7

A.5 The asymptotic cumulants and associated results for Example 4

Noting that —(X — 1£)* /2 is a negatively scaled chi-square distributed

variable with 1 degree of freedom and using 2 (c=1)!v for the c-th
cumulant of the chi-squared variable with v degrees of freedom,
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where a;L ; 1s defined for ijL (the MLE of 90 ) similarly to @y ; for
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which belongs to advantageous Area A in Table 1 for 0 M Over HML.
From (A29),
3
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which does not depend on 90 , and gives as in (A27),
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From (A28) and (A29)
* 0 -1 1NA*

QC(kmm) = HML kmln vy =d—n"4)0, . (A32)
On the other hand, the bias-corrected estimator is

2 2% _1 A * |

Ocy = O =1y =(1—n 2)9ML (A33)

N

2 —
Note that the MLE O =17 Z I (x( n_ /J) with known H isan

unbiased sample mean over n observations. By elementary algebra (e.g., Gruber,
1998, Section 1.6; Ogasawara, 2014, Section 3.1), the exact solution of the
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constant minimizing MSEO(n—z ) (co”) is given by
] 1 1
Coin = = —=1- n'2+ O(n_2 ),
o var{(X — )"} 1+n 2 (A34)

[E{(X —)"}T

% %
which is a fortunate case in that €., does not depend on 0, , or equivalently

in that (A34) is given by the known coefficient of variation 2 , which is

crucial to Cp, . It is seen that (A34) for G* 1s asymptotically equal to the
factor (1— n—12) for Oy =1/0 G’ in (A33) rather than that of (A32).
Incidentally, when M is unknown, the constant 1 /(1+ n_l) minimizing the

MSE of C*”l—lz i (x( s )2 under normality is well known ( e.g., DeGroot

& Schervish, 2002, p.431) though it is inadmissible (Stein, 1964).
Using Theorem 2, the following asymptotic cumulants are obtained

al(v?Ll =0, al(v?Lz =1,
)12
2 2

t 3
iz = =7 (sk(s,)} + ;

oy = sk(s,) =8, (A35)

all, =-3{sk(s,)}" +3kt(s,) = -3x8+3x12 =12 = kt(s,),

(1) _ 1 _ . .
where it is of interest to find that Xypar = 0 and 05154)L4 = kt(sd) in this

example.
Though the results of (A28) were directly obtained, they can also be given
2 *
by 0) 262 5 H 7 gY as

561(90*) o 1 1 2
W) s (o) = E(s,),
= a3 e =)

2 * 4
(=T T s,

00 207

15



3 *
;oD ZM—_ 1 —_o° :K3(Sd)9

° 060° 07
. o'a(0)) 3 (A36)
i P2 = 89;40 - o =30" =x,(s,).
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