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Supplement III to the paper “Asymptotic camulants of some
information criteria” — Examples 2 and 3

Haruhiko Ogasawara
This article 1s to supplement Ogasawara (2016) with Examples 2 and 3

using expository computations.

S6. Example 2: The normal distribution with the MLE of the mean and the
known variance G~ under possible non-normality

S6.1 Preliminary results
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S6.2.1 Asymptotic cumulants of n_lAICML before studentization
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— (K, +2) (i, + 24K, + 52Kk, + 32k, + 144K, + 208K +48)
+2(kc, +2) (i, + 125, + 14K + 2Kk, +8)
+2{ (k, +2)7 %(K‘6 +12x, + 6K +8)°
(B)

+(x, +2)7 {%(1{8 + 241, +34ic; +152K, +56) + 22k, + 100k }
—2(x, +2)" +2 }

(B)
(S6.14)

18



—2(x, +2) " (k, +12x, + 6K +8)

+i(1c4 +2) 7 (kg + 241, + 48Kk, + 34K, +152K, +192K +56)
+ 1( 2)7 12 > +8)°
51<4+ ) (x, + 12K, +6x; +8)

—{(K4 +2) 7 (k, +12K, + 6K +38) +i(1<4 +2) 7 (k, +12K, + 6K +8)2} }
(A)
+O(n™)
=1+n{ 4-2(k, +2) ' (rc, +1+2)
(A)
+(k, +2)72 (~1+@/ D)+ (/4 +(24+2+18-2+6 -1k,

+(=52+4+44 +12)Kkic, + (=32 +(3/ 217+ (17 / 2))x;
+(-144+24+6x19-24+38-12)k,
+(—208+28+200-12+48 - 6)x; —48+16+6x7-16+14-8 }

+(x, +2)° (%4_%_%](’{6 +12x, + 6K +8)° } O(n™?)

(A)

=1+n" { 2-2(i, +2) " +(x, +2) 7 (—K, + 8Kk, + 2K, — 4K, +50K7)

+(x, +2)° %(1% +12x, + 6K +8)° } +0(n™)

_ -1 _(A) -2 A _
=1+n Qyiaz T O(n™) (oc(t)ML2 =1)

(=1+n"'2-1+(7/4)8+O(n*)=1+n"15+O(n"*) under normality),
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A “12 4 (A A) \-3/2 A 32
K3 (tu \ )) n {als/IL)S» (alg/[L)2 + 6a((At;ML1} +0(n"")

= { (, +12K, +4ic; +8)(ic, +2)

~6 x%(m +2)7 (i, +12K, +6K; + 8)} +0(n”"?)

(S6.15)
=-n"2(k, +2)7 (x, + 12K, + 7K +8) + O(n>?)
—n 1/2 ((;;3/[13 +0(I’l 3/2)
(under normality a((z)ML3 2x27% = 25/2)
g4 (t(A)
| Gl A () )
(A)
+120°E {(hy )’ Ly v 'm O Y (agg)
(S6.16)

6B, () (v m") (o)

+AR°E AG TP Ty O TV @A) )32
+[4nE (! (2))051%)3 +6ai o™+ 60l {nE, (! (2))} [
_4{05((1?13&1 —2q (aIE/IAL)Z e } a(%?dﬁ

_6{aét[;134LAz 4gnE, (l(l) DV (o)™

_6{05((31\)&1 _29(a1§/ﬁ)2 s }2 }' O(n_z)’

(A)

(i) the first termin [ ] of (S6.16) is
(A) (A)
aln) (ai)))? = (i, +24x, + 32Kk, + 32k, + 144K, + 96K +48)

x (i, +2)7

( = 12 under normality),

20



(1) the second term in [- 1 of (S6.16) is
(A) (A)

3 T\ (1 I A) \-3/2
4m'E {(hy)' v 'm)} (o)

a
:4{ 6 x4alr), {41%4(10].), E, {ﬁ(lm ~1') H
0

(B)

_ ol
—4><8Kg3(loj){n cov, (hy',m,),—2E, [loj j)} j|V(1)(O£1§/fi)2 22 4+0(n™)
0
(B)

{ 96(ic, +2)

(B)

X {i (i + 24K, + 5615, + 32k, + 144K, + 240K +48), %(1{5 + 8k, )}
o

_128{_%(’% +12x, +10x; +8)}(K6 +12x, + 10K +38, ﬁj }
o
(B)

X%(IQ +2)7%(=1, 4ox,) (, +2) 7 +O(n™")

=12(x, +2) 7 { — (i, + 24K, + 56K0c, + 32K, + 144K, + 240K +48)
+4(k, + 8x;)K;
+8(1c, +2) 7 { — (x, + 12K, + 10K +8)° +4(x, + 12K, +10x; +8)K }
+0(n™")
=—12(x, +2) (i, +24ic, + 52Kk, + 327 +144x, +208K7 +48)
—8(ic, +2) 7 { (k, +12x, + 8k +8)* — 4«
(=—12(1/4)x 48 —8(1/8) x 64 = —144 — 64 = ~208 under normality),

(iii) the third termin |~ ] of (S6.16) is
(A) (A)
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3 TM\T @) ,( I A) \-3/2
12°E, {(hy)) b v 'm7 o)

— (A) 2 7M7) (D) (Do (A) 372
_12{ 3oy, B (lyg hyy m, )V (O

— 2
+ 6{’,2 COVg [Z\/ﬁ?)%j} ﬂ«_lnEg (Z\/ii) mf}l) !)V(l) (als/ﬁ‘)z -3/2 j|+ O(n—l)

0

_ 2 TD7 (2) 302 (D 1y, (D) o, (A) N-1/2
=36n Eg(ZMLlML m,’ ")V’ (ay

2
ol _
F12x6x(<2)° {Eg (zo j,jj} (=" )nE, (hy mi” v (o)™
0
+0(n™")
=18(k, +2) (i, + 121, + 145 + 21,0k, +8)
K
52
=18(k, +2) (i, + 121, + 145 + 21,0k, +8)
+36(x, +2) 15 (k, + 12K, + 6K +8)+O(n™")
(=18(1/4)x8=36 under normality; note that the first term 18(x, + 2)7()
on the left-hand side of the above last equation is 18 times the result of (iii) for

(S6.13) of Xywiaz)

+72=(-07) {—%(M +2) 7 (i, + 125, + 615 + 8)}(1<4 +2)°? +0@(n™)

(iv) the fourth termin [~ 1 of (S6.16) is
B (A) (A)

6n’E, {(y) (v 'm? )} ()

=6[ 3(ayy )’ v 'nacov, (m{ v

A Ta 1 2 A) \-1 -1
+12aIE/IL)2{nCOVg(IN(IL)3m$;)')V()} ](ali/IL)Z) +0(n")

= 18xi(1<4 +2) 7 (i, + 245, + 48Kk, + 34K, +152K, +192K; +56)

+36><%(1{4 +2)7 (k, +12K, + 6K +8)* +0O(n™")

22



— %(K‘4 +2) 7 (i, + 24K, + 48Kk, +34ic; +152K, +192k; +56)
+18(x, +2)7 (i, + 12K, + 6K +8)* +O(n™")

9 1 1
( = EXZX 56 +18x g>< 64=63+144=207 ynder normality; see the result of

(A)
(vii) for (S6.13) of %mraz ) ,

(v) the first half of the fifth term in ([E)' (1) of (S6.16) is
4B () b v m Y (o)™

(= 36/3 =12 under normality; one third of the value in (ii1))

(vi) the second half of the fifth term in ([E)' (1) of (S6.16) is

3 T4 (2 2 312
4B, {(hy)' v 'm 7} (o)

ol vt ol
=4 3(a™,)*{navar (m. ),ncov_ | m ,— |,0,y,ncov s
s oo 105

0
(B)

(A) 2 7 2 7 alj
+12ay,,(=2)"| {ncov,(l,m,)}", ncov, (4, m,)E, Zofﬁ ,0,
0

©

2
ol . — o™ ol (2) [ (A) \-3/2

(€) (B)
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:12{ [ (i, +2)*navar, (m,)+16(x, +2){ncov ([, m, )}’ ]%(K‘4+2)—4

(B)

2 ol 7 alj
+4(k, +2) ncov, mv,ﬁ +16(x, +2)ncov, (f,,m)E, | [

0 " 06,

x {-3(x, +2) " k,0)}

2 alj 2
+[(1<4 +2)y+16(k, +2){Eg (loj 50, J} ]

x{-2(k, +2)” +6(x, +2) *xk’}o’

(A) A7
+{(k, +2)’ncov v ,ﬂ
“\ 06, 06,

— oW al, o’
+16(k, +2)ncov Ll,—jE (Z .—Jj}{——(ic +2)3} }
) "0, | £ 06, 2

(B)

+0(n™)

24



= 12{ { (i, +2) 7 (5, + 24K, + 56Kk, +34x; +152i, + 240K +56)
(B)

+4(xc, +2) 7 (k, +12K, +10x2 +8)° }%

+ {(m +2) 7 (k, + 81<3)i
c

+16(k, +2)° {—l(;cé +12k, +10x? +8)} ~ 5 1(=3k,0)
2 20

s

4c°

+ {—iz +16(k, +2)7 2 (15 + 8@)(—3} (—6—2] }L O(n™)
o O 20 2

(B)

+{(1<4 +2)7 L2+16(1<4 +2)° }{—2(1<4 +2)+ 6K )0’
o

= 12{ (k, +2)7 {%(1{6 +12K, +10x; +8)°
(B)

—12(x, +12x, + 1015 + 8)xc; + 24K34}
+(x, +2)7 {%(KS + 241, + 561Kk, + 34K, +152K, + 240K +56)
—3(is + 8k, )i, + 6K —8ics + 8(ic; + 8k, )k, }

—2(x, +2)7" +2 } Oo(n™)

(B)

25



= 12{ (x, +2)_3%(1€6 +12k, +6K; +8)°

(B)

+(x, +2)7 {%(KS + 241, + 34, +152K, +56) + 26Kk, +128K; }

—2(x, +2)" +2 } o(n™)
(B)

[z12(%x%x64+%x%x56—1+2)=144+63+12=219 undernormalityj’

(vii) the sixth termin [ * 1 of (S6.16) is
(A) (A)

[4nE, (1 Yorns + 60h oy, +6angs tnE, (L)} 1ongs) ™
=[ 4(-1)(x, +12K, + 4K +8) +6(xc, +2){-2(x, +1)}
+6(xc, +2)(=1)* 1(x, +2)7
= —{4x, +(48+36—6)K, +12K; +16K; +32+24-12}(x, +2)~
= —(4x, + 78k, +12K; +16K; +44)(x, +2)~
(=—44/4=-11 under normality),

(viii) the sum of the seventh, eighth and ninth terms in [ '(11) of (S6.16) 1s

(A)
(A) (A) \-1/29 - (A)
_4{a(z)ML1 —2q(0tyy 5 }a(t)ML3

_6{05((1?13/ILA2 - 4ang (Z_NEIL)mS) ')V(l) (ali/f]:)z _1/2} _ 6{05((:?13/&1 - 2Q(a1£/1AL)2 2 }2
=4 {(K4 +2)7"% % (k, +2) 7 (i, + 12K, + 655 +8) —2q(x, +2)* }
x (=2)(x, +2)7 (i, + 12K, + 7K +38)

-6 {afﬁﬁmz —4q {_% (K4 ’ 2)_3/2 (K6 ’ 12K4 " 6K32 " 8)}(K4 " 2)_1/2 }

26



2
-6 {(K4 +2)"? —%(@ +2)7 (i, + 12K, + 6K +8)—2q(K, + 2)“2}

= —8{1 +%(1<4 +2) (i, +12K, + 615 +8)}

x (i, +2) 2 (1, +12Kc, + TK; +8)

—6{ ot an + 205, +2)7 (i, +12k, + 6K +8) }

2
— 6{1 +%(K‘4 +2) ' (x, +12K, +6K; + 8)} (k, +2)"

= =60 o ar — (8 +12+6)(k, +2)7 (K, +12k, +6K7 +8)

—{8(k, +2) 7Kk +4(x, +2)7 (i, + 12K, +6K; +8)K; }
—6(k, +2)" - (4 + %) (k, +2) " (k, +12x, + 65 +8)°

=—6{ 2-2(k, +2)" + (i, +2) 7 (—x, + 8Kk, + 2K, — 4K, +50K;)
+(k, +2)7(7/ 4)(x, +12K, + 6K +8)° }
—26(c, +2) 7 (ic, + 12k, + 61c; +8) —8(x, +2) ki —6(x, +2)
—(11/2)(x, +2) > (x, +125, + 6K +8)°
—4(k, +2)7 (k, +12x, + 6K; +8)i;
=-12+6(x, +2)" + (i, +2){ (6-26)K, — 481k, — 12k
+(24-26%x12)ic, +(—6x50-26x6—8)Kk; —26x8 }

- (% + %) (k, +2)7 (k, +12xK, + 61 +8)

—4(k, +2)7 (k, +12x, + 6K +8)i;
=—12+6(x, +2)"
+ (K, +2) (20K, — 48K K, —12K; — 288K, —464x; —208)
—16(x, +2) 7 (x, +12K, + 6K +8)°
—4(k, +2)7 (k, +12x, + 6K; +8)K;
(=-12+3-52-128=~-189 under normality).
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Consequently,

(A)
Kg4 (tML

=n" { (i, +2) 7 (i, + 241, + 32Kk, +32ic; + 144K, + 96K +48)
(A)
—12(kc, +2)7 (5, + 245, +52Kc5, +32ic; + 144K, + 208k +48)
—8(xc, +2) 7 { (x, + 12K, + 8K +8)* —4x] }
+24(xc, +2) 7 (i, + 12, + 14K + 2Kk, +8)

+48(k, +2) K3 (ic, + 12K, + 6K +8)
+ %(IQ +2) 7 (i, + 24K, + 48Kk, + 34K, +152K, +192K; +56)

+18(xc, +2)(k, +12K, + 6K +8)°

+18(k, +2) 7 (k, +12K, + 655 +8)
+(x, +2)7 {%(1{8 + 24K, + 34K +1521c, +56) + 312Kk, +1536k; }
—24(k, +2)" +24

—(ic, +2) 7 (4, + 78k, +12K; +16K% +44)

~12+6(x, +2)™

+ (i, +2) (20K, — 48Kk, —12ic; — 288k, —464x; —208)

—16(xc, +2) 7 (ic, + 121, + 6K +8)° (S6.17)

—4(K, +2) 7 (k, +125, + 6K; +8)K; }+ O(n™)

(A)
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=n{ 12-18(x, +2)'

(A)

+(k, +2)‘2{ (1-124+9)Kk, +(24-12x24+24+9%x24-4-20)k,
+(32-12x52+48+9x24+312 - 48)k.kK,
+(32-12x32+9x34-12-12)x;
+(144-12x144+24x12+9x152-78 - 288)x,
+(96—12x208+24x14+9x96 +1536 —16 — 464)k;
+48—12x48+24x8+9x56—44-208 |

(1, +2) 7 {-8(1c, +12c, + 85 +8)” + 32

+(48—4)(x, +12xK, +61c; +8)K;

+(36-16) (i, +12i, + 61 +8)° | } O(n™?)
(A)

=n'[ 12-18(k, +2)"

+(K, +2) 7 (2K, — 48k, — 64K i, — 10K, — 294K, —144x; —84)

+(K, +2) 7 { 12(xc, +12K, + 655 +8)* +12(kc, +12x, + 61, +8)i; + ]

+0(n™)

=+ ()
(=12-9-21+96=78 under normality).

$6.2.3 A result for estimation of —2/,
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& (A)

a
. ~(A) (O)ML3 2
nacov, n AlC,, &gy, + (z; —1)

. -1 G (A Y12 L g 2
—nacovg{ n AIC,, , Gy (Qys) AaymLiZa

(S6.18)
Aﬁﬁé Q) (2 =D,

(1) where the first term on the right-hand side of (S6.18) is

-1 ~A(A A(A) \—1/2
nacovg{n AIC,, , a IE/IL)I( 1£4L)2) §

= nacov, (T (@4) ") =B, (L m( )"

1
= _E(K“ +2)7 (i, +12x, + 6K, +8),
(11) the second term on the right-hand side of (S6.18) 1s

1 A(A) 2
nacov {n AIC,, , (At)MLIZd}

=nacov {ZNEIL),nE (LPm" Yy 122

=nacov [ W@ 3/2{4K3( ;) 2K 2

with
4k, (L) = 4n1;{IMLj (—%—%mg(zmz)}
(b, =—1(x, = %)? / (267)} = (1/ 2) log(275?))
_266 _

— {nli{(x, ) -ty

—6n™ = )~y — ) F ) | +0, ()
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1[5 7, .2 S a3 = _ 1
:_5[2 324432 —1-6{ —2z +(Z)Op(n_m)}(Z)Op(”_m):|+Op(n )

3
B n x _ﬂo B n

—12n™" / n’'
j=1 o k=1

A 3? 3 2= -1
=2z 12z z (Z)Op(n_1/2)+017(n ),

that 1s

/ 7D

(A
ML’( L

nacov [ ity 3/2{4K (1) +265} 1z;

= nacov, {=2,, 3(oqgs) " (dyn
+nacov, {20, 4 (l,,)+ 287} (i, +2) 7222

1

2
xk_luo) x_ﬂo+0p(n—1)
(o3 (03

- {4x 5 () + 2K}z,

=3(ait)™ {—5 (k, +2)7 (i, + 12K, + 65 + 8)}

x{—%(@ +12x, +10x; +8)+2K32}z§

+nacov, [z_z 1 {2_6—3?+3z_2—1—6(?—2z_3+z)z}
2

127 127 2% :|(K‘4+2) S22
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_ %(,Q +2) 52 (1, + 12, + 6K +8)’ 22
!
{_5{@ ~6,)=3(0, ~0,) +3(0, =)} + 3(0; - 200
+40,(0, —0,)— 1203 }(1{4 +2)712 22

- {%(’Q +2)7 (i, + 125, + 615 +8)°

a’®

1
+(c, +2)77 {—5(68 ~ 40, +60, -3)+70.0, - 220, sz

where
o, EEg(zk), o,=k,=1,0,=K;,0, =K, +3,
cov, (Z_Z, zZ°)= n_3Eg {Z(ZJZ — I)ZZkZZI* }
j=1 k=1 =1
=n>(no,+n’—n-n")=n"(c,-1)=0(n").
(i11) the third term on the right-hand side of (S6.18)
Using Gyps =K +12K, +4K) +8 =6, —36, —667 +2 with

A SN — k
Op=n jzl{(‘xj_x)/a} , we have

1
1 A(A) [ A(A) N-3/2 2
nacov, {n AIC,, , gaMm(aMLz) (z; -1
— — — _2 — — — —
. 2 6 4 3 5 3 3 _2\— (A) \-3/2
—{nacovg{z , 20 —=3z"—6z" —6(z°—2z" -6z z z}(aMLz)

2
T A) =17 A(A) \-1/2 2 z;—1
+nacov,, { LY, 3(ai) (@) (i, +12x, + 4K +8) } a
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:{ (x, +2)°*{ (0, —0,)-3(0, —0,)—120,(0, —5,)
—6(o; —20,—60;)0, |}
+3(1c, +2) {—%(m +2) 7% (k, +12K, + 61 + 8)}

2
z; —1

x (i, + 12K, + 4K +8) }

={ (k, +2)*( oy —40, + 30, —180,0, + 6007)

2
z; —1

—%(m +2) 7% (k, +12K, + 615 +8)(i, + 12K, + 4K +8) }

Consequently,
5 (A)

(04
_1 ~A(A) (t)ML3 2
nacov, {n AICy; , Aiymer T 6 (23 1)} (S6.19)

1s the sum of the values in (1), (i1) and (ii1) given above

. . . s(A) (A 12 1/2
(under normality, (S6.19) is 0 since  Fme1 = v = 277 =27 and
s(A) (A »5/2
Aoymes = Cpyms = =277 are fixed values).

S6.2.4 Asymptotic cumulants of n_lAICML after studentization for
estimation of —2E g (Z\;L)
oy NHRTAIC, +2E, (L)}

ML ~(A)NI1/2
(Vyr)
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A)* 12 ¢ (A 1 A) \-1/2 32
Kgl(t( ) )=n {a((t)l\)/lLl +4 7(0‘15/&)2 J+0(m ")

=n"? {(K‘4 +2)™" —%(K‘4 +2)7 (i, +12K, + 65 +8)

—(x, + 2)7"? } +0(n™")
1 (S6.20)
=—n"? = (zc4 +2)7 (i, + 12K, + 655 +8)+O0(n>"?)
=n" ((t?l\)/ILl +0(n 3/2) (a((gl\)/lil = a((ZBMLl)

(A _ (A 1/2
(under normality g = Qanmr = —2 ),

Koo (( ) =17 o + 2277 (o) B, (R m" W} +O(n7)

=140 { o s + (K, +2)7 (K + 12K, +6K5 +8) }+0(n™)

. —1__(A)* -2
=1+n"a ., +00 ),

Ay _ ,(A)
(under normality X vra2 = Farmraz +2),

A)* 12 (A 32 A (A
KgS(t( )) n ((t)l\)/IL3+0(n ) (a((t)lz/ILS a(t)ML3)9

(A)* (A) - (A)* (A)
Ke4 (b )=n" a(t)ML4 +0(n ) (a(t)ML4 = O ymra )

S6.2.5 A result for estimation of —2E 2 (Z_I\ZL)

5 (A)
a
-1 S (A (OML3 2
nacov, | n AIC,, , Qym T (z; =1

(At)MLI Oz

(S6.21)
-1 ~ (A 2 L 24 (g Y22

:nacovg{ AIC,, , &'3\ . zo +=ai (@) (z —1)}.

This reduces to the case of Subsection S6.2.3, where the first term of (1) for

(S6.18) 1s zero. So, (S6.21) is equal to the sum of the second and third terms
given in (i1) and (i11) for (S6.18), respectively.

-1
S6.2.6 Higher-order bias correction of 7 AIC,,
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. . -1 . -1 .
Since the correction term of 7 AICML 1.e., 2n " is exact even under
non-normality, the higher-order correction is unnecessary.

s6.3 n TIC{ (j=1,2)
Since A=A=-1/0? and ¥ =y=1/0",
nTICY) =20, +n7'2(=A7p) =21, +n"'2
= n_lAICML (j=1,2).
That 1s, the results in Subsection S6.2 for n_lAICML also hold for
nTICK (=1, 2).

(S6.22)
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S7. Example 3: The Bernoulli distribution with the WSE of the logit under

correct model specification

S7.1 Preliminary results

* 1
Pr = 0: xl_ o :O,lp = ’
(=210 = (1) (=01, =

| = log{anj (1-m)"" } =1, I=n""l,
J=1 j=1

T
Ij:leog1 +log(1-7)=x,0 +log(l - ),

—TT

1 _ B n
ly; = x,0, +log(1-7,), 7, = I+ exp(—0.) h=n"2 1,
0 J=1

Iy = IOgHﬁ 7 (1-m) }{ﬂ(l - ﬂ)}‘”z},

7 () _ —17(e)
Ly =nl

=(x+n"'0.5a)logr +(1-Xx +n"'0.5a)log(1 - ),

I_Oés) =(X+n"'0.5a)log Ty, +(1-Xx+ n"'0.5a)log(1 - 7,),

(87.1)

where the superscript (e) indicates that the quantity is for estimation of 0, by

the weighted score method and a 1s the sum of the pseudocounts for two

categories,

I, =E,(,,)=E(I,) =m0, +log(1-m,),

ol x 1-x . X
_ _ r.(l-7)=x-m,, 0,, =lo ,
00, (71’0 1—%0] o{1=7%0) ook gl—)_c

o*1 0’1, _
= = =—n,(1-m,)=—1i,

Ty =X, A=1
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I'=y=nE {(j@loj }:nvarf(x):ﬂo(lﬂo):zo,

tr(A"'T)=A1""y =1,

_, T
Loy =1y :(xj_ﬂo)logl_(;z_ = (x; =7,)6,
0
1©  (xin! —xXx+n"
Oly _|x+n 0.5¢ 1-x+n 0.5a (-7,
00, T, 1-nm,

=X-m,+n 0.5a(1-2r,) (=x+n"'0.5a-(1+n"'a)rx,)

— 3y _1 *
=X-m,+n q,,

N

N Ty X+n"'0.5a
—, 0, =log =log——— ;
l+n a 1 -7y, 1-x+n 0.5a
* * aq* -

= =0.5qa(1-2x ) —:—Cli,
94y =4, ( 0) 20 0

0

. x+n"'0.5a
Ty =

531 az_

o'l o
J = ;& _594 =—(1-6m, +61.)i =—n Kf4(x)— —n K (69 j

L\é@ =(x+n"'0.5a)log7t,, +(1-X +n"'0.5a)log(1-7,),
B 1
1+ exp(—éw) ’

>
=

IAW =Xlogny, +(1-X)log(1-17y,),
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L0 [ 0l ) .5 s O
IV =W =) 1—[—1 l—j—f”/l Gy ——
° 06, 06,) " 7

00,
=27 (—ai))(x — 7))+ (1-27,)iy(=i,)0.5a(1 - 27, ) (X — 7,)
=—a{i"' +0.5i, (1 -2, }(X —7,) (see (Al.1)),

“2E, (I, ~1y) = 20"t (A T) + 172 (¢, + ¢, +¢,) + O(n™)
=n"'b +n7’h, +O(n)

b =2tr(A'T)=—-2¢g =-2,

b, =¢, (¢, =¢; =0 under canonical parametrization; see Corollaries 1 and 2
with (A1.5))

=-2(1-2rm,) i, +(1-67, + 67 )i

2% 3y 4200y + O
00,
=-2(1-2m,) i, +(1—6m, + 67 )i
+2ai i, +2(1-2m,)i i, 0.5a(1-27,)
=-2(1-2m,) i, +(1—6m, + 67 )i,
+a{(1-2m,)* i, +2}
=—(1-27,)" 5, —=2+a{(1-27,) i, +2}
=(a-D{(1-2m,)", ' +2},

1O =2 1"y =-2(x - 7, ) log —2— = —2(X — 1,6,
-7,

—» Ol 0l _ — . _

L =g g =R () =y =
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—\3
— 1 5.5 Ol 1 —3,—
l}\/ﬁ) 25]33)}« 3(@—90] 25(1—2750)1010 3(35 —7'[0)3
1 — 5
=—(1—27z0)10 2(x—7t0)3,
n°E (1(3))——(1 2m,)i, 1 °n’E {(x 71'0) }——(1 271'0)2 i

— kGO,

where Sk() is the skewness of a variable.
— \4
ol | ol
1(4) ) 2 -5 .(4)1_4 oL
(0 4 (aej 12]° (ae]
n’E (1<4>)———{s1<(x N kt(x)+0(n h
_ 1 2 2Ny -1 -1
== B1-27)" — (1= 6m, +6m)}j, " +0(n ™)

= —i(67t§ —6m,+2)i,” +O(n™") :%—%%_1 +0(n™),

where kt(-) is the excess kurtosis of a Variable

n E Y AR +l(4))———{sk(x W — kt(x Y+O0(n™)
= {-%(1—2%0)2 +Z(1—67ro +67r§)}%_1 +0(n™)
:é(—Z +21, =21}, +O(n™) :l(l —i )+0(n™),

o % 1 % _ * _ _ a _
—n 2(]0'1\ 1qo =—n 2(%)2}* t=n" (1 27[0)2 g
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A _ n'?(n"'AIC,, +21)

For ‘w (A(A))1/2 )
we have
W =4 =Dy Uy, ~ ) =) =0, (0,
=1
le _l] |9—9 ) Z_W =n" IWJ’
j=1
v =d(n =17 (), =) =46, (n=1)" Y (x, = X)’
j=1 J=1
=40;u’,

E (V(A)) 49()2i0 1(\/1AL)2 (E (u )= var, (x) 7, (11— ﬂo)—lo)
Varf(loj)zé?ozVarf(xj):90210,
Kf3(10j):903Kf3('xj):903(1_271-0)%9
Kf4(loj)=9§Kf4(xj)=9;(1—67[0+67T§)%,
E Uy —1)'y =6y o (x,) +3{var, (x,)}’]

=0, {1—6r, +6m; +3m,(1-7m,)}i

=0, (1-3m, +3n})i,

ol _
E | I, — |=06,var,(x;) =0, (87.2)
00,
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E

N

: (l()j _70*)2}:902’(]’3(35]') :902(1_2”0)%3

(oY _
Ef4(10] _l() )[—1) }_HOKf3(xj)_00(12ﬂO)i09

oviV al, -
Ef( ago j =8E, (loj ﬁj =80, var, (x,) = 86,1,

0

(87 is due to canonical parametrization),

av(()A) 2 alj 2 1 272 1
E, 50, =041E, loj% +0(n ) =640,i,” +O(n ),

ncov (m,, [))=ncov (W, [))=4x ,(I,,)

:40031<f3(xj) =40, (1-2n,)i,,

A — ., Ol —
ncov,, (%,mv) =4E, {(loj ~-1) ﬁ} =40;(1-2m,)i,,

0 0
navar, (m,) =16| E {(l,, =)'} = [E {(y, =)} T |
=16{6; (1- 37, +372)i, — 0,1,
=160, {1-3r, +3n; —n,(1-m,)}i, =160, (1-27,)* i,

— 2

vt ol j . [az.)
ncov , =8E,(,.— )| =% | =80,k ,,(x.)
f( 880 880 A 0j 0 800 0" f3NT)

=86,(1- 27, )]
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aV(A) _ —, ol.
I’ZCOVf(a—;O, loj:8Ef {(IOJ'_ZO )28_010}

= 807K ,4(x,) =80, (1-27,)i,,
2 7 (N2 (D) 1")? al]
nB (b)) m, =1 16r (), 48 3 (b, = 1) 00,
0

= {160, (1-6r, +6m, )i, 40;(1-2m,)i,}
(see the result of the second term for (S1.7)),

'

ol - = ,
mle) - [mvaﬁ) = {4002(%% - l())a X _7[0} s

0

o[ . al () e (™| e
' v e, T\oe,) | o9, T\ 06, )| o6,

= {160, (1’ — 1), 402 (u> - 1)(X —7,), 0, (X - 7,)*,
860, (u; — 1, )(X —7,)}",

1 ov' |
1y _ (A) \-3/2 -1
\ —E(aMLz) {—1, Ef{ 50, ]}L }

- %(495%)‘” 1,80,7(-1) "} = —%(95%)‘”(1, 36,)"

'
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(A)
e :{ %(alg/fi)z )y, _%(Oﬁg/ﬁ)z )2 E, [5\/ ]/11,

00,
(A)
1 (A) \-3/2 (5 (A)) { 1 (A) \-3/2 aV(A) 1 (3)
— (@™ )?°E A7 | (@) E, A
ML2 00 4 ML 690

(B)

v\ 3 v Y
——(a™ 3R +2(a™NVI?E
( V) ( 8002 j 3 MLZ) g{£ aeoj

+ O(n_l) :|(ll)2 , % aﬁ/ﬁd)z)—yz l_l :|
(B) (A)
=[ %(49570)‘”,—2(49@)‘5/2890%(—%)—1,—%(4955)—3/289@—2,

(A)

]- TN — ~ TN — -~ 1 TN — ~
{ 2(4‘90210) 3/28‘9010(_10) 1{_(1_2”0)10}_ 2(4002’0) 3/2810

(B)

3 TN\ - -—_ 1 —_ —_
Cden T [T e D |
(B) (A)

3 1

-5+-5/2 —4 -5/2 -277-5/2
90 lo _0 ? _90 lO s

3
256 ST
{%9 2l -1/2 (1 2 0) 0—3 0—1/2 + 29—3 1/2}10 2’ _%903%5/2:‘

—0,",~ 902,19 (1-2m,)+— (90_3, %903} 7"
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nE, (Lm® o = —2{;1 cov ,(f,m,), ncov, [Z_O?%j}V(l)
0

— ol \|
=-2 {41{/,3 (fy;),ncov, Llo,a—eoj}v

=—{80, (1-27,)iy> 20, }v"

— {89 (I- 271'0)10, 20 10}(1 80 ) (902 O)—3/2

:5(1—2%)% +0,'i7"% = { (1- 27ro)+9} ,

2
(A(A))—l/z _ (OCIE/[AL)2 2 - 77\(;;) + Z v/ vm(vj) + Op (n—s/z),
j=1

o™
00,

=3 (aéﬁé)”E{ )Alqg“ (see (S1.2))

— (407 80,4(-T) " 0.5a(1 -2,

a | ,—_
:_Z 02 3/2(1 272_0)

§7.2 n 'AIC,,
nAIC,, =21, +n'2g =21, +n"'2.

A

where note that ly is used rather than lvée) )

S7.2.1 Asymptotic cumulants of n_lAICML before studentization

For estimation of _ZEf (l_v:;) ,
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i, (0" AICy, +2E , (Iy)}
=5 (2){17/ +2q)+ n‘zb2 + O(n_3)

=n"'x0+n7bh, +O(n~")=n"c, +0O(n>) (57.3)
=n?(a-D{(1-27,)° 5 " +2} +O(n™)
(b, =¢, due to canonical parametrization; 05&?1)* =ay, =b, =0 )
a\(Kl/AA)I* - b2 = cl ))
while for estimation of —2 Zo* )
K (n'AICy, +21))
= Ay +2q)+n B (L) + B +(90)] '+ O()
2
—n ' +n? {% (1-i, "+ % (1-27,)%5" } +0(n™) (S7.4)
= nal el +0) (@) = ald).
K, (n'AICy,) = n"'[nE {(Ly )} ]+ n [ 2n°E (L 1)
+2m°E (bl ) +n°E A(LD )y —{nE (D)} 1+0(n ™)
=n"'4n var, (f)@oz +n” { 4n2Kf3 (3)90%_1
(S7.5)

—g(l—zno)eog—zan Ax—my)' +2127/2} +0(n™)

= 4077, + 7 {4(1-27,)0, 41 - 27,6, + 2} + O(n™)
=040+ 2407 ) = 0oy 4 e, +0(n”)

(A) _ (A) (A) _ (A
(awz = Oyvias Ewan = Aypaz )-
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K3(n'AICy, ) =n""[ n’E {(l L) 430 E, A L)
—3nE  (Iy} LYa™ 1+0(n”)

=n7 | n’E (L))} + 64 {ncov (lﬁﬁ)’jé ]} ]+O(n3)
0

=0 | n’E (L)) +240° lez{ncovf( s—é_]} ]+O(n3)

0

i (S7.6)
=n_z~{—80031121<f3()_c)—24101 I +0m”)

=n{-80;(1-2m,)—240.}i, +O(n™)

2 (A A A
=h al(\/IL)3 +0(n) (0‘( )_al(v[L)3

Kra (n_lAICW) =n" [ n3Kf4 (Z_NEIL)) + 4n3Ef {(ly (1)) (2)}

+6m'E {(R)))’ iy PHAnE () B = 4B () e

~ banua0ith, = 6o tnE, (Ry")}* 1+0(n™)

=n" { 160§n31<f4()_c) —32&‘1003113Ef{()_c— )}
+24A76,n°E {(X —7,)°} +4><(—8)%9§ (1-27,)i, °n’E {(X —7,)°}

_ax (D, —6aa® 6l (1) }om
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=n { 160; (1— 67, +612)i +32077, 107 (1- 27, )7,

+24x15071,75,° - % x150; (1-2m,)i, i)’

_4{8303(1—27r0)+24902}70—6><4902%x2—6><4902%} (S7.7)
+0(n™)
= n{ 160} (1-67, +672) +(320 160 -32)6; (1 - 27,)
+(360-96—48—24)07 Vi +O(n™)
=n{ 160 (1- 67, +67.)+1280; (1-27,) +19207 }i, +O(n™*)

=n" o, +0(n ™) (o) = o).

S7.2.2 Asymptotic cumulants of n_lAICW after studentization for

estimation of —2 lo*

o 1 AIC, + 21,)

W ~(A)N1/2
Ow)

A 12 (A A) \-1/2 A 32
K (t\(zv )) =n {%E/IL)1 (al(v[L)2 + OC((Az;MLl} +0(n ")

12 (A A) \-1/2 T(D)pan(l 1 -3/2
=n {CXIE/IL)I (alg/IL)Z + nEf (Zl\/([L) m(v : ')V( )} +0(n~")

=n" {1 x (40,3,)"" + {%(1 -27))+6," }g”z } +0(n™?)

s 13 1 - - - -
=n " {5901 +5(1—27r0)}10 P07 =n" o, +0(n77) (87.8)

Ay _ A .
(a(t)Wl = O mers

a((AAt;MLl =nk, (Z_N?L)m(vl) W ={(1/2)1- 27,) + 90—1 }%—1/2 ).

47



(A)
Ko(ty')

_ -1 (A) (A) -1 2 7 (2 (D) (1) (A) \-1/2
=1+n |: MLAZ(aMLz) +2n Ef{(l )y v m, }(aMLz)
(A)
+2anf[ IO TOYO D L T0 (00 Ly @ igy@)y 419 4y (0 }

(B) (B)

(A) \-1/2
X (aMLZ

2 72 (A) 12 (1) (1) (1) 7 (1) (1) 2
+n Ef{zl (O Iy ' +(he v 'm,7)" )

2 A -1/2 A A 2 -2
2B, () el + (@) }om )
(A)

(S7.9)
(1) the first term in [- 1 of (S7.9) 1s
(A) (A)

_ _ 1 P
qulz)Az(alst)z) 2(49210) 2 2101

9

(ii) the second term in ([E)' (1) of (S7.9) is
2n°E , {(y) ) v 'm" (a2
:2{161(],4(10 ),4E, {(loj ~1) j—g’OHv“ka;& "2 (see(S1.7))
=2{1660; (1— 67, + 615, 46, (1-27,)i, }
X (—%}(6’5%)” (1, 89,)'(46,%,) "

= {0} (1- 67, +672)], + 200 (1= 27, )0 }(027)
=—{1-6m, +6m; +20,' (1-2m,)}i,"

= —{(1-2m,)* - 27 +26," (1= 27,)}7 "

= —{(1-27,)° +26," (1-27,)}}, " +2,
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(iii) the first part of 27°E, [+ 1(a4s) ™" in (S7.9) is

(B) (B)

2 7 (D7 (2) 02 (D) 1y, (D o (A) =172
2n Ef(lMLlML m, )V (o

4 17" { (I,m.), E (z d, )}
=— ysncov  (I,,m,), _J
S0 "\ a0,
ol . al_
+2E l.—]]}tl {ncov (—,mvjﬂf} v (e )2
f{ 0/ 890 f 800 ML2

+ O(n_l)
= —4] — {40, (1-27,)iy, Oy} + 20,iy (—iy) " {40, (1 =270 )iy, iy} ]

1 - ' T\ -
X(_ijézo) (1, 86,)'(46, )" +O(n™)
_ _%[ (40)(1-27,), 0,17, +20, (402 (1-27,), i, ]
x(1, 86,)'(077,) > +O(n™")

:_%[ 49()3(1_27T0)+89()2 +290{4902(1_27[0)+800} ]90_4%_1 +O(n_l)

= —{%901(1 —2m,)+ 3002}%1 +0(n™"),

(iv) the central part of 2”2Ef - ])(aIE/IAL)Z i (S7.9) is

(B) (B
2 TN2 (1 2 2 A) \-1/2
2n°E {(y ) ("' + v 'm?) ey,
A A) \-1/2 A 2 2 A) \-1/2
= 2a1£4L)2n\(7\‘/})(aIEAL)2 + zali/[L)ZEf(mgz : ')V( )(al(v[L)2)

- _ ol
+2%(-2)’ {2{,1 cov ,(f,,m,)}*, 2ncov (I, m,)E, (loj' ﬁj’o’

0

2
ol — o™ ol .
2{Ef [IOj a—ejoj} ,27’l COVf [lo,a—goj Ef [10]' 8010 j:| V(Z) (aﬁ/ﬁé 1/2

+0(n™")
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_ (A) /2 (V) (A) \1/2
_2(aML2) Nw ' +2(aML2

ol ov™ ol | o
X navarf(mv),ncovf m,,—— |,0,y,ncov ,—— ||V
00, 00, 06,

+8[ 2440, (1-2x,)i,}*, 89 (1-2m,)i0,i, 0, 2(0,i ),
160, (1-27,)iy0y IV ()™ +0(n ™),
- 2(4902 0)1/2 {__92 o (1_2750)}
+2[ 160, (1-2m,)* 1, 40;(1-2m,)i, O, i, 80,(1-2m,)i, ]
x V(Z)*g—S/z (49021_0)1/2
+8[ 320;(1-27,)°1°, 86, (1-2x,)i°, 0, 207i7,
160, (1-27,)i,)> v %(46;1) " +0(n™)

—%eo-lg—l (1-27,)+[ 640;(1-27,) 1", 160; (1-27,)i, ",

0, 40,i,~", 320, (1-27,)i,”" v (use v = v 77
+[ 12860, (1-27,)% 4", 326, (1-2x,)i, ",
0, 80,i,", 640;(1-27,)i,”" Iv?" +0(n™)

a 2_13

05 (=22, + (6412800, (1= 27, -0,

+(16+32)0°(1-27,)i " %9;‘
-] 1,5 |
+(4+8)9010 ZQO (1—27'[0)4'590

+(32+64)0; (1-27,)i," (—%0&) +0(n™)

a

B _200_1%_1(1_2750) +%(1_2ﬂ0)2%_1 +990_1(1_27T0)Z_1
+30, (1-27,)i, ' +66,75, — 66, (1-27,)i, " +O(n™")
_ {%(1-27%)2 -4 +6)era-2m)s 6902}%1 +O(n™),
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(v) the third part of 27" E; L (}]3)(06&?2)‘”2 in (S7.9) is

~1y 7 (1) (1) (1) ¢ oy (A) 172 _ 7 (1) 1y (D) (o (A) =172
2n’E (n 2qly DV (0 —4nEf(ZMLmV WV (o

{ (1-2m,)+6, } 124600 ={1-2r,)0," +20,° )i,

(vi) the first half of the fourth term in (£)° (l) of (S7.9) is

equal to the result of (ii1) 1.e.,

nZEf {21 7Q2) (algﬁ)z)—l/zl_lvg)v(l) ' (1)}> _ {2 9 (1 27.[0) +30 }iol 4 O(n—l) ,

(vi1) the second half of the fourth term in (/E)‘ (1) of (S7.9) is
n E {(11\21) (ON (1))2}
=@, v 'nacov ,(m )W + 2nE, (LPm" WO +0(n™)
(A) . (1) navarf(m ) neov . (m Ol /00 )
=2V '
ncov ,(m,, ol /106,) %
+ 2{7’1Ef (Z_I\/Ei)mgl) !)V(l)} + O(n—l)

_ _ 160 (1-27.)* i 460°(1-2x.)i, \(1
:4951'0%(051'0)‘3(1, 86’0)( o (172m) b 40 °)l°][80j

46, (1-21,)i, 4
1 2
+ 2{5(1 -2, + 001} i +0(n™)

_ 14 04724160 (1- 27, ) +2x320°(1- 27, ) + 640217

2
+2{%(1—27r0)+901} i +0o(n™)
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2
+0(n™")

= {%(1 —27m,) +36,' (1-27,)+ 36, }Zl +0(n™),

(viii) the fifth term in (L' I of(S7.9)is

2 A) \-12 (A A 2
_{2”E (l( ))(al(\/IL)2 ((AtiMLl + (a((AtiMLl) }

——{2(—1)(49@)”2{ (1-27,)+6; } 2 {%(1-2;:0”901} gl}

A1 S, 2 |

—{90 {5(1 2r,)+0, } {2(1 27,)+ 0, } }0
—{1(1—277 )? +19—1(1—2n )}?1
4 0 2 0 0 0

Then, from (i) to (viii),

A -1 A -2
K, (ty)) =1+n" oy, +0(n7),

Al =5 07 1= 2, 426, (1= 2}y +2

—2{%001(1 —2m,)+36,” }%1

+ {%(1 —-2m,) + (—% + 6)901(1 —2m,)+60,° }%1
+{(1-27,)0," +20,>}i,™ (57.10)

+ {%(1 ~2m,)" +36,'(1 _2ﬂ°)+3002}701
| » 1 71
a-amy e lora-2m |
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:K 1+Z+%——j(1 2m,)’

+{—2901 -30;" +(—%+6j901 +6;" +36;" —%901}(1 ~2r,)

+%6’0‘2 —60,” +60,” +20,° +36’02F1 +2

:{1(1—27:0)2 +(—%+%j001(1—2ﬂ0)+12—1902}%1 +2

(A) (A)
(&ywaz # Qywaz When a #0).

)= a6, )40

—1/2 A) \-3/2 -3/2
=n" oy (o)™ + 6aiy }+0(7)

- l/{ 89, (1-2m,) +240; }10(49210)3/2+6{1(1—27r0)+001}%”Z}

+0(n"?)
=n"{(=1+3)(1-27,) +(-3+6)0,"}i, "> +O(n~"?)

=n"?{2(1-2m,)+36,'}i, "* +O(n ).
(S7.11)

A -1 A A -2 3 1)\4 1 1 A -3/2
) = { G @) 4, (Y Ym0 (e,
(A)
F120°E A TV 'my (al,)

+6n°E {(Iy)) (v 'm(”) (o)

3 1 2 1 1 7 (H)\4 2 2 A -3/2
+4n’E (L0 L0V mY + (40) v 'm Y (en,)

(S7.12)
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(A) (A) (A) (A) (A) (A) 2 (A) 2
+{4(ay —2q) s + 6005000, + 600 (0 —2g)" F (o
(A) (A) \-1/2y . (A)
- 4{a(t)ML1 —2q(oyys }a(t)ML3

A (). (1 1) (A) \=1/2
- 6{a((t)l\)/ILA2 - 4anf (ZI\/EL)mS; ) ')V( : (O‘lE/IL)z) §

- 6{a((t[;134L1 - 241(0515/1/1)2 o }2 }F O(n_z )

(A)

(i) the firsttermin [ - ] of(S7.12) is
(A) (A)

(A) (4 (A) 2
v (aML2)

={ 160, (1—6m, +6m,)+1280,(1-2m,) +1920; }i,(46.i,)"
={1-6r,+6r; +80,'(1-2r,)+120,*}i "
={(1-2m,)* —2i, +80,'(1-2m,)+120,°}i,",

(1) the second term in (/E)' (1) of (S7.12) 1s

B (R v ml ey )

=4[ 6o E A m, v (g, ) ™
+4(=2)’ K ;3 (ly B ; (hyy mP W ()™ 1+ 0(n ™)

=240’ {(hy ) mi v (o)™

~12802(1-27,)i, {%(1 —27,)+ 6" } P 72(4070) 7 o™

=—12{(1-27,)* +26," (1 -27,)}i, " +24

—8(1-2m,)(1-27, +26," )i, +O(n™")
= —{20(1-27,)* +400,' (1-27,)}i, "' +24+0(n™"),
(A) \-1/2

2 7 ()2 1 1 . .
(note that the term 24n°E {(INEL)) m(v v )(aMLz is 12 times the result

in (ii) for (S7.9) of Xywiaz ),
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(iii) the third termin [ * ] of (87.12) is
(A) (A)
l2n3Ef {(l (1)) / (E)V(l) 'm(vl)}(a(A) )—3/2

ML2

— 2
=12 [3a§g>2nE Ly +6A™ {ncovaQ;>,§éj}] (G m v
0

(B)

. —q Ol ol .
+6a1§/ﬁ)2ﬂ‘ 1nCOVf [ll\/ii)9a—90){ncovf [a—eoamvjay}v(l) (Olli/ﬁ)z) 2

(B)
+ O(n_l)

_ 12{{ 3(40, i) (—1) + 6(—i, " )4(6,i,)° }{%(1 —2my)+ 6, }Z”z
+6(40, 1)) (=i, )(=26,1,){40; (1-27,)iy, y }
X (—%j(@oﬁ)”(l, 800)'}(4002%)3/2 +0(n™)

= 12{ —{18(1-27,)0; +360,}1,"*

+480]7 (i) O 462 (1— 27, + seo}ﬂ (40T + 0™

:_[ —{18(1-27,)0; +366,}0,°1, "
0,7, (407 (1-27,) +86,} 1+0(n™)
:_%{3090‘%‘1(1—2%0)+6090‘2%‘1}+0("‘1)

=—{450,'(1-27,) +900,”}i, ' + O(n ™),

(iv) the fourth termin [ * 1 of (87.12)is
(A) (A)
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3 O 1 1)\2 A) -1
6n°E  {(h) (v 'm.”) } (engh)
=6[ 3(al,)’ vV 'n acovf(mil))v(l)

7a 1 )32 -1 _
+12047), {neov (L), m” )W} J(ayy,) " +0(n™)

=18ay, v\ 'nacov ,(m" )" + 72{ncov (4 ,m W +O(n™)

- 18{2(1—2%)2 +6,' (1-27m,) + 902}%1
1 2
+ 36><2{§(1—27r0) +001} i +0(n™)

={@+18j(1_2%)2 +<18+72>901(1—2n0>+<18+72>902}%1

+0(n™)
45 2 -1 2 51 -1
= {7(1—27%) +900, (1-27,)+9006, }lo +0(n")

(the two terms with 18 and 72 on the right-hand side of the second equation are
18 and 36 times the corresponding ones in (vii) for (S7.9) of a((t?ﬁdLAz ,

respectively),

(v) the first half of the fifth term in (£)° (l) of (87.12) is
one third of the result in (i11) for (S7.12), 1.e.,
4n’E {(he!) e v miY (o)

1 _
= 5[—{4590‘1 (1-27,)+900,%}i ']+ O0(n™)
=—{156,"(1-27,)+300,}i, " +O(n™)

(vi) the second half of the fifth term in (/E)'(l) of (87.12) is
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4n°E {(hy)' v 'm? Y (agy,)

=4[ 3(ayyh) nE  (m? YW +6ainacov {(y)), m? v ]
x(aygh) 2 +0(n™)

=12(agyn)"* nE  (m? )WV + 24(ayy, ) nfacov  {(hy)!, mP v

+0(n™)

(the first two terms are 6 and 12 times the second and third terms on the

right-hand side of the first equation of (iv) for (S7.9) of a((t/)\&mz ,

respectively)

—, 3
= (6x64+12x128)(1-27,)"}, ' —
( A =270) %

+(6x16+12x32)0,'(1-2m,)i,”" El

-|-(6><4+12x8){%901(1—2ﬂ0)+%902}%1

—(6x32+12x64)9,'(1-2m,)i," %+O(n—1)

= %(1 —2m,) i +900,' (1-27,)i, " +300,' (1-27,)i,”"
+600,%,”' —600,'(1-27,)i,” +O(n™")

= {%(1 - 27?0)2 + 6090_1(1 —27,) + 6090_2 }%1 + O(n_l)’

(vii) the sixth termin [ * 1 of (87.12)is
(A) (A)

{4(0‘15/1/1)1 —2q )al(\/fi)S» + 60‘1&4/1)2051(\/&)& + 60‘15/1?2 (alg/ﬁ)l —2q )2 }(al(vfi)z N
=[4x(1-2) {—8903 (1-2m,)— 24902 }% + 6(495%)2
+6(40;1)(1-2)* 1(46;1,)~

- {2901(1 —2m,) + (6 +3 +%j902 }gl = {2901(1 -2m,) +%902}g1
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(viii) the sum of the seventh to ninth terms in (/E)' (1) of (S7.12) is
(A) (A) \-1/2y ,(A)
_4{a(t)ML1 —2q(oyy, }a(t)ML3

—6{05((;)*1\)&& _ 4anf (Z_N?L)m(vl) v)V(l)(OClidAL)2 —1/2} _ 6{05((;;3@1 _ 2q(a§/ﬁ)2 -1/2 }2
=—4 {% 0, + %(1 - 2@}@”2 - 2(4902;)“2}{2(1 —27,)+360, "' i,
-0 { (1-2m,)* +(—%+ 9}9 (1- 27ro)+ 1 }iol +2

(B)

{ (1-2m,)+6, } 12405i)"” }

(B)

2
-6 {%90 - l(1 - 27:0)}%“2 - 2(4902;)“2}

:_4{1901+ (1- 27:0)}{2(1 2m,)+ 36, }10
_6{

2
7 9 11 .
{4(1 27,)° + 5—1)9 (1- 27r0)+(7—2j9 },0 +2}

1, 1 P
-6 500 +5(1—27T0) lO
= —{4(1-2m,)* +100," (1-27,) + 60,7},

—{%(1—2%0)2 +210,'(1-2r,) +21002}%1 —12

- {%(1 ~2m,)" +36,'(1-27,) %902}%1
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:_Kh%éjﬂ—z%)z +(10+21+3)6;," (1-27,)

+(6+21+%j902}%1 -12
7 —

- —{16(1—2%0)2 +34901(1—27z0)+57002}10 ~12.

From (1) to (viii),
k() = { (0-27,)" +86," (1-27,) +1260,°}7, " =2

(A)
—{20(1-27,)" +400, " (1-27,)}i, " +24-{456," (1-27,) +906,"}}, '
0 0 0 0 0 0 0 lO

+{4_25 (1-27,)* +906, ' (1-27,) + 906, }%
—{156,"'(1-2m,) +306,%}§,”
; {%ﬂ —2m,)" +606," (1-27,) + 600, }l_

+{2901(1—27r0) +%902}701

—{16(1—2%)2+34901(1—2n0)+%002}i1—12 }O(nz)

(A)
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=n H[l 20+ f-mja 27, )
22

(A)(B)
+(8-40-45+90—15+60+2—34)0;'(1-27,)

+(12—90+90—30+60+%_52_7j302 }%1

(B)
—2+24-12 }rO(nz) (87.13)

(A)
=n"'[ {1001-27,)* +260,' (1-27,)+2460,> )i, +10 1+O0(n?)

-1 (A) -2
=n Qg 00 7).

$7.2.3 A result for estimation of —2/,

aw)
oW (OW3 ¢ 2
nacov ,n 'AIC,, Qywi T ¢ (z; =1

agn
_ .- o™ (OML3 , 2

_ -1 G (M Y12 4 g™
—nacovf1 n AlIC,, , Ay (Cus +a(At)Mle (S7.14)

AR n},

1) where the first term on the right-hand side of (S7.14) is
g
-1 ~A(A A (A) \-1/2
nacov , {n"AIC, , a 1(\/IL)1( 1(\/[L)2) §

1 A -1/2 1 1 1 A A
=nacov  {hy,(Ginh) " =nE (L mP WY (@l =ony) =1)

_ {%(1 -27,)+ 06, }70”2,
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(1) the second term on the right-hand side of (S7.14) 1s
nacov . {n- 'AIC,, , 4 A((A’XMle;}

=nacov, {II\EL),nE (Iy mm(l) Wiz

=nacov, ZI\EIL),{ (1- 27Z'ML)+9ML} 1/2}207

=nacov, —29()?{ (1- 2x)+(10g1_ j }{f(l—f)}l/z}zé

X

—20,n var (x)H—l—Qoz( I n 1 ]}%1/2
r, l-m,
1 -1 1 372 2
+{5(1—27r0)+490 }{—510 (I—ZEO)HZd

207 A+ 7T+ {30207 3/2%%%1—%&@3”}}5

= {%(1 —27,) 0,0, + (1-2m,)i, " +2(0,i,* + 6,1, “2)}2;
(i11) the third term on the right-hand side of (S7.14)
1 . A(A) -
nacov, {nlAICML, L@ e ;_1)}

-1
6

— -1 2
=26, nacov, 1-2x +3(log—j (x(1-x)" Z ~1
1-Xx 6

=nacov [ L\, {~805, (1-27,, ) - 249§L}1ML(49§£4L)‘3/2]
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zzeoioH—z—:seoz[; + 1_17T j}g”z
0 0

+(1-27, + 3901){—55”(1 -2nm, )H

2
Zd—l

=20, {(2 +360,%, )i, " + %(1 =27, +360," )(1-2m,)i, " }

2
Z&—l

6

X

2
z. —1

=—{0,i,"*(1-2m,)" +3i,"*(1-27,) +46,i,"* + 60,1 ">}

Consequently,

~(A)
1n.acov {nlAIC g 4 Lows (z2 - 1)}
A wo “()wi 6 é
1 -1 |5 -1/2
:{5(1—27'[0)4‘90 }ZO
+ {% 0,0, *(1-2m,))" +1, "> (1-2m,) +20,i,"* +26,"i " )}zé

- {%9@“2 (1-27m,)* + %g—”z (1-2my) + %905”2 +0,'5, 7" }

X (Zi —-1)
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) {G sk %}90’7’”2(1 ~2m,)
AR P

+{2-Dz2 +1+ 136, "5,

Gzz + éj%_m (1-2m,)* + GZ; + 1)%‘“2 (1-2m,)
4 2 2 1T-172
+ EZ +3 0,0, +(z2 +2)0, "7,

(87.15)

S7.2.4 Asymptotic cumulants of n_lAICML after studentization for
estimation of —2E, (IAV:;)
e MHTAIC, 42, ()
W ( ‘;\()\/]\))1/2
Kﬂ(r(“*) = e + A7 (@) + 0
=+ 2 ) P 00

— 12 _(A) -3/2
=n a(At)ML1+O(n )

= 1/2{ (1-27,)+6, } 2L 0(n™)

(7.16)

Ay _ Ay _ _(A)
(a(’)Wl Ximer = a(At)MLl)

A)* -1_,(A )
K2 (t\(N M)=1+n a((z)\szz +0(n™)

Ly (A A) \-1/2 ... 1 )
=1+n {a((t)\gvAz +24° y(al(\/[L)z I’ZE (l A ( ) ')V( )} +0(n™)

=10 o, — 2ags) nE (im0 + 0 )
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=1+n1H (1-2m,) +£_Z+9j9 (1-2r 0)+ 1 }i01+2

—2(4077)™" {%(1 —2m,)+6;" }g”z } +0(n)

T N

+0(n™).
(A)* (A)* (A)

(A)* _1/2__(A) 302 _ _
Kf3(tW )=n a(t)ML3+O(n )(a(;)w3 Cipymes = a(t)ML3)

(A)* -1 (A) (A _ (A)* (A)
Kf4(tW )=n (t)ML4+0(n ) (a(t)W4_a(t)ML4 (t)ML4)

S7.2.5 A result for estimation of —2E r (I_I\ZL)

5(A)
a
-1 A (A)* (OW3 ;2
nacov , {n AlCy, a;y + p (z; —1)}

_ GA) 2L LA (5(A) Y322
=nacov {n AlCy, , a (AYML1Z ML3(aML2) (z; — 1)}

1s the sum of the second and third terms of (S7.14) for estimation of —21_0* 1.e
s (A)

P
nacov { “AIC,,, a\Ny, + (;m (z2 -1)

N\

Vo

Ahywi é

J

= —lz%+—1 0,i " (1-2m,) + —122~+—1 i (1-2m,)
3% 6)°° ’ 2% 2)° ’
(S7.17)

+ (gzi +§j 0,i,) +(z2 + 10,1,

-1
S7.2.6 Higher-order bias correction of 77 AIC,,

-1
The higher-order bias correction of 7 AICW under correct model
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specification and canonical parametrization can be done by using b, =c¢, as
n"'AIC,, — n_zl;2 =n"'AIC,, —n7¢,

=n'AIC,, —n(a—1){(1-274,, )i +2}

=n'AIC,, +n(1-a)[(1-2%) {x(1-%)}" +2].

§7.3 n TIC{ (j=1,2)
Since n_lAICML :n_lTIC%i (] =1,2) dueto
n Z; (x, ~X)* =%¥(1~X) in this example, the results in Subsection S7.2
for n_lAICML also hold for n_lTIC;ﬁ (j=L2).
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