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Supplement to Ogasawara’s papers on “the ADF pivotal statistic”,
“mean and covariance structure analysis”, and “maximal reliability”

Haruhiko Ogasawara

In Sections 1 through 3 of this note, supplements to Ogasawara (2008,
2009a, 2009Db) are given, respectively.

1. Supplement to the paper: “Some properties of the pivotal statistic based
on the asymptotically distribution-free theory in structural equation
modeling”

Since the proof of Theorem 1 in Ogasawara (2008) was somewhat indirect,
another proof of the theorem more directly derived is given in this section.

We show only the essential result aCOVy;(6,a,)=acov,;(8,ayr,)

required for the proof of Theorem 1. From (2.3),
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Using the above result,
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where Z IS Z : Z IS Z - and 5ab denotes that 5'ab
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and Oy, (b=a) are temporarily treated as different variables in

differentiation. The second term on the right-hand side of the last equation of
(A.9) becomes
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a,b,g,hii, j=1
where 00/06,, =00/06,, (a,b=1,...,p) is used. From (A.9) and (A.10),
acov,; (6, &2) =acov, (6, &NTZ) follows.

2. Supplement to the paper “Asymptotic expansions in mean and
covariance structure analysis”

In this section, supplement to Ogasawara (2009a) is given, where the

subscripts for moments e.g., Sy Xa, Mpeds Har Oaneg and Kancg can take
values 1,2,...,p with possible duplication.

A.1 The asymptotic covariance matrix of sample means and covariances

1 O _ _ _ 1 &
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Sab = msab CNZ2-N N completeness we start with elementary
results:
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It is known that
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(see e.g., Kaplan, 1952, Equation (3)), which gives
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From the above results, (3.7) follows.

A.2 The third cumulants of some sample moments
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From A.2.1, A.2.2 and A.2.3, we have (3.10a) through (3.10c).

A.3 The fourth central moments of some sample moments

A31 E{(Sy, —05)(Sy =04 )(Sy — O )()?g — 14y)}
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__(Z cdeo-fg+Z efg cdjj|+O(N4)'

(iii) The third term on the right-hand side of (A1)
1 3
= W Z O 3p0 ¢4 Gefg

(iv) The sum of the terms on the right-hand side of (Al)
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From (A3), (3.15a) follows.
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(i) The first term on the right-hand side of (A4)
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which yields (3.15b).
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Zo-abco-de 1 3 10 )
= (N1 + NE [O‘abcde - 22 OO ge —Zaabcadej +O(N™).

From the above equation, (3.15c) follows.
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A.4 The partial derivatives of F=(x- ﬁ) Pl (X- ﬁ)
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A.5 The covariances of some sample moments
A.5.1 Cov(mabc’ Xe)
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The above result yields (4.7b).

A5.2 Cov(mabc’ ef )
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First, we have
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From the above results,
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From the above result, (4.7d) follows.

3. Supplement to the paper: “On the estimators of model-based and
maximal reliability”
In this section supplement to Ogasawara (2009b) is given.
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For Pmaxs, let Y5 = Zizlsii ly; | then Praxs =1—{1/(Ys—P+1)}.
The partial derivatives of )75 with respect to Sap ’s are as follows:
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S2. The partial derivatives of H with respect to Sab’s
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where 5% =(S™).
3) I’:I_;\"il_ll,& for lamax4

%—Z N i | A 2¥ 4
aSab () as ij aSab ij’

825" 2 INE, R R 2 NE A - R NE . N
Ly OA iy A 0¥ g R aAj
asabascd (i,§) asabascd (ab,cd) aSab ascd Gsab 88cd

~ ~ ¥ ¥ ~ ~ ~ 2 ¥ ~
PN .Sy N A ,
0S,, 0S4 0S,, 0S4 '
oh. 2 3 3 28 .
] — Z a A _1A Z . a A \I‘_Z a‘P A
0S,,05:405;  (i7) | 0S450Scq OS¢t (abodef)\ 0S50Sy OS¢

2 A ! ~ ~ A ! ~ ¥ ¥ ~
N 0°A gt oA OA’ \11-2“' 8A+28A T_géllf G‘I’A
0S,, 0S4 OSy 65 0S,y OS¢  OS, 0S.y OSg

2w . 3 L 1 2
8A OA g2 on 4 All s Z A 3 oY oY
88 ascdasef ..

(ab,cd ef ) 8Sab ascd 8Sef
~A A VAW AW . . . 3 A
—6A"I"48T ok 4 aTA+A'T‘2 Bl 4 A
0S,, 0S4 OSg 05,054 05 ”

(k>1>j>2Lp=>a=b>],p>c>d>1p=>e>f >1).

42



S3. The third partial derivatives of the eigenvectors
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