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Supplement to the papers on “the polyserial correlation coefficients”
and “discrepancy functions for general covariance structures’

Haruhiko Ogasawara
Parts A and B of this note are to supplement Ogasawara (2011, 2010),
respectively.

Part A
0. Derivation of the inverse expansion

Let L=0°1 /066,00,". Then, from (3.1) the inverse expansion of 0 is

_ _ -
(T ICLIN TSR I S IS
00, 2 06,(00,) 6 00,(06,)

+0,(N7?)
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00, 2 00,(00,) 00,

3+ — 3T — \<2>
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2 00,(00,)% 09, 00,(00,)% |~ 00,

i — \<3>
+1 ol . L‘1ﬂ +0,(N7).
600,(00,)° | 90,

Let E(L)=A=-I,where | is the information matrix per observation, and let

L=A+M,where M=0,(N"?) Then, we obtain
L' =A"-A"MA+A"MA'MA +0O, (N?)

The above results give
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0-0, = —A‘li
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2 00,(00,)* 00,(00,")* 00,

31 I T 3T — \<2>
LA ol . A—li ®{AE __a . A—11
2 00,(00,") 00, 00,(00,)% 00,

T — \<3>
+1A’1E _a - A’1ﬂ +0,(N7*)
6 00,(00,) 00,

Op(N’3/2)

3 . .
=Y AMY +0,(N2),
i=1

where [1o, ) indicates that the sum of the terms in brackets is of order O, ()
for clarity.

1. Expectations of the log likelihood derivatives
Let A=Bdiag(A,,A,) and 1=Bdiag(l,,1,) where A=-1,

Bdiag(-) denotes the block diagonal matrix with the diagonal blocks being the
matrices in parentheses, and | is the information matrix per observation.

1.1 Information matrix
(1) 0 and X
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or _1
L= Y (x. — ),
o 2 , (x; — )

(,fa' 2%, bZ[ o (x, —wIAE (x — W]
ORI

opop'

ol

5GabX8 " = . _25ab ;[(2_1).51{2_1 (x; —w)}, + (2_1),[){2_1 (x;, —m}.1,

2*
&

1 N
—* =-(2-5,)(2-0 c*c® +0%c®
8Gab800d 4( ab)( cd );|:

oW, |

k
where X denotes the sum of k terms with similar patterns. Then, we obtain

ol ol .
_N(Ix)uu':N(Ax)uu':E( - j: ——NZ7,

opop') opop'
—N(I )aabu =0,
ol N
—N(I =N(A =E X =——(2-9.,)(12-9
( X)Gabocd ( X)Gachd (8Gab860dj 4 ( ab)( Cd)

><(Gac(jdb +Gad cb)

that is,

(A =E%, (A, =0,

WGap
1 ac ad __c
(AX)GabO'cd = _2(2_5ab)(2_5cd )(G Gdb +o | b)

(r>a=b>Lr>c>d=>1

where, e.g., (Do denotes the submatrix of the matrix in parentheses

corresponding to the product UV', and the ranges of (a, b), (c, d), and similar
pairs will be used hereafter in similar situations.
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(2) B(_(ﬂl s Pxa)) and &(=(&,-8,))

N
1
8lBk ;ﬂz (5kzi¢zi _5k(zi—l)¢zi_1) “Where

7, =00, ) -0, 1), )= " ¢()dy,

1 7,
¢, )=9, = \/EGXP{—Z},
:,B +8'Xi, (B = =¥ =7cP =0),

ag _;ﬂ; (9, ¢, 1),

oL, &)1
0P.op, ‘g{nz

_ﬂiz (5kzi¢zi N 5k(zi—1)¢z i—l)(5| zi¢zi N 5' (21)¢Z.1)}’
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where 5k|z- :5k|5|z-,

35 ZX{
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LS eRE
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Z i
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N(L)g 5 =N(A,) =By {%j

=NE, £_5k|7k¢k +0% P — k|¢k T 5(k+1)|¢k¢l

1
+— (I+1)k¢l<¢| kl¢l< j
7-[ k+1

” S
2 (k+1)| (1+1)k
\ Ty Tk ) Ty
where

E3=] ] Bptdx

=NE,

VN

p() = eXP{—%(X—u)'El(x—u)}’

1
(27'[)”2 | y |1/2

=N(1,).5, =N(A,).5 =ExE;x (%alzﬁj

-NE, {x(—ﬂz+i¢k¢“+ L g j}

_N(Iz)gg' = N(Az)gg' - Ex EZ|x (8(2("3% j {XX Z_(¢ ¢—1) }’

that is,

0,
(Az)ﬁkﬁ| :Ex {_5kl¢k2 (ﬂi . j+¢k¢| [ (k+1)| (;Ll)k ]},

(Az)aﬁk =E, {X{_i%@k —d.)+ : ¢l<(¢l<+1_¢k)}}’

nk+1
(A )gg _Ex {XX Z_(¢ ¢—1) }
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1.2 Expectations of the products of the log likelihood derivatives
Recall L=A+M and | =N71", Let M=Bdiag(M,,M,)
(1) 0 and X

- — \<2>
)y _ , 8' 8'
-1y E(NTG)=N E{V(M) ®800"[890' (for @)

The nonzero results of

ol o ) Inp(x) olnp(x)
E X where
a(Ox)Aa(ex)B a(OX)C a(ex)Aa(ex)B a(GX)C ’
(-)a denotes the A-th element of the vector in parentheses, are

FINp(X) N P(X) ) 2=84 pryuty pprt o
oo, op  op' | 2 {EH.EY,. +ED,EDT

EX

0% In p(x) o1n p(x)

do,00, 00

EX :%(2_5ab)(2_5cd)(2_5ef ){_iaacadeafb}.

@-2) E(NIP) (for a)

<3>
c )| 9P(X)
The nonzero results of —X 00 are

oln p(x) oInp(x) oInp(x) | 2-54 r/w 3
Ex( o on o j— S {E ), (),

+(Z7), &)}
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e, (a'” PLx) o plx) oln p(x)j L 2-8,)2-8,)2-5,)
oo 0o, oo

X(ZGabGCdGe ab ZGCdG _ch ZGabG _Gef ZGabGCd
+Zaab6 o)
l ac de
25(2_6ab)(2_5cd)(2 )ZG

(1-3) E(NIP™ ®I1P) (for a)

o o o o ol
a(GX)A a(GX)B a(GX)C a(9 )
=iE oIn p(x) d1In p(x) E, oIn p(x) dln p(x) +O(N)
" a6,), 006, 0(0,). a(6,); |

NZEH el _E( el ]} o ar al_}
0(8,),0(0,)s 1 0(6,),9(8,)s )] (6,)c 0(6,)5 O(6,)e

:iE ( *Inpx) aln p(x)jEX (aln p(X) &ln p(x)j+ ON).

"10(8,),0(0,); 0(6,)c 0(8,)p  0(8,)e

(1-4) E(NAIPI) (for )
Define E{X —E()} as E{X-E(X)}.In

NZEHa B _E(_)H o _()} ol }
(0,),0(0,)s 0(0,):9(0,); 0(0,): 0(0,),

we derive the nonzero results of
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3 H S TIPW g (-)H CNP)_ g, (-)H
(0,),0(0,)s 0(0,)c9(6,)p

= Ex [{(LX)AB _(AX)AB}{(LX)CD _(AX)CD}]

= Ex [{(Lx)AB _(Ax)AB}(Lx)CD]a

_ &% Inp(x)
where —x = aﬂxaex'

E, Haa UL (_)Haz np) e, (-)H
Gabaluc 6Gde(3u f

2 2 4
:Ex 8 In p(X) a In p(X) :E(2_5ab)(2_5de)zgacgbdgef’
00,0M; 00 4,0L; 4

- { {gz npe) ¢ (.)} {az nped g (.)H
Gabagcd aGef aggh

1
:E(z_(sab)(z—(scd)(z—éef )(2-6,)

(L =Bdiag(L,,L,)),

xE, |:{26a06db +20%5% — iaac{}:_l x-pw}{E x-p} }

X {ZGEQG” +20%c% — 24:689 Zx-mh{EZ 7 x-n)} H

16
:%(2_5ab)(2—5cd)(2—5ef )2-6,)Y %09 (6" +o% ™).

1-5) EIN’ITIDY) (for @)

21()<3
For E(N |(o)< >),see (1-2). The nonzero results of
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) oIn p(x) 21n p(x)
E, {{(LX)AB (A} (0, ). 8(9X)D}

oln p(x) dln p(x)
a(OX)C a(ﬂx)D

- Ex {(LX)AB
are

- {az In p(x) 8In p(x) &In p(x)

} + (AX)AB (AX)CD

1 4
=—=(2-0,)2-06 oc®c™ "
aGab auc a(jde 8,uf } 4 ( ab )( de )Z ’

e, { {az Inpe) g O}@In 0(x) 8ln p(x)}
00,00, Op Opy

4
= _% (2-95,)2-6,, )Z:G""C (c®c™ +5" ™),

e, { {az Inpe) g O}@In 0(x) 8ln p(x)}

00,00, 00, 00y,

1 . ° ac e
= _E(2_5ab)(2_5cd )(2— 06 )(2_5gh)226 c*c ™.

(1-6) ENAIRIS) (for 0y,)
For E(N2|%)<4>),

| o | o o &
1200000, (30, 20.). 36.) ]a”d

L X7 A x/B J x/C x/D x/E
. - 5 - _ _
el N2l O] _E(_){ ol _E(_)} o

| \a(ex)Ag(Ox)B ) a(Ox)Ca(ex)D 8(9X)E 8(OX)F ’
see (1-3) and (1-4). The remaining results are
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EXH &*In p(x) _Ex(.)}aln p(x)}
9(0,),9(0,)5(0,). a(0,)5

£ { FInp(x)  aln p(x)}
" 8(Ox)Aa(Ox)B(Ox)C a(OX)D

in

E{Nz{ & _E(_)} a GI_}
0(8,)20(6,)5(6,)c 0(8,)p 0(8,)e 0(6, ),

0° In p(x)
First, we obtain the nonzero a(ex)Aa(Gx)B(ﬂx)C as

FInp(x) 2-6, e o . B
oo omop’ 2 {1 +EM,END
&Inp(x) 1, o i _1
aGabgacd 8,»1_4(2 5ab)(2 5Cd)za [{Z (X "l)}b(Z )-d
+{2_1 (x—w} (2_1).1)]1
and
0°In p(x)

1
=—(2-06.)(2-0.,)(2-0
Gcabﬁacd Gaef 8 ( ab)( cd )( ef )

X|:—ZGaCGderb +Zaacade{2l(X_u)}f{Zl(X_u)}b:|’

o Inpx)  olnp(x)
which yield the nonzero —X 0(0,),6(0,),(0,). 4(,), as

e o°Inp(x) oln p(x)
* oo 00 0p op'

B % (2- 5ab)(2 o 5cd )Zgac{(z_l).d (2_1)b. + (2_1)-b (Z_l)d-}’
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_ { PInpk) ol p(x)} L (2-8,)2-8,)2-5,)2-5,)

X
004,004,004 00y,

ac de f hb fh b
Totot(o%" vo"o%),

3
(1-7) E(N’IP) = N> {E(N 19 )}* (for o)

NZ— N iEx {aln p(x) In p(x)}EX {aln p(x) In p(x)}

N 0(0,), 9(0,); 9(0,). 9(8,)p
dIn p(x) dIn p(x) In p(x) AN p(X) | |/~
Ex{ a(OX)A a(OX)B a(ex)c a(OX)D } NZ(AX)AB(AX)CD
_c J0Inp(x) 2In p(x) &In p(x) dIn p(x) | <
_Ex{ a(OX)A 8(9)()8 8(9X)C a(OX)D } Z(AX)AB(AX)CD

(the fourth multivariate cumulant of 01N p(x)/9(0,),s).
The nonzero expectations required for the fourth cumulant are

c dln p(x) 2In p(x) oln p(x) oIn p(x)
"| oo, 0o, Op, Oty

:%(2_5ab)(2_50d){6ef (Gachd +Gad bC)+ZGae cf bd}

c dln p(x) 2In p(x) oIn p(x) dln p(x)
*| 6o, do 00 00y,

1
:E(z_(sab)(z—(scd)(z—éef )(2-6,,)
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h o, _eh _f
{ —30®c%c" 5¢ +Zaab Yo" +6% " +6%c")
105
—ZaabZGCdG o’ +ZGabGCdG o* }

1 6><4><2 ac ]
:E(2_5ab)(2_5cd)(2 )2 5gh)[ c“c ™

3 2 2
fh
DM

(ab,cd,ef ,gh) (c,d) (g,h)

dIn p(x) dln p(x) dIn p(x) aln p(X) Zaab o
ou, o, O,
nonzero, but the corresponding cumulant is zero).

(note that Ex {

1-8) E(N’IP®IP) (for ay)
10

The expectations are expressed as Z(') ,where each () is the product

of two expectations, which was shown in (1-2), (1-3), and (1-5).

(1-9) E(NIT=®IP) (for )
15

The results are expressed as Z(') ,where each (*) is the product of three
expectations, which was shown in (1-1) and (1-4).
(1-10) E(N’ITP®IT) (for a,)

15

The results are expressed as Z(') ,where each (*) is the product of three

expectations, which was shown in (1-6).

ol
(1-11) E(awx)Aa(ex)B(ex)c] (for & and %)
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The results are given by the Bartlett identity as follows:

EE 8% In p(x) j:_iEL Inp(x) oln p(x)]

a(Ox)Aa(Ox)B(Gx)C a(Gx)Aa(Gx)B a(GX)C

£ oln p(x) dIn p(x) oln p(x)
00,0, 00,); 00, )

o'l
(1-12) E(a<ex)Aa(ex)B(ex)c<ﬂx)D) (for %z and %)
As in (1-11), we obtain

E( 8* In p(x) j:—iE( &FInp(x)  aln p(x)j

8(Ox)Aa(ex)B(Ox)C(Ox)D 8(Ox)Ag(ex)Ba(Ox)C a(OX)D
R ’Inp(x) " Inp(x) | < o° In p(x)
ZE(a(ex)Aa(ex)B a«ax)ca(ex)D) ZE[@(GX)Aa(eX)B

y oln p(x) d1In p(x) £ oln p(x) 8ln p(x) oln p(x) dln p(x)
0(0,)c 0(8,); 0(0,), 0(0,); 0(0,). 96,), )

) B and €

— — \<2>
(2-1) E(NI; )—NE{V(M)®890,, 20, (for o)

The results are
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—%(ﬁ
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\
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K Tn

"
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T 7Tk+1
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T 7Tk
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. 0° InPr(Z | x) oInPr(Z | x)
08 0Py op,

5zk 5z(k+1) zk z(k+1)
=E{ {(— ] Vi~ 2¢k(¢k —h)+ A (B~ f/)k)}

T T 7Tk+1

_EXH@,{ y;fk 2¢k(¢k 61— [m & (Des— @)J}@

k K+l 7Tk+1
+5k(|+1)< ykgbk 2¢k(¢k G1) 1D
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AR PP @)}qﬁk D

. 0° InPr(Z | x) oInPr(Z | x)
08 0Py og’
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e 0°InPr(Z | X) oInPr(Z | X)
0808’ op

=E |:XX l Z{ﬂi (_ym¢m + Vm—1¢m—l) o n__lz (¢m o ¢ml)z}
% 6zk . 5z(k+1)
5zm£77k M1 ]gbk}

=E, |:XX|{i 7B + 719 1) _i2(¢k _¢k—1)2
7T T,

k

( 7k+1¢k+1+7k¢k)+ (Aea — %) }¢k:|

7TK+1 7Tk+
. 0°InPr(Z | X) oInPr(Z | x)
08, 05 OSm

=1

= E|:Xk X XmZ{ ( Va¢ + Va—1¢ —1) (¢a _¢a1)2}5za

b=1 b

5 ug - M

= EX |:Xk X| XmZ{_ (_ya¢a + Va_1¢a_1) _%(gba _¢a1)2}(¢a _¢a1):| )

a

2-2) E(N*I) (for o)
c oInPr(Z|x) InPr(Z | x) InPr(Z | x)
Py op, P

_ E{(5zk . 5z(k+l) j¢k (5zl . 5z(l+1) j¢| (5zm . 5z(m+1) j¢m}
T Tya Ty Ty T Tmn
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1 1 3
:Ex {5klm(?_ﬂ_2 j@f—z (k+1)Im 2 ¢k¢k+1
k k+1

(kI'm) Ty

+ 25(k+1)(l+1)m 2 ¢k¢k+l}

(kI'm) i1

c oInPr(Z|x) oInPr(Z |x) InPr(Z | x)
Py op, 08

. 5zk . 5z(k+1) 6zl 5z(l+1) za
_E{XU - Mn] e ]qzzl 20 M}

:Ex{x[ { b (- %Hn b (B - @)}

_Z (k+D)l 2 ¢k+1¢k(¢k+l ¢k):|}

(k1) Ty

c oInPr(Z |x) oInPr(Z | x) InPr(Z | x)
9ip 08 o¢’

. 1 5zk_5z(k+1) za ’
_E{xx(ﬂk . ]qsk{zl 210 MH

=E, {XXI{%%(% ~es)’ _Tgbk(d%l _%)2}]

k+1

£ oInPr(Z|x) oInPr(Z | x) eInPr(Z | x)
0%, 0¢, 0&,

_E{xkxlx {Z %, (/51)}] {xxe 0, ¢1)}

_1 a —1 a

(2-3) E(NIP™ ®I1) (for a)
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NZE( a o a al
0(0,), 0(0,); 6(8,); 0(8,),
‘Z (8InPr(Z|x)8InPr(Z|x)j 8InPr(Z|x)8InPr(Z|x)j

0(0,) 9(9,); a(0,). a(0,),
+O(N™)
(see the expression of —A, in 1.1 (2)),

NZE{< A ()} o al }
10(8,),0(0,), a(0,); 0(0,), 9(0,):
:iE 82InPr(Z|x)8InPr(Z|x)JE(6InPr(Z|x)6InPr(Z|x)j
0(0,),0(0,);  9(8,). a(0,); a(0,)e
+O(N™)
(see (2-1) and the expression of —-A, in11 (2)).

2-4) E(NAIDIDY (for ayy)

0’ InPr(Z | x)
For E(Nzl(ol)<2>®|%2)),see (2-3). Recall L, = 0000 ' , then the

remaining results are E[{(L,) as —(A,) s H(L,) o —(A,)cp}] in

\ _ - oInPr(Z | x) dInPr(Z | x)
2B Dse (4D K)o (AZ)CD}]EL 00,).  00,) j
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Ty Ta Ty Ty
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E[XX{ { (&~ ¢k1)+  (fa- %)}%

Z%ﬂ) 3¢k¢k—1(¢k ber)’ D

(k1)

c oInPr(Z|x) InPr(Z |x) InPr(Z | x) InPr(Z | x)
P g, ol o0&,

52k _5z(k+1) za
E{xI X_ xn(ﬂk . ]@{; - (4, (/51)} ]

=E {. m { b (b —b) - e~ H

7Tk+1

c oInPr(Z|x) InPr(Z |x) InPr(Z | x) InPr(Z | x)
08, 05 e oS,

= EI:X XI Xm Xn {i = (¢ ¢ 1)} :l

_1 a

=Ey |:Xk X X Z_(¢ —$,4) }

_1 a

2-8) E(N’IP®1P) (for ay)
10

The expectations are expressed as Z(') ,where each (*) is the product

of two expectations (see (2-2), (2-3), and (2-5)).

(2_9) E(NSI(Ol)<2>®|%2)<2>) (fOI’ 064)
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The results are expressed as Z(') ,where each (*) is the product of three

expectations (see (2-1) and (2-4) ).

2-10) E(N’ITP®IT) (for a,)
The results are similar to those in (2-9) (see (2-6)).

o’
E
(11 (awz)Aa(ez)B(ez)cj (for % and %)
The results are given by the Bartlett identity (see (1-11)).

o'l
E
(212) Lawz)m(ez)s(ez)c(ez)oj (for %az and )
The results are given by the Bartlett identity (see (1-12)).

3) WX B, and §
Some of the expectations of the log likelihood derivatives with respect to

\? a a o  a
O and O..e0. T T 500,), 000,), 00,); 00,), ) e noNzere

though the corresponding fourth cumulants are zero. The results are given as in
(1-3), (1-4), (2-3), and (2-4).

2. The nonzero partial derivatives of M with respectto 0.
We define S=S(,X)=1+&'XE)" (=R™), then
=B+ ,E'WS™" and p=—(DiagX)*TES™

2.1 First derivatives

1,88 st
a:uk aGab aGab
ot =e S, ot =1K_1,uk8_1—1'8_1ﬁ,

B &, 8E,
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where €, is the vector of an appropriate dimension whose k-th element is 1
and the remaining ones are 0.

W% 5o 3est-2-% (Diagx) ™ (E,, +E,)ES™
oo, 2
0S
-pSTt—,
P 0o,
_:—(D|ag):) Y2(x), St -pST 95
oE, oz,

0S 2—5a . 0S _
where oo = 2 : ﬁaé‘b 1, —85 :(Zg)ks 1,and Eab IS the matrix of
ab k

an appropriate size whose (a, b)th element is 1 and the remaining ones are 0.

2.2 Second derivatives

ot B £S g2 0S
aGaballe K e Gab ’
o°t _ 2, o1 g1 0S L5 0°S |
0 Gab8 O 4 (ab,cd) 0 Oy 0 O a 0 Gab8 O 4
2 2
o e 5? 0S | ot :1K1£5klsl_§|82§]’
000y, 00y Ogou 0&,
ot _ ok g1 0S 0T gl 0S 15 0°S
0,00, ¢, 0o, 8 O o0&, 0,00,
0’1 _ oT g 0S o°t 0T gt 0S e 0°S

0Eop, P 05 0504 (kzl;‘@é 08 T 0508

2
L:_géabcd ;:/zEaazgs_l_i_ Z Zb _3/2(2 5cd)

00,00 (abod)

2 2
(0, +6,E)es - S P g1 05 peu OS5
ac ad ad —ac p
(ab,cd) 0 Oy 0 Cap 0 Gaba Oy
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62p 5 / . 1
_3 ZE A(B). S _Tab(Dlag X) 2(ea5bk +eb5ak)s_l

06,00, 2
2
—@S_l oS 0p gt 0S _pst 0°S |
dg, 0o, 0o, Og 06,00y,

Z@p 4 0S S‘l 0%S
55@@ &0 o0& 0E0&
where

_ oS _ _%(z-aab)(z—acd)éaﬁbfcéd s,

00,00,
’s_2- 5b . , 85
22(6 ST-EESTT—,
aéka(j {( kagb kbga) gaéb aék
2
0°S I 05 S 05 g
0604 08, 0¢

2.3 Third derivatives

o°t ~ o°t g 0S Ot g 0°S
00 4,00,40 L (abed) 00Oty 00, O ly aGabach,
3 3 2 2
oMy :_Z o0t g 8S+8‘c g1 0°S
0 Gab8 O 4 0 O (ab,cd ef ) 0 Oy 0 Ot 0 Oap 0 O 4 0 Gab8 O ¢
_egt %S
00,00,00, ’
o°t R 0’1 g 0S Ot g1 0°S
0B 004,00 (abed) 000 P, 00y Of, aaabaacd,
o't _ o0°t gt oS o°t gt S Ot gt 0°S

06,004,014 0G0ty 00y 00401  Og O 0500y
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0E 00 00, :(a;d) 90,08 Bo, B0, OF 0oy
0T, OS
ach aGabaék
0T . S L S o FS

0’1 2 (_ 't 108 9t .05 08

agk 6 Gabéacd aék a Gabach 6§k a Gabéacd |

o°t 0’1 g 0S o°t gt oS o1 gt 0°S

afkaﬁ. oo,  0&0B, 0o, OBOoy 05 OB 000,

B Zzw‘ ot 1@5_@1‘ g1 o°S
agkaé a;um (k1) aé@ﬂm o0&, Oy, 05,06, ,

Z( ot 1908 0t ., 08 05

agka;aa G\ 0gdo,,  0& 0E do, OF,
0t U7 j
05 0500y,

2 2 3
_O1 gt 0°S 1S oS 0°S _rg 0°S |
00y 05,05 00, 0g, 04 05,0500,
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06,05 08, (kim) @é.@é g 0g  0g0¢,
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050808,
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O'p 105 _0p o4 07 }
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1 0°S
00,,00,,00, ’

3 2
¢ b = 35abcd z;aSIZE {(Z) S o —Z&,,S_z 05 }—I— Z —GGab ;:/2
8§k86ab800d 4 8 K (ab,cd) 4

X(Z_écd){(éacgdk_i_éadg )e S_l ( ac ad +5adEac)§S_2 2;}
k

2 2 )
+Z . ap S—l 03 n 6[) S_2 0S 0S5 _ 8p S_l 0°S
aékaGCd aGﬁb aGCd agk aGab ach agka(jab
2 2 3
—@S_l 0°S +pS? 0S 0°S _ps O°S |
aﬁk 00,00 0, 00,00, 0E 00,00,
ZL p (105 2pg. 08 08
Gfkafla(j (kD) aéa(j 0é, 0¢ oo, 0&,
0P 07 j
0, 06,00y,
2 2 3
B op gt 0°S +pS? 0S 0°S _ps 0°S |
00, 96,0g, 0o, 06,06 06,0500,
3 3 2 2 3
( ' 105 Op s S ]—pSl &S

(ab,cd)

6@85.8& __(%

050, 05 0 0506, 05,0605, "
where
0°S 3 5
aGabaGCd aGef - g (2 o 5ab )(2 o 5cd )(2 o 5ef )éagbgcéd éeéf S !
s 2 (1 5
P ékagabagcd - (2 o 5ab)(2 o 5cd ) |:(aéi) {_Z (6ka§b + 6kb§a)§c§d S }

3 4 0S
Z éaébgcgd S a—ék:| )
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3
e RN
i 0°S 0S o1, 08 88 o, OS
(k1) 06,00, 5@ agk 0 00y, |
IS __ 3 &S S,
aékaélaém (klm) agkagm agl

3. Computation by Gaussian quadrature
3.1 Univariate case
Stroud and Sechrest (1966, Table Five, pp.217-252) gave the following

valuesof A and X:
j: exp(—x?) f (x)dx = Z AT (%)
where n=2(1)64(4)96(8)136. Let y=\/I§1x. Then,
[ ot (y)dy= j exp( y* 12)f (y)dy

_I \/_exp( x)f(x/EX)OlX~ ZAf(\/_X)

The above result corresponds to Bock and Lleberman (1970, Equation (5)).
Bock and Lieberman (1970, p.183) used n=64, where only 40 values of X;

were employed since A s for the remaining X;’s are A <10_14. Bock and
Aitkin (1981, Table 1) reported the results using n=10 and 2.

3.2 Bivariate case
Suppose that U =(X,Y)'~N(u,X) . Let the density of U at U=(X,Y)’
be

$, (X, y) = Xp{—%(u—u)'il(u—u)},

2 | 2|2
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ny Gy

o, O, .
where 2= 2 |’ ”:('UX’”V) and #,(U=U)=¢,(X,Y)

(x—p)°
=, (%Y1, E) . Define (% 1.0,) = Joro, eXp{_ 267 } (note

¢,(X,0,1) = ¢(X)). Then, using the transformations

. :X—,le :y_:uy_{(gxy/(jf)}(x_:ux)zy_:uy|x _
X G and “yix [GS _{(ny)2 /Gf}]UZ o , It follows

X ylx
that
J: L: ¢, (X, )9 (X, y)dxdy

=[x m,07)
<@y, p, + (o, 1 02)(X—,), 05 —{(0,,)* | o} (X, y)dxdy

=[] 0@ W9+ 0.2, 1y + 0,2, )2z,

. 19
= LQ/’(ZX)WZ;‘AJ Ot + 0,2y, g + 0,72, )12,
j=

1 Gw .
==Y > AAI(y, +Gxx/§Xi,,uylx +Gy|X\/§Xj)dZX,
7r

i=1 j=1

where ,U;x =My o x — My + (ny /Gx)\/zxi .

160



Part B

1. The partial derivatives of FuLs with respect to 0

62 5)>

Fuus _ ¢ E-s 0X| OFus _ E-s) P>
00, 06, | 06,00, 06,00,

aZAlfULS __(2_5. 2% >
00.0s,, *'\ a6, )

1 /Al

06,060,890, 06,600,600, “— 36, 90,96,
0°Fus _(2-5.) >
06,00,s,, "\ edao; |
4= 45
IFus  _ylgos) 2=
89@9@9@9 89 89 89 89
4 - 3y 3 2 2y
S5 S e e M)
06, 06.06,06, “— 36,00, 6,06,

4= 3
FPus  __(9_g,)| —OE
59@9]09'(55 89 89 89

o°r
06,00,06,00,00,

.
- ?F}’LSA —=tr{(X-8)
00,00.00,00,00,

. 4y 2 3y
+Z5:82 o'x +i °% 0’

3 3% 3 - 2%
?F’\ULS _ {(E S) o> +28);. ?EA }’

69 00,

00, 90.00,00,00,
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5 A
TP o5y 0E
00,00.00,00,0s,, 06,00,00,00, |

a, ,k,Im=1..,q;p=>a>b>1).

Using the above results with Lemma 1, we have the partial derivatives of
Fu.s with respect to s as follows:

6|£ULS_ 3 80 (2 — > _
—’[I‘{(Z )89} (2-0,4)(E—S)u,

0S,; 0s
OF,. . |oL oL _s) 0% | 06, 06,
0s,, 05, 00, ae aéiaé. 0S4 05y
virlEos) 0% —Z(Z— aaab 00,
69 asabas @9 0S4
+ (2 o 5ab)5a05bd !
3 2% 33 ) 80, 96
CFus  _y Zaz L s 0T |06 26 o,
8,,.05.,05,, 86, 90,60, 06,060,060, | 05,y 05, 05y
(0% 53 2% 1 3, 06 0%,
w00 5 ) OZ (506 06
kaei aej 00,00, | <05, 05405,

3 oY
+Hr < (Z— ) o
80 5 Saba Scd a Sef

26 06, 90, 96 20,
_Z (2_5ab) aAGaE aHl J + aGAab 8 Hl
00,00, 054 0Sy 00, 05,405,

4= 3 2% 2% 4 - 3y
s [y 0E 0E g0 of
0515054 054 5, 06,00, 06,06, “— 06, 96,06,06,
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4/\ ~n n A ~
i) OF }ae, 00, 86, 06,

06,00.00,00, | 0s,, 05, 05, 05y,
i 06, 00, 0%,
0Sy 0y 0S40y,

(3 A% Ay A 2y 3 20 520.
Y OE0E L5 ) OE Iy 06 J
1 26, 00, 00,00, [| ~ 05,05, 05,405,

‘9 0%, . 3 ‘9
+> % ‘ J+tr{(2—S)a>;} 6

+tr;iai 7L L6 g 0%
06, 00,00, 06,00.00,

0S4 05,405,408y, 00, | 05,,05,40540Sy,

d 35 ) 00, 90 26 3. 00 0%,
S (2-6,) Aa Cay_ 06, 99; 26, , 859 5 00, ;
89i60j89k 08y 08y as'gh a9@91' 08 8Sefasgh

, 964 %0
00, 05,405,405y,
(p=a=b>1,p=>c>d=lp=2ex>f>Lp=>g=>h=x1),

where Einstein’s summation convention is to be used only for subscripts i, j, k
and I.

2. The chain rules
09 0§ oF
asab alf asab’
0°d  9*G OF OF , 00 0°F
asaba Scd a|f2 asab ascd alf asabascd ’
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6°§  0°G oF OF oF
asabascdasef alf3 asab aScd asef
3 2.A - 2= A 3
+Z 8Ag oF O°F +8q O°F |
OF? 0S, 05,40Sy OF 05,405,405

o' _0'§ OF 8F OF OF
05,,05,4054 08y, OF* 0S,, 05, 08, 05y,
6 A3A - - 2 3 A2A4 2 2
+2898F oF &°F +289 O’F 0%
OF® 0s,, 08,4 05,05, OF? 05,08, 05,405,
4 A2A - 3IE A 4=
+Z 8Ag oF oM = N 89 0'F
OF? 0s,, 05405408, OF 08,,05,405408,,
(p=za=b>1,p>c>d>Lp=>e>f>1Lp=>g=>h=>1).
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